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The purpose of this paper is to present and discuss a range of in-situ and laboratory methods can be used to
measure the morphological characteristics of porous materials. In the case of foams and granular media used for
noise control applications, the most common of these characteristics are pore size and its distribution, porosity, and
pore connectivity. In the case of fibrous media, the most useful non-acoustical characteristics are the fibre size and
packing density. In the case of outdoor surfaces such as gravel, sandy soils, and agricultural land, which can be
partly saturated with water, it is of direct interest to measure the degree of water saturation hydraulic permeability
and pore size gradient. In the case of materials with good physiochemical properties, it is of interest to determine
their internal pore surface area, porosity, and pore size scales. In this paper, the existing and newly emerging
acoustic characterisation methods are discussed in terms of their complexity, accuracy, and sample requirements.
The application of these methods relate to traditional needs to measure and predict the in-situ performance of noise
control elements and outdoor surfaces, to ensure the quality control during material manufacturing process and to
be able to measure non-invasively the micro- and nano-structure of porous media which is used in catalytic filters,
electric capacitors and for gas storage. Parts of this paper were presented at the 22nd International Congress on

Sound and Vibration in Florence.

1. INTRODUCTION

Traditionally, models for the acoustical properties of porous
media have been developed and applied directly to predict
sound propagation in porous rocks (geophysics, seismology,
and exploration'-?), sound propagation in the presence of un-
derwater sediments (underwater acoustics, geophysic®) and
airborne sound propagation in the presence of porous soils
(outdoor noise control*). It appears that the most common use
of these models have been used to predict the acoustical prop-
erties of materials are manufactured for noise control.’> These
materials are reticulated foams, fibrous, and granular media
are able to absorb a considerable proportion of the energy in
the incident sound wave.

However, in an overwhelming majority of practical engi-
neering problems, the acoustical properties of porous mate-
rials are of little or no interest, the relationship between the
acoustical properties, pore, and frame morphology are of sig-
nificant interest. In applications related to energy storage, it
is important to measure the porosity and tortuosity of ceramic
separators, which control the electrolyte uptake by the porous
separator and its ability to conduct an electrical current. In
applications related to filtration operations, similar character-
istics to be measured routinely to determine the permeability
of the membrane in the presence of a flow of fluid. In pharma-
ceutical applications, it is often of interest to measure the mean
particle size and compaction, particle size distribution, and the
amount of moisture absorbed by the particle mix. In chemistry
and chemical engineering applications, it is important to know
the internal pore surface area of materials are used to deliver
catalysts to control the chemical reaction and convert noxious
substances in chemically inert bonds.

Therefore, the purpose of this paper is to illustrate how mod-

els of the acoustical properties of porous media of varying
complexity can be used to determine the morphological char-
acteristics of the material frame and pores. The paper is fo-
cused on the basic physical relations, which can be used in the
parameter inversion process whereby a measurable acoustical
property can be directly related to the pore/frame morphology.
The paper also explains how to measure the right acoustical
properties and use them correctly in the parameter inversion
process.

2. METHODS FOR PARAMETER INVERSION
BASED ON ASYMPTOTIC BEHAVIOUR

The main aim of this section is to show how the morphologi-
cal characteristics of the porous material’s frame and pores can
be extracted from those acoustical properties of which asymp-
totic behaviour has a clear physical meaning. The focus will be
on rigid-frame porous media, for which the values of the frame
density and bulk modulus are considerably greater than that of
the filling fluid. This approximation is true in most cases when
the material’s pores are saturated by a gas. The fluid trapped
in these pores is typically presented as a homogeneous, equiv-
alent fluid with complex, frequency dependent characteristic
impedance z(w), and complex wavenumber kp(w). Where
w = 2nf is the angular frequency, where f is the frequency
in Hertz. The value of the characteristic impedance and the
boundary conditions surrounding the porous layer determine
the ability of sound waves to penetrate this layer. The value
of the complex wavenumber relates to the speed of the sound
wave in the porous space and the rate at which it attenuates.

The frequency-dependent behaviour of the characteristic
impedance and propagation constant can be predicted theo-
retically or empirically. Theoretical models tend to treat the
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viscous and thermal effects separately by introducing com-
plex expressions for the dynamic, frequency-dependent den-
sity pp(w), and complex compressibility C(w), of the fluid.
The viscous friction losses in the oscillatory flow in a porous
material are controlled by the non-zero imaginary part of the
dynamic density and are pronounced at frequencies below the

8
so-called Biot frequency, w, = 2—77 (see Eq. (11) in ref.”
57pPo

and Egs. (4.144), (5.3) in ref.’), where 7 is the dynamic vis-
cosity, pg is the equilibrium density of air and s is the char-
acteristic pore size. Above this frequency, the viscous fric-
tion is relatively small and the inertial forces are predominant.
Therefore, the value of this frequency is of importance since
it separates the viscous (low frequency, w < w,) and iner-
tial (high frequency, w > w, ) flow regimes in the pore which
are basically controlled by the characteristic pore size. Sim-
ilarly, the thermal losses in a porous medium are controlled
by the non-zero imaginary part of the complex compressibil-
ity and are pronounced around the characteristic thermal fre-

quency, wy = , where k is the thermal conductivity of

K
s2poCyp
the saturating fluid and C), is the specific heat of fluid at con-
stant pressure. This frequency separates the isothermal (low-
frequency, w < w;) and adiabatic (high-frequency, w > w;)
regimes. In the case of air-filled fibreglass, which has a mean
pore size s ~ 100um at room temperature, the values of the
above frequencies are w, ~ 14480 rad/s (f, ~ 2300 Hz) and
wy ~ 2150 rad/s (f; ~ 342 Hz).

