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The present work analyses the vibration behaviour of non-homogeneous orthotropic visco-elastic rectangular plate
of parabolically varying thickness on the basis of classical plate theory when the all edges are clamped and are
subjected to linearly thermal variation. For non-homogeneity of the plate material it is assumed that the density of
the plate material varies parabolically along the x-direction. For visco-elastic materials, basic elastic and viscous
elements are combined. The Kelvin model for visco-elasticity is considered here, which is a combination of elastic
and viscous elements connected in parallel. Using the separation of variable method, the governing differential
equation has been solved. The time period and deflection corresponding to the first two modes of vibrations of
clamped plates have been calculated for different values of thermal gradients, non-homogeneity constants, taper
constants, and aspect ratio, with the help of Rayleigh-Ritz techniques, and are shown by graphs.

1. INTRODUCTION

The thermal effect of non-homogenous viscoelastic plates
on vibration is of great interest in the field of engineering, with
applications such as improved designing of gas turbines, jet
engines, space craft, and nuclear power projects, where met-
als and their alloys exhibit visco-elastic behaviour. Therefore,
for these reasons, such structures are exposed to high-intensity
heat fluxes, and thus the material properties undergo signifi-
cant changes. In particular, the thermal effect of elasticity of
the material on the modules cannot be taken as negligible.

Space technology is developing very rapidly in the present
era, and the importance of studying the vibration of plates of
certain aspect ratios with some simple restraints on the bound-
aries has increased. The motors of rockets and aircraft in
cold regions are developed with the use of soft filaments in
aerospace structure supported with elastic or visco-elastic me-
dia. When finalising a design, a construction engineer should
understand the first few modes of vibration, as they are signif-
icant.

Plates of variable thickness have been extensively used in
civil, electronic, mechanical, aerospace, and marine engineer-
ing applications. The practical importance of such plates has
made vibration analysis essential, especially since the vibra-
tory response needs to be accurately determined in the design
process in order to avoid resonance excited by internal or ex-
ternal forces.

The plate type’s structural components in aircraft and rock-
ets have to operate under elevated temperatures that cause non-
homogeneity in the plate material, i.e. elastic constants of the
materials become functions of space variables. An up-to-date
survey of the research in this area shows that authors have

come across various models to account for non-homogeneity
of plate materials, and many researchers have proposed deal-
ing with vibration. However, none of them consider non-
homogeneity with a thermal effect on orthotropic visco-elastic
plates of parabolically varying thickness.

The term vibration describes repetitive motion that can be
measured and observed in a structure. Unwanted vibration
can cause fatigue or degrade the performance of the structure.
Therefore, it is desirable to eliminate or reduce the effects of
vibration. In other cases, the goal may be to understand the
effect of vibration on the structure, to control or modify the
vibration, or to isolate it from the structure and minimise the
structural responses.

Vibration can be sub-categorised, such as free versus forced
vibration, sinusoidal versus, and linear versus rotation-induced
vibration. Free vibration is the natural response of a structure
to some impact or displacement. The response is completely
determined by the properties of the structure, and its vibra-
tion can be understood by examining the structures mechan-
ical properties. For example, when we pluck the string of a
guitar, it vibrates at the tuned frequency and generates the de-
sired sound. The frequency of the tone is a function of the
tension in string and is not related to the plucking technique.

A great deal of research informs the study presented here.
Laura, et al. discussed transverse vibrations of rectangular
plates with thickness varying in two directions and with edges
elastically restrained against rotation.1 Leissas monograph2

contains an excellent discussion of the subject of vibrating
plates with elastic edge support. Gupta and Singhal discussed
the effect of non-homogeneity on the thermally-induced vi-
bration of an orthotropic visco-elastic rectangular plate of lin-
early varying thickness.3 Lal has studied the transverse vibra-
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tions of orthotropic non-uniform rectangular plates with con-
tinuously varying density.4 Sobotka examined the free vibra-
tion of visco-elastic orthotropic rectangular plates.5 Singh and
Saxena analysed the transverse vibration of rectangular plates
with bi-directional thickness variation.6 Bambill, et al. stud-
ied the transverse vibrations of an orthotropic rectangular plate
of linearly varying thickness and a free edge.7 Tomar and
Gupta solved the vibration problem of an orthotropic rectan-
gular plate of varying thickness subjected to a thermal gradi-
ent.8–10