The complex characteristic impedance and and wavenumber
are linked to the dynamic density and complex compressibility
by the following expressions:

pb(w)/Ch(w) and kp = w/pp(w)Ch(w). (1)

Unlike theoretical models, empirical models do not generally
bother with deriving p,(w) and Cy(w) and estimate directly the
characteristic impedance, z,(w), and complex wavenumber,
kp(w).3 10 The expressions in these models are typically based
on statistically significant experimental data to these models
can closely fit. A common acoustical property that is directly
measurable is the normal incidence surface impedance of a
hard-backed porous layer of thickness d (i = v/—1):

2p(w) =

zs(w) = zp(w) coth(—iky(w)d). (2)

It is clear that this property depends both on the characteris-
tic impedance of the porous material and on its wavenumber.
Figure 1 shows the experimental setup for measuring the sur-
face impedance using the standard two-microphone impedance
tube method.!' The equipment for this experiment is available
from a number of manufacturers, e.g., from Bruel and Kjaer
(http://bksv.com/), Mecanum Inc. (http://www.mecanum.
com/impedance-tube.html), Materiacustica srl (http://www.
materiacustica.it/mat_UKProdotti_3Mics.html), or AFD mbH
http://www.akustikforschung.de. The acoustic absorption co-
efficient spectrum is often used as an estimate of the proportion
of the incident sound energy a porous layer is able to absorb.
The normal incident absorption coefficient is calculated as

zs(w) — poco

; 3
2(@) F poco )

alw)=1-
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Figure 1. 2-microphone impedance tube setup to measure the surface
impedance of a porous layer.!!
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Figure 2. A 3-microphone impedance tube setup to measure the surface
impedance of a porous layer.'6

where ¢ is the sound speed in fluid. The reproducibility of
this method is discussed in ref.,'2 where it was shown that the
variation in the measured acoustical properties can be consid-
erable if the material is not homogeneous. In the case of ma-
terials with high flow resistivity, the accuracy of this method is
also dependent on the quality of the sample preparation and on
the presence of the circumferential gap between the material
sample and the wall of the impedance tube as shown in refer-
ences.'> !4 The flow resistivity, elastic properties of the mate-
rial frame, and its density are the main parameters which can
alter the behaviour of the material specimen constrained in the
impedance tube.'# In this respect, it is common to measure the
acoustical properties of at least three material specimens and
to work with their average values, as it is done in the examples
presented in this paper.

Obviously, the acoustic surface impedance z,(w), is not a
fundamental acoustical property because it depends on the ma-
terial geometry and boundary conditions. An alternative labo-
ratory method to measure more fundamental acoustical proper-
ties of porous media is to use the three-microphone impedance
tube as suggested originally by Iwase'> and subsequently re-
visited by Doutres, et al.'® Figure 2 illustrates the basic
setup that can be used to measure directly the characteristic
impedance and complex wavenumber. These properties can be
used to estimate the dynamic density and complex compress-
ibility from the following equations:

ppr(w) = zp(w)k(w)/w and Cp(w) = k(w)/(zp(w)w). (4)

As an example, equipment for three-microphone
impedance tube experiment is available from Materiacustica
(http://www.materiacustica.it). Alternatively, it is possible to
extract the characteristic impedance and complex wavenum-
ber from the two-microphone impedance tube measurements
using either the “two thickness” or “two cavity” methods as
described in reference.!’
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2.1. Reticulated Foams and Fibrous
Materials

Light-weight, fibrous materials (e.g., fibreglass, rockwool,
and glassfibre) and reticulated foams (e.g., polyurethane and
melamine open cell foams) are the simplest case of porous me-
dia for which the values of porosity (see Eq. (2.25) in ref. for
a formal definition of porosity) and tortuosity (see Eq. (5.23)
in ref.> for a formal definition of tortuosity) are very close to
unity and their pore size is relatively constant. For these ma-
terials the only meaningful parameter which controls the be-
haviour of the characteristic impedance and wavenumber is the
flow resisitivity, o (see Eq. (2.27) in ref.® for the formal defi-
nition of flow resistivity). For these porous media, the porosity
can be set to unity or if needed, measured directly by using
a number of non-acoustic methods, e.g., by comparison of air
volume method'® or by measuring the sample density and re-
ferring it to the frame density.

Since this is for an overwhelming majority of reticulated
foams ., ¢ =~ 1 (see the work of Bonfiglio and Pompoli on
polyurethane foams for which ., > 1%), it can be shown that
the low frequency limit (w < w,,) for the dynamic density is
dependent on the flow resistivity alone, i.e.,

oo

1WPO Ao '

Qoo PO

ppr(w) = 5

(1+8- ®

The parameter

§ = ZestoIn’, (©)
3

in the above equation is the Pride parameter’ discussed later
at the end of this section making reference to the work by
Horoshenkov et al.>? The above expression suggests that the
flow resistivity can be determined from the asymptotic be-
haviour of the imaginary part of the dynamic density by es-
timating the low-frequency limit (w < w,,) of

o =~ —Im(py(w)w). ™)

Figure 3 shows the behaviour of Eq. (7) plotted as a function
of frequency for reticulated foam (see Fig. 4) with o = 9470
Pas m~2, ¢ = 0.910, and oo ~ 1.00. As the frequency
of sound reduces considerably below the viscous characteristic
frequency f,, the value of —Im(pp(w)w) reduces to o allowing
for the estimation of the flow resistivity from the acoustical
data.

In many cases, it is of interest to estimate the material’s pore
size from the flow resistivity data. This procedure requires us
to make an assumption for the shape of material pores. The
choice of pore geometry for porous media with ¢ and o, be-
ing close to unity is not critical in this procedure. However,
the choice of the characteristic pore dimension for the adopted
pore geometry is important. In the case of a circular cylindrical
pore, the dimension is the pore radius and in the case of trian-
gular pore shape it is the side of the triangle. In the case of a
slit, the characteristic dimension is the half-width of the slit. In
the case of any other arbitrary pore geometry the procedure for
choosing of the right pore dimension can be completed through
the estimation of the pore’s hydraulic radius and assignment of
the right shape factors as explained.®
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Figure 3. The behaviour of the function —Im(pp(w)w) showing its asymp-
totic convergence to the value of the static air flow resistivity of the melamine
foam sample as w — 0.
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Figure 4. A microscopic photograph of reticulated foam which pore size was
estimated from acoustical data.

Going back to the previously considered example with retic-
ulated foam, we can assume that the pore geometry is circular
and that the pore size is relatively uniform. In this case the
pore radius s can be estimated from the following equation

(see Eq. (51) in ref.%)
_ /8
s = st ¥

For the reticulated foam sample considered here (0 = 9470 Pa
sm~2, ¢ = 0.910 and n = 1.81 x 107° Pa s) Eq. (8) yields
s = 129 pm, which corresponds well to the pore dimension
typical to melamine foams?! and s = 128 + 67 um estimated
from the optical image analysis performed independently on
this particular foam sample using ImageJ software.” The value
of porosity is slightly lower than that expected for reticulated
foam. This can be explained by the fact that not all the pores in
this material are interconnected and a proportion of the pores
are closed.
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Figure 5. The behaviour of approximation (10) (solid line) and best line fit to
this approximation (dashed line) from which the mean slope m can be deter-
mined and used to estimate the characteristic pore size of reticulated form (see
Fig. 4) with Eq. (11).

An alternative way to estimate pore size from the acoustical
data is to use the high-frequency asymptotic limit for the dy-
namic density as proposed by Bonfiglio and Pompoli.?*> This
approach is based on the behaviour of high-frequency asymp-
totic limit (w > w,) for the imaginary part of the dynamic
density, which is described by

~ Yoo 2 N
pv(w) =~ 5 po(l+—4/ _Z.wpo)- ()

This equation was adapted to describe the high-frequency
asymptotic behaviour of the dynamic density of a bulk porous
medium by dividing the original equation by Johnson et al.
(see Eq. (2.16a) in ref.?®) by the porosity ¢. With respect to
w~1/2, the high-frequency behaviour of the imaginary part of
9)is

Im(py(w)) = —mw™"/?; (10)
o 2n . .
where m = quo s the slope of the asymptote. In this
s Po
case, the characteristic pore dimension can be estimated from
0o 2
5= JooP0 [T (11
me wWpPo

Figure 5 shows the high-frequency asymptotic behaviour of the
imaginary part of the dynamic density (Eq. (10) plotted against
w™1/2 (solid line)). This function was calculated for the retic-
ulated foam sample in the frequency range of 10 - 1000 kHz,
which was chosen well above the viscous characteristic fre-
quency for this material (f, = 1.1 kHz) to ensure the validity
of this high-frequency approximation. Figure 5 also presents
the expression of the best linear fit (dashed line), which has a
slope of m = 53.79. At ambient temperature ¢ = 0.91 and
0o = 1.00, the substitution of this slope in Eq. (11) yields the
characteristic pore dimension of 132 pm, which is within 2%
of the value estimated from the flow resistivity data.