Gupta, et al. discussed the vibration of non-homogeneous
circular plate of nonlinear thickness variation by a quadrature
method.11 Gupta and Kumar studied the effect of exponen-
tial temperature variation on vibration of orthotropic rectangu-
lar plate with linearly thickness variation in both directions.12

Gupta, et al. solved the problem of thermal effect on vibra-
tion of non-homogeneous orthotropic rectangular plate hav-
ing bi-directional parabolically varying thickness.13 Gupta and
Khanna discussed vibration of viscoelastic rectangular plate
with linearly thickness variations in both directions.14 Laura
and Gutierrez discussed vibration analysis of a rectangular
plate subjected to a thermal gradient.15 Gupta and Khanna
solved the problem of vibrations of clamped visco-elastic rect-
angular plate with parabolic variable thickness.16 Effect of
thermal gradient on free vibration of clamped visco elastic
plate was discussed by Gupta and Kaur.17 Finally, Gupta and
Kumar studied the thermal effect on vibration of orthotropic
rectangular plate with parabolic thickness variations.18

The analysis presented in this chapter studies the effect of
parabolic non-homogeneity on thermally-induced vibration of
an orthotropic visco-elastic rectangular plate of parabolically
varying thickness. It is clamp-supported on all four edges. The
assumption of small deflection and linear orthotropic visco-
elastic properties are made. It is further assumed that the visco-
elastic properties of the plate are of the Kelvin type. The time
period and deflection for the first two modes of vibration are
calculated for the various values of thermal constants, non-
homogeneity constants, aspect ratio, and taper constants. The
results are shown graphically.

2. ANALYSIS

The equation of motion of a visco-elastic rectangular plate
of variable thickness is as follows:3[
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]
−ρhp2W = 0;

(1)

and
T̈ + p2D̃T = 0; (2)

where Eqs. 1 and 2 are the differential equations of motion for
an orthotropic plate of variable thickness, and the time func-
tion for visco-elastic orthotropic plate for free vibration, re-
spectively. Here, p2 is a constant, and H = D′1 + 2Dxy ,

Dx = Exh
3

12(1−vxvy)
, is called the flexural rigidity of the plate in

x-direction,
Dy =

Eyh
3

12(1−vxvy) , is called the flexural rigidity of the plate in
y-direction,
Dxy =

Gxyh
3

12 , is called the torsion rigidity,
D′1 = vxDy(= vyDx), D̃ is the Rheological operator, Ex and
Ey are the modules of elasticity in x- and y-directions, respec-
tively, vx and vy are the Poisson ratios, and Gxy is the shear
modulus.

The study assumes steady, one-dimensional temperature dis-
tribution along the length, i.e. the x-direction, for the plate as

τ = τ0

(
1− x

a

)
; (3)

where τ denotes the temperature excess above the reference
temperature at any point at distance x

a , and τ0 denotes the tem-
perature excess above the reference temperature at the end, i.e.
x = a.

The temperature dependence of the modulus of elasticity for
most engineering materials can be expressed in the following
form:

Ex = E1(1− γτ),
Ey = E2(1− γτ),
Gxy = G0(1− γτ)

 . (4)

Here, E1 and E2 are values of the Youngs moduli, respec-
tively, along the x- and y-axis at the reference temperature, i.e.
at τ = 0, and γ is the slope of the variation of the modulus of
elasticity with τ .

Thus, the modulus variation becomes

Ex(x) = E1[1− α(1− x/a)],
Ey(x) = E2[1− α(1− x/a)],
Gxy(x) = G0[1− α(1− x/a)]

 ; (5)

where α = γτ0(0 ≤ α < 1), a parameter known as thermal
gradient.