A similar approach for microstructure characterisation can
be applied in the case of fibrous materials, e.g., polyester fi-
bre. However, in the case of fibre, it is more important to es-
timate the fibre diameter and material density. These param-
eters can be estimated from the flow resistivity value, which

Figure 6. The diameter of this polyester fibre (photographed) was estimated
from acoustical data.

can be measured acoustically as described in the previous para-
graphs. There are several models that can be used to link the
fibre diameter dy, and material density py, with the flow re-
sistivity, 0.2*2> However, a better model to enable this link
is the Carman-Kozeny model for the permeability of porous
media,?® which was introduced in the 1930s. Unlike some
other empirical models, which can be used to predict the flow
resistivity of fibre, the Carman-Kozen model is derived from
Poiseuille’s equation for laminar flow and presents a theoreti-
cal links between the flow resistivity, fibre diameter, and bulk
material density. The model suggests the following relation-
ship between the static flow resistivity, porosity and fibre di-

ameter:

o 180n(1 — ¢)?

d? @3

Because the density pr, of the fibre’s material and material
sample density p,,, are usually known (e.g., in the case of the
polyester fibre p; = 1380 kg/m® and the sample’s density is
a directly measurable quantity), then the porosity is also easily
calculated from ¢ = 1 — p,,/py. Assuming that the tortuosity
of this media is close to unity, the only parameter which is left
to invert from the flow resistivity data is the fibre diameter. It
can be estimated as

12)

180n(1 — ¢)°

p— (13)

df =

The application of Eq. (13) to 30 kg/m?3 Den 15 polyester fibre
(see Fig. 6) suggests the value of dy = 35.6 um. This esti-
mate is obtained for o = 1300 Pa s m—2, which was measured
acoustically using the asymptotic limit Eq. (7) and it compares
within 10% with the directly measured 15 Den fibre diameter
of 39.2 ym. In this analysis we assumed that ¢ ~ 1. It is
easy to illustrate that a very similar procedure can be applied
to glasswood, rockwool, and fibreglass for which ¢, o, — 1.

2.2. Granular Materials

Let us now consider materials with a relatively uniform
porous structures which are composed of loose or consolidated
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grains. These materials are characterised by a porosity that is
typically in the range of 20-60%, a value that is noticeably
less than unity. Accurate modelling of the acoustical proper-
ties of these materials cannot be based on flow resistivity data
alone. The value of the tortuosity for these media is larger
than unity and it is important to include this in the model to-
gether with the true value of the porosity to describe accurately
the behaviour of the acoustic characteristic impedance and the
complex wavenumber in the medium to high frequency range.
Therefore, modelling of the acoustical properties of granular
materials effectively requires the knowledge of the following
three parameters: flow resistivity, o, porosity, ¢, and tortuosity
Q-

The physical meaning of the flow resistivity and porosity
is generally well understood. This is not often the case with
the tortusity and it is appropriate to say a few words about its
physical meaning. The existing literature sometimes makes
reference to two types of tortuosity: the high-frequency tortu-
osity limit s, (€.g., Eq. (5.21) in ref.’) and the low-frequency
(static) tortuosity limit g (e.g., section 5.3.6 in ref.?). Let us
focus on ., which, in my view is a more useful parameter.
There are several definitions for a,, and some examples in-
clude: definition via the structure factor (see Fig. 16 in ref.?’);
definition via the high-frequency limit of the dynamic perme-
ability (see Egs. (2.1c), (2.6b), and (2.9) in ref.?*) and defi-
nition using the electrical resistance analogy (see Eq. (20) in
ref.?8).

The correct way to define the tortuosity . is to treat it
as an apparent reduction in the high-frequency limit for the
speed of sound in a porous sample. This apparent reduction is
associated with the increase in the length of the path that the
sound wave needs to propagate through the tortuous pores in
a porous layer rather than propagate in the straight manner in
the free space in gas. Mathematically, it can be shown that the
high-frequency (w > w,,w;) limits for the dynamic density
and complex compressibility (see Egs. (23) to (25) and (58) in
ref.%) are p, ~ poae/¢ and Cp, ~ ¢/(vPy) with Py being
the ambient atmospheric pressure of gas and y being the ratio
of specific heats, respectively. Since kj(w) = wv/ppCp and
ky(w) = w/ep(w), the above implies that the high-frequency
limit for the wavenumber is

kp(w) ~ wy/asepo/(7Fo);

i.e., the high-frequency limit of the sound speed in the porous
medium ¢, (w), should converge to

Ch > /A Aoo; (15)

where c¢o = /7 Po/ po is the adiabatic speed in gas. Obviously,
because o > 1, the sound speed in granular media is always
slower than the speed of sound in the filling gas.

Berryman suggested (see Eq. (18) in ref.?”) that the tortu-
osity of a stack of identical, spherical solid particles can be
estimated from the porosity data alone, i.e.,

1-9¢
o =1+ —-.
« + 2
Using acoustical data, the tortuosity can be estimated from
the high-frequency behaviour of the squared refraction index

(14)

(16)

3 T
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Figure 7. The high-frequency behaviour of real part of the squared refraction
index (solid line) and the line of best fit to this behaviour for a stack of 1 mm
diameter glass beads. The red circle illustrates the point of intercept which
corresponds with the value of croo.

n?(w) = (co/cp(w))? = (kp(w)/ko)?, where kg = w/co,
which converges to o, as w — oo if n?(w) is plotted against
w12,

The procedure for the inversion of the tortuosity from re-
fraction index data is well described in detail in ref.?* (Eq. (6)
in’" defines properly the high-frequency asymptotic limit for
ky(w)). Because very high frequency data for the refraction
index are usually unattainable, then the intercept of the func-
tion n?(w~"'/2) with the ordinate axis is found through a lin-
ear fitting procedure as illustrated in Fig. 7 for a stack of 1
mm diameter glass beads. The acoustically estimated value
of the tortuosity for this material is ao, = 1.61. This value
is within 3% of the tortuosity estimated from Berryman’s for-
mula (Eq. (16)), which yields a.oo = 1.66. The porosity value
¢ = 0.42, which is used in Berryman’s formula was estimated
from the material density data, ¢ = 1 — p,,,/p, in which the
glass density was taken as p, = 2500 kg/m?>.

Knowledge of the tortuosity is very helpful, because it en-
ables us to estimate a number of useful non-acoustical param-
eters of a granular mix. The most obvious parameter is the
radius of the granules R. The most straightforward way to es-
timate the radius of the granules is to use Egs. (13) and (17)
in ref.3! and the value of the geometrical factor M/ = 1 which
corresponds to materials with cylindrical pores.? This pro-
vides us with the following relationships between the flow re-
sistivity, porosity and the radius of granules

91 —¢)
R= ; 17
where the characteristic pore dimension
8N
=,/ —t==, 18
s=4/ o (18)

and © = 3/(7v/2)(1 — ¢) (see Eq. (19) in ref.3!). The pa-
rameter s in Eq. (18) is effectively the pore radius, which for
materials with assumed cylindrical pores, is equivalent to the
characteristic viscous length, A = s (see Eq. (2.17) in ref.?
for the formal definition of A). Acoustical data obtained for

926
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500.00 pm

Figure 8. A microscopic photograph of glass beads which diameter was esti-
mated from acoustical data.

a stack of 1 mm diameter glass beads, Eq. (18) together with
the flow resistivity and porosity data enables us to estimate the
characteristic pore dimension (length) for this granular mate-
rial, which is s = 173 pym. Here, we used the flow resistivity
value of 0 = 18.4 kPa s m—2, which was estimated from the
low-frequency limit of the imaginary part of the dynamic den-
sity (see Egs. (5) and (7)). If we substitute this value of s in
Eq. (17), then the radius of the glass beads in the stack can be
estimated as R = 532 pum, which can then be within 9% of the
true radius of these glass beads, which is estimated from the
optical images to be 582 um (see Fig. 8).

Another use of the characteristic pore dimension determined
acoustically is the estimate of the specific pore surface area
Ss = S/V, where V is the volume of pores in m? and S
is the pore surface area in m2. This information is impor-
tant in chemical engineering, energy storage, and pharmaceu-
tical powder manufacturing. In our example, the theoretical
value for the specific pore surface area of a stack of perfectly
round grains is easy to estimate analytically as Ss = 3/R,
which, in the case of the glass beads with R = 582 um, is
S, = 5.15 x 103 1/m. If we use the value of R = 532 pm
determined acoustically, then the specific pore surface area is
estimated as S, = 5.64 x 103 1/m, which is 9% greater than
the theoretical value of S,.

I would like to make a comment on the definition and use of
low-frequency (static) tortuosity cg, which may be of impor-
tance in the case of materials for which ¢ < 1 and o, > 1.
In ref.® this quantity is defined as the low-frequency limit of
the dynamic tortuosity function, which is effectively a(w) =
dpp(w)/po. Pride et al.’ showed that the low-frequency limit
of this function is given by Eq. (5). In this equation the param-
eter 3 is the so-called Pride parameter. In some more recent
publications this parameter has been modified and assigned
with notations other than /3 which was originally used by Pride
et al. (e.g., parameter P in Eq. (25) in ref.,* parameter b in
Eq. (5.32) in ref.%). Although limited attempts have been made
to provide some physical interpretation of this parameter, its
physical meaning can appear ambiguous and makes sense to
show how it is related to the low-frequency (static) tortuosity,
pore geometry and pore size.

From the above definition of o (also see section 5.3.6 in
ref.” for some limited discussion on this issue) and from the
low-frequency limit of the dynamic density (see Eq. (5)), it
seems obvious that a(w) ~ aso (1 + B) as w — 0. In ref. 0 it
was shown that in the case of a porous medium with cylindri-
cal pores which radius is log-normally disctributed; the Pride
parameter is equivalent to 8 = 4/3¢*(®=2)* _ 1 where o, is
the standard deviation in pore size distribution estimated using
a logarithmic scale with the base of 2. This implies that the
low-frequency (static) tortuosity can be estimated as

4 2
ap = 70[0064(05 In 2) :

3 19)

L . . 4 .
which is consistent with the value of cg = — o, derived for a

medium with identical, cylindrical pores, i.e., when o5 = 0. It
can be noted that the low-frequency (static) tortuosity is always
greater than its high-frequency counterpart, i.e., g > Qoo It
can also be noted that the value of the coefficient 4/3 in Eq. (19)
is related to the choice of the pore geometry (4/3 is for circular
pores) and it is determined by the ratio of the pore shape factors
(see the ratio of pore shape factors 1) /12 in Table 11 in ref.%).
In the case of pores of triangular geometry, this factor becomes
10/7. In the case of slit-like pores, it is 6/5. In the case of
a medium with arbitrary pore shape, it needs to be estimated
numerically.> The value of o increases with the increased
value of the standard deviation in the pore size o, and doubles
when o increases from O (uniform, identical pores, e.g., glass
beads) to 0.6 (pronounced pore size distribution, e.g., recycled
granulates of a highly irregular shape).