The expression for the strain energy V and kinetic energy P
in the plate are:2

V =
1

2

∫ a

0

∫ b

0

[
Dx(W,xx)

2
+Dy(W,yy)

2

+ 2D1W,xxW,yy + 4Dxy(W,xy)
2
]
dxdy; (6)

P =
1

2
p2
∫ a

0

∫ b

0

ρhW 2dxdy. (7)

This study assumes that the thickness and density both vary
parabolically in the x-direction, respectively; therefore, one
can take

h = h0

{
1 + β(x/a)

2
}

; (8)

and
ρ = ρ0{1 + α1(x/a)2}; (9)

where β is the taper constant and α1 is the non-homogeneity
constant.
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3. SOLUTION AND FREQUENCY EQUATION

The Rayleigh-Ritz technique has been utilised here for find-
ing the solution. This method requires that the maximum strain
energy must be equal to the maximum kinetic energy. So, it is
necessary for the problem under consideration that

δ(V − P ) = 0; (10)

for arbitrary variations of W , satisfying the relevant geometri-
cal boundary conditions, which are

W = W,x = 0 at x = 0, a,

W = W,y = 0 at y = 0,b; (11)

and the corresponding two-term deflection function is taken as
follows:3

W =[(x/a)(y/b)(1− x/a)(1− y/b)]2

[A1 +A2(x/a)(y/b)(1− x/a)(1− y/b)]. (12)

The non-dimensional variables are

X = x/a, Y = y/a,

W̄ = W/a, h̄ = h/a,

ρ̄ = ρ/a

E1
∗ = E1/(1− νxνy),

E2
∗ = E2/(1− νxνy),

E∗ = νxE2∗ = νyE1
∗. (13)

By using Eqs. 5, 8, 9, and 13 in Eqs. 6 and 7, one gets

P =
1

2
ρop

2h̄oa
5

∫ 1

0

∫ b/a

0

[
(1+α1X

2)(1+βX2)W̄ 2
]
dXdY ;

(14)
and

V = R

∫ 1

0

∫ b/a

0

[
{1−α(1−X)}(1 + βX2)3{(W ,XX)2

+ (E2
∗/E1

∗)(W ,Y Y )2 + (2E∗/E1
∗)W ,XXW ,Y Y

+ (4Go/E1
∗)(W ,XY )2}

]
dXdY ; (15)

where
R =

1

2
(E1 ∗ h̄o

3
/12)a. (16)

Upon substituting the values of P and V from Eqs. 14 and 15
into Eq. 10, we get (

V1 − λ2p2P1

)
= 0 (17)

V1 =

∫ 1

0

∫ b/a

0

[
{1−α(1−X)}(1 + βX2)3{(W ,XX)2

+ (E2
∗/E1

∗)(W ,Y Y )2 + (2E∗/E1
∗)W ,XXW ,Y Y

+ (4Go/E1
∗)(W ,XY )2}

]
dXdY ; (18)

and

P1 =

∫ 1

0

∫ b/a

0

[
{1+α1X

2)}(1 + βX2)W̄ 2
]
dXdY ; (19)

where

λ2 =
12a4ρo

E1
∗h̄o

2 . (20)

Eq. 17 involves the unknowns A1 and A2, arising due to the
substitution of W (x, y) from Eq. 12. These two constants are
to be determined from Eq. 17, as follows:

∂

∂An
(V1 − λ2p2P1) = 0, where n = 1, 2. (21)

Upon simplifying Eq. 21 we get

bn1A1 + bn2A2 = 0; (22)

where n = 1, 2, and bn1, bn2 involves parametric constants
and the frequency parameter p. For a non-trivial solution, the
determinant of the coefficient of Eq. 22 must be zero. So, we
get the frequency as follows:∣∣∣∣ b11 b12

b21 b22

∣∣∣∣ = 0. (23)

Upon solving Eq. 23, one gets a quadratic equation in p2,
which gives two values of p2. Upon substituting the value of
A1 = 1, by choice, into Eq. 12, one gets A2 = −b11/b12, and
hence W becomes