2.3. Sandy Soils

A common type of porous media are sandy soils. The acous-
tical properties of these materials have been studied exten-
sively, mainly with respect to outdoor sound propagation and
noise control.* It is often of interest to use sound to measure
remotely the permeability of soils and their moisture content.
Applications of the acoustic parameter inversion technology
can be of use in agriculture and geotechnics.

The porosity of a majority of outdoor soils is low, whereas
their flow resistivity and tortuosity are high. A usual criteria
for soil to be of high flow resistivity is the ratio w/oc < 1. A
layer of soil is typically thick in comparison with the acous-
tical wavelength. This combination of properties enables the
application of relatively simple engineering models, which are
based on no more than two non-acoustical parameters and
which assume that the layer thickness is semi-infinite. These
models are easy to use in the inversion process from which
the non-acoustical data can be determined from the acoustical
impedance. The acoustical impedance of these media can be
measured in-situ in a number of ways.>*3 In the laboratory,
their acoustical properties can be measured in an impedance
tube, which can be adapted to simulate the effect of moisture.®

A good model for the acoustical properties of these materi-
als is the 2-parameter Attenborough model (model NHBL2A,
Eq. (12) in ref.?"). It is not easy to follow the discussion pre-
sented in®’ and it makes sense to give the expression for this
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model here explicitly

24(f) = 0.436\/oo /] ~ i (0.436+/0./ +9.750./f ) ;

(20)
where o, is the effective flow resistivity of soil a. is the rate
of porosity change and f is the frequency of sound in Hertz.
The effective flow resistivity in the above model can be ad-
justed to match the measured data for the real part of the sur-
face acoustic impedance. The imaginary part of the acoustic
impedance the effective rate of change in porosity can also
be subsequently adjusted to match the imaginary part of the
surface impedance measured at the frequency points f,,. The
application of the least squares method yields>®

04363 f1

log o, = —21 n .l
087 = O S Rea UV | Y
and
> Im(zs(fn))/ fr + O~436\/‘7’7€Z f;lﬁ
loga, = — =2 n (22)

9483 fn2

Figure 9 shows the spectra of the measured acoustic surface
impedance and impedance fitted using Eqs. (21) and (22) for
a 50 mm thick layer of fine sand with variable degree of mois-
ture (see the parameter .S above each of the four graphs). The
predictions were obtained using the following inverted values
of the effective flow resistivity and rate of porosity change:
S = 0%, 0. = 146 kPas m~2 (i.e., w/o. < 1 stands for the
frequency range considered here), ae = —27.7 1/m, S = 15%,
0, =144kPasm~2, a, = 132 I/m, S = 48%, 0, = 151 kPa
sm~2, @, = 623 1/m; and S = 95%, 0. = 40.9 kPas m~2,
o = 1126 1/m. The inverted value of the rate of porosity
change «. almost linearly relates to the moisture content S,
which enables us to determine it remotely from the acoustical
data. The effective flow resistivity of the dry sand (S = 0) can
be converted to the permeability of sand

Kp =1/0¢; (23)

whereas the predicted/measured impedance can be used to es-
timate the uniformity coefficient C\,.3® This is of importance
in soil mechanics and geotechnics.

3. OPTIMISATION METHODS FOR
PARAMETER INVERSION

Details of some analytical procedures for parameter inver-
sion for materials that acoustical properties need to be de-
scribed by relatively complex models can be found in refs.?-40
These procedures require accurate data on the dynamic density
pp(w) and complex compressibility Cp(w), which are not of-
ten easy to measure. As a result, a number of other inversion
methods have been proposed to determine the non-acoustical
parameters of complex porous media from acoustical data for
the absorption coefficient and surface impedance spectra. A
good summary of these methods can be found in Chapter 4 in
the work by Bonfiglio.*! These methods do not require the rel-
atively complicated procedures and equipment needed to mea-
sure the characteristic impedance and complex wavenumber.

It makes sense to apply these methods to materials with a very
simple and relatively uniform pore structure which can be de-
scribed by one parameter only (e.g., reticulated foams), or to
materials which have a very complex pore structure and re-
quires a model with several parameters (e.g., complex granular
media).

The most straightforward approach to this type of param-
eter inversion is to adopt a suitable optimisation method and
prediction model to minimise the difference

F(X) = Z |gemp(wn) - gth(wnyx)‘ ;

where geyp(wy,) is the measured absorption coefficient or sur-
face impedance spectrum and g4y, (wy,) is its modelled counter-
part. The vector x here is the design variable vector which is
composed of the parameters with unknown values and need
to be determined with the help of minimisation procedure
Eq. (24). The sum in Eq. (24) is taken over all the fre-
quency points w,, for which the measured values of the func-
tion geqp(wy,) are available. The choice of the model here is
important because the more complex the model is, the more
parameters it will be required to fit in this model. If more pa-
rameters will be required to fit, then the rank of the design
vector will be higher, and there will be more ambiguity in the
inverted parameter values because the function F'(x) is usually
multivalued. In order to reduce the ambiguity, it is common
to use a constrained optimisation method*? and the values of
porosity and flow resistivity which can be measured using the
non-acoustical procedures. '8

(24)

3.1. Reticulated Foams

Let us illustrate this parameter inversion process for a few
different types of porous media with increasing degree of
complexity. As before, we begin with the simplest form of
porous media, which are reticulated foams and fibrous mate-
rials. Modelling the acoustical behaviour of these materials
does not require a complicated model because it is dominated
by the flow resistivity alone as it is mentioned already in sec-
tion 2.1. Therefore, it is a relatively straightforward way to
apply a direct optimisation procedure to adjust the flow resis-
tivity value to match the measured data and predictions. Figure
10 shows the match between the measured and fitted real and
imaginary parts of the impedance of a 17.5 mm thick, hard-
backed layer of melamine foam. This fitting was achieved
through the described minimisaton procedure in which the
function g(wy,) = 2z5(wn), 2s(wy) being the normal incidence
surface impedance (see Eq. (2)) measured at 660 frequency
points in the range between 200 and 4000 Hz using the 2-
microphone method in 45 mm diameter impedance tube. Here
we used a very simple, constrained Nelder-Mead optimisation
algorithm** in which we let x = o to be the design variable,
while the porosity and tortuosity were ignored by setting them
to unity, i.e. ¢ = 1 and ao, = 1. The model used in this
example was the Pdde approximation model®' which depends
on the four directly measurable parameters: porosity, flow re-
sistivity, tortuosity and standard deviation in the log-normally

IReferences*>#% may be more useful here because they present applica-

tions of the Pade approximation model to real life porous media and include
parameter inversion applications (ref.%¢).
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Figure 9. The measured (dots) and predicted (dashed lines) frequency dependence of the acoustic surface impedance of a 50 mm layer of fine silica sand.

distributed pore size. It is easy to show that the latter parame-
ter is unimportant for modelling the acoustical properties of a
highly porous material such as melamine so that this parameter
was set to zero, i.e. o5 = 0. The fitted value of the flow resis-
tivity is 0 = 12.7 k Pas m™2. Itis easy to see from Fig. 10 that
the fit is very close. The root mean square error between the
measure and fitted impedance spectra here is only 1.3%. The
application of the Pade approximation model together with the
absorption coefficient spectrum yields the value of the flow re-
sistivity of 13.6 KPa s m~2, which is 7% higher than the value
inverted from the surface impedance data. It is easy to show
that the application of the alternative, 1-parameter Delany and
Bazley model'? to the surface impedance data yields the value
of the flow resistivity of & = 11.9 k Pa s m~2, which is within
7% of the value of o = 12.7 kPa s m~2 determined with the
Pade approximation. The Delany and Bazley model is empir-
ical and it is not causal.*’) Therefore, care should be taken
when this model is applied to invert the flow resistivity from
acoustical data, particularly complex impedance data because
of the model limitations. In the case of partially reticulated
foams, the porosity and tortuosity are no longer a unity. There-
fore, the reticulation rate can be estimated through these pa-
rameters which can be inverted through the suggested optimi-
sation procedure and relations.*®

3.2. Gravels

Another interesting application of the direct minimisation
procedure is to recover the permeability, porosity and tortuos-
ity of gravels. This information is important because gravels
are used extensively for drainage and in foundations. The abil-
ity of gravels to drain water is a key characteristic needed to

-300 500 1000 1500 2000 2500 3000 3500 4000 4500
Frequency [Hz]

Figure 10. The measured values of the acoustic surface impedance (dots) and
fitted surface impedance (solid lines) of a 17.7 mm thick, hard-backed layer of
melamine foam.

maintain and rehabilitate critical civil engineering infrastruc-
ture where structural health depends on the ability to store and
drain water. Fig. 11 presents the real and imaginary parts of the
normal incidence surface impedance of a 200 mm thick layer
of hard-backed gravel with the equivalent particle diameter in
the range of 15-20 mm (see Fig. 12). This figure shows the
measured impedance and that fitted using the 4-parameter Pade
approximation model® and 5-parameter Johnson-Champoux-
Allard (JCA) model’®>. We note that the two predictions are

2It is worth noting here that a common problem of many publications in
which the Johnson-Champoux-Allard is presented is their liberal interpretation
of this model. Some publications treat it as an equivalent fluid, whereas others
as a equivalent material model. In this particular example and in many other
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Figure 11. The measured values of the acoustic surface impedance (dots) and
fitted surface impedance (solid lines) of a 200 mm thick, hard-backed layer of
15-22 mm particle gravel.

almost indistinguishable. The absolute mean error between the
measured and predicted values of the surface impedance is ap-
proximately 5%. This match is achieved with the following
values of the non-acoustical parameters in the Pade approxi-
mation model: o = 218 Pasm™2, ¢ = 0.424, oo, = 1.51 and

s = 0.516. The parameters in the JCA model were the same
for the flow resistivity, porosity and tortuosity, but the viscous
and thermal characteristic lengths were setto A = A’ = 1.24
mm. These values of were set equal to enable the comparison
between the Pade approximation and JCA model. The Pade
approximation model is for cylindrical cross-section so it does
not account for the variation of the pore cross-section along the
pore length. This also reduces the ambiguity in the parameter
inversion process.