W =[XY
a

b
(1−X)(1− Y a

b
)]2

[1 + (−b11
b12

)XY (
a

b
)(1−X)(1− Y a

b
)]. (24)

4. TIME FUNCTION OF VIBRATION OF
VISCO-ELASTIC PLATES

The expression for the time function of free vibrations of
visco-elastic plates of variable thickness can be derived from
Eq. 2, which depends upon the visco-elastic operator D̃, and
which for Kelvins Model, can be taken as follows:

D̃ ≡
{

1 +
( η
G

)( d

dt

)}
; (25)

where η is the visco-elastic constant and G is the shear mod-
ulus. Assuming that the temperature dependence of the visco-
elastic constant η and the shear modulus G are in the same
form as that of Youngs moduli, we have

G(τ) = G0(1− γ1τ), η(τ) = η0(1− γ2τ); (26)

whereG0 is the shear modulus, and η0 is the visco-elastic con-
stant at some reference temperature, i.e. at τ = 0, γ1 and γ2
are the slope variation of τ with G and η, respectively. Substi-
tuting the value of τ from Eq. 3, and using Eq. 13 in Eq. 26,
one gets the following:

G = G0[1− α5(1−X)], where α5 = γ1τ0, 0 ≤ α5 < 1

η = η0[1− α4(1−X)], where α4 = γ2τ0, 0 ≤ α4 < 1.
(27)

Here, α4 and α5 are thermal constants.
After using Eq. 25 in Eq. 2, one obtains the following:

T̈ + p2kṪ + p2T = 0; (28)
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Figure 1. Variation of time period with thermal gradient of visco-elastic non-
homogeneous orthotropic rectangular plate of linearly varying thickness.

where

k =
η

G
=

η0[1− α4(1−X)]

G0[1− α5(1−X)]
. (29)

Equation 28 is a differential equation of the second order for
time function T . The solution of Eq. 28 will be

T (t) = ea1t[C1 cos b1t+ C2 sin b1t]; (30)

where
a1 = −p2m/2; (31)

b1 = p

√
1− (pm/2)

2
; (32)

andC1 ,C2 are constants, which can be determined easily from
the initial conditions of the plate. This study assumes the initial
conditions as

T = 1 and T = 0 at t = 0. (33)

Using Eq. 33 in Eq. 30, one obtains

C1 = 1 and C2 = −a1/b1. (34)

One has the equation

T (t) = ea1t[cos b1t+ (−a1/b1) sin b1t]; (35)

after using Eq. 34 in Eq. 30. Thus, the deflection of the vibrat-
ing mode w(x, y, t), which is equal to W (x, y)T (t), may be
expressed as

w =[XY (a/b)(1−X)(1− Y a/b)]2

[1 + (−b11/b12)XY (a/b)(1−X)(1− Y a/b)]
×[ea1t{cos b1t+ (−a1/b1) sin b1t}]; (36)

by using Eq. 24 and Eq. 35. The time period of the vibration
of the plate is given by the following:

K = 2π/p; (37)

where p is the frequency given by Eq. 23.

Figure 2. Variation of time period with taper constant of visco-elastic non-
homogeneous orthotropic rectangular plate of linearly varying thickness.

5. NUMERICAL EVALUATIONS

The values of the time period (K) and the deflection (w)
(at two different instants of time) for a clamped visco-elastic
orthotropic non-homogeneous rectangular plate for different
values of the taper constant β, thermal gradients (α, α4, α5),
the non-homogeneity constant α1, and the aspect ratio a/b at
different points for first two modes of vibrations have been cal-
culated.

The following orthotropic material parameters have been
taken as2

• E∗2/E∗1 = 0.32

• E∗/E∗1 = 0.04

• G0/E
∗
1 = 0.09

• η0/G0 = 0.000069

• ρ0 = 3 × 105 (mass density per unit volume of the plate
material)

The thickness of the plate at the centre is taken as h0 =
0.01 meter.

6. RESULTS AND DISCUSSION

The numerical results for a visco-elastic orthotropic non-
homogeneous rectangular plate of parabolically varying thick-
ness have been computed with accuracy by using latest com-
puter technology. Computations have been made for calcu-
lating the time period K and deflection W (at two different
instants of time) for different values of the taper constant β,
thermal constants (α, α4, α5), non-homogeneity constant α1,
and the aspect ratio a/b at different points for first two modes
of vibration. All these results are presented in Figs. 1 – 8. A
comparison is made with the authors previous work3 for a uni-
form plate, and is found to be in very close agreement.
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Figure 3. Variation of time period with non homogeneity constant of visco-
elastic non-homogeneous orthotropic rectangular plate of linearly varying
thickness.

• Figure 1 shows the results of the time period (K) for dif-
ferent values of the thermal gradient (α), and the fixed
taper constant β = 0.0 and aspect ratio a/b = 1.5 for
two values of the non-homogeneity constant (α1); i.e.
α1 = 0.0 and α1 = 0.4 for the first two modes of vi-
bration.

• Figure 2 shows the results of the time period (K) for
different values of the taper constant (β), and the fixed
thermal gradient α1 = 0.0 and aspect ratio a/b = 1.5
for two values of the non-homogeneity constant (α1); i.e.
α1 = 0.0 and α1 = 0.4 for the first two modes of vibra-
tion.

• Figure 3 shows the results of the time period (K) for first
two modes of vibration for different values of the non-
homogeneity constant (α1), aspect ratio (= 1.5), and four
combinations of the taper constant (β) and thermal gradi-
ent (α); i.e.
β = 0.0, α = 0.0
β = 0.0, α = 0.8
β = 0.6, α = 0.0
β = 0.6, α = 0.8
It can be seen that time period (K) increases when the
non-homogeneity constant (α1) increases for first two
modes of vibration.

• Figure 4 shows the results of the time period (K) for dif-
ferent aspect ratios (a/b), and four combinations of the
thermal gradient (α), the taper constant (β), and the non-
homogeneity constant (α1); i.e.
α = 0.8, β = 0.6, α1 = 0.0;
α = 0.8, β = 0.6, α1 = 0.4;
α = 0.0, β = 0.0, α1 = 0.0;
α = 0.8, β = 0.0, α1 = 0.4
It can be seen that time period (K) decreases when aspect
ratio (a/b) increases for first two modes of vibration.

• Figure 5 – 8 show the result of deflection for the first two

Figure 4. Variation of time period with non aspect ratio of visco-elastic non-
homogeneous orthotropic rectangular plate of linearly varying thickness.

Figure 5. Deflection w vs X of visco-elastic non homogeneus orthotropic
rectangular plate of linearly varying thickness at initial time 0.K.

Figure 6. Deflection w vs X of visco-elastic non homogeneus orthotropic
rectangular plate of linearly varying thickness at time 0.K.

modes of vibration for differentX , Y , and fixed aspect ra-
tio a/b = 1.5 for the initial time 0.K and time 5.K for the
following combination of thermal gradients (α, α4, α5),
the taper constant β, and the non-homogeneity constant
α1.

• Figure 5: α = 0.0, β = 0.6, α1 = α4 = α5 = 0.0,
and the time is 0.K.

• Figure 6: α = 0.8, β = 0.6, α1 = α4 = α5 = 0.0,
and the time is 0.K.
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Figure 7. Deflection w vs X of visco-elastic non homogeneus orthotropic
rectangular plate of linearly varying thickness at time 5.K.

Figure 8. Deflection w vs X of visco-elastic non homogeneus orthotropic
rectangular plate of linearly varying thickness at time 5.K.

• Figure 7: α = 0.0, β = 0.0, α1 = 0.0, α4 =
0.3, α5 = 0.2, and the time is 5.K.

• Figure 8: α = 0.8, β = 0.6, α1 = 0.4, α4 =
0.3, α5 = 0.2, and the time is 5.K.
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