The non-acoustical data derived from the acoustical inver-
sion procedure enable us to estimate the air permeability (see
Eq. (23 with 0. = 0) and characteristic pore dimension. For
the gravel specimen considered in this work x, = 8.29 x 1078
m~2, which is approximately 10° Dercy units. This value is
close to the permeability values typical for gravels.** The char-
acteristic pore dimension can be estimated from eq. 18, which
yields s = 1.54 mm. It is of interest to compare the character-
istic pore dimension with the viscous characteristic length. It
was suggested that these two parameters are related with?®

A — ge—3/2(0sIn 2)2. (25)
Direct substitution of the characteristic dimension s = 1.54
mm and s = 0.516 gives A = 1.27 mm, which is within 2%
of the value of A derived from the fitting procedure. In this
case with gravel the value of the tortuosity is much higher than
unity and standard deviation in the pore size is relatively large.
It is of interest to estimate the value of the Pride parameter
(see Eq. (6)) and low-frequency (static) tortuosity limit (see
Eq. (19)). The substitution of inverted values of o, and a
in these expressions yields 8§ = 1.22 and o9 = 3.36, which
means that aq is 2.2 times higher than a.. It is also worth
noting that Eq. (17) underestimates the median particle radius

practical problems of material characterisation it should be interpreted as an
equivalent material model which is correctly presented in ref.5

Figure 12. A photograph of gravel particles which diameter was estimated
from acoustical data.

of gravel by approximately 65% because the gravel particles
are not perfectly round. It is possible to improve the accuracy
of this estimation within 15% if the Kuwabara/Strout model®'
is adopted for the parameter © in Eq. (17),i.e., ©® =1 — ¢.

3.3. Living Plants

Interestingly, the parameter inversion procedure can help
to determine the non-acoustical properties of living plants.!
Horoshenkov et al. used the 3-parameter Miki model® to es-
timate the effective flow resistivity, tortuosity, and effective
plant height from impedance tube data on the acoustical ab-
sorption coeffiecient. These parameters are important for non-
invasive plant characterisation because the effective flow resis-
tivity is directly linked to the plant leaf area density whereas
the tortuosity is linked to the dominant angle of leaf orienta-
tion.>! Together with the effective plant height, these param-
eters can be used to estimate the living mass of green plants.
In this inversion process, acoustic impedance cannot be used
because of the random geometry of a living plant specimen
makes it impossible to determine the exact position of the ref-
erence plane from which the distance from the top of the plant
to the microphones can be accurately measured. Figure 13
shows the measured and fitted absorption coefficient spectra
of a Geranium zonale plant specimen (specimen Geranium
zonale-4 in Table 1, in ref.>! also see Fig. 14). The fitting was
achieved with the 4-parameter Pade approximation model® and
5-parameter Johnson-Champoux-Allard (JCA) model.*® The
absolute mean error between the predicted and measured ab-
sorption coefficient was within 1%. The difference between
the absorption spectra predicted with the two models was in-
significant. The porosity was taken from Table III in ref.3!
¢ = 0.98. It was then measured directly and non-acoustically.
The values of the flow resistivity, tortuosity, and standard devi-
ation in the pore size determined with the Pade approximation
model are ¢ = 36.8 Pas m™2, an, = 1.90, and o, = 0.587.
The values of the characteristic lengths determined with the
JCA model are A = A’ = 2.10 mm. The characteristic vis-
cous length estimated from Eq. (25) is A = 2.19 mm which is
within 4% with the value determined by fitting the JCA model.
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Figure 13. The measured values of the acoustic absorption coefficient (dots)
and fitted absorption coefficient (solid lines) of a 130 mm high, hard-backed
Geranium zonale plant.

4. CONCLUSIONS

Sound waves provide a very attractive method for non-
invasive measurements of the morphological characteristics of
porous materials. Therefore, the purpose of this paper has been
to illustrate how acoustical models of variable complexity can
be applied to determine useful non-acoustical parameters of
porous media that are related to their morphological character-
istics.

In the case of reticulated foams and fibrous materials with
high porosity and low tortuosity, the most important non-
acoustical parameter that controls the acoustical properties of
these media is the flow resistivity. This parameter can be de-
rived from the low-frequency asymptotic behaviour of the dy-
namic density of the equivalent fluid filling the material pores.
For this type of porous media, the flow resistivity can also be
derived by solving the optimisation problem whereby the dif-
ference between the predicted acoustical property (e.g., sur-
face impedance) and measured data is minimised. These media
can be modelled with a simple 1-parameter model'° or a more
complex model® in which the values of porosity and tortuosity
are set to unity.

The acoustical properties of porous media composed of par-
ticles/grains with well defined shapes can be described accu-
rately by the flow resistivity, porosity, and tortuosity. The flow
resistivity of this type of porous media can also be estimated
from the low-frequency limit of the dynamic density, whereas
the tortuosity can be estimated from the high-frequency be-
haviour of the refraction index. It is usually easy to measure
the porosity of these media independently e.g., from the den-
sity ratio or geometrical considerations, or from Berryman’s
expression (see Eq. (16)) through the tortuosity which can be
inverted acoustically. An alternative method to estimate the
porosity is from the high-frequency limit of the dynamic den-
sity in which the tortuosity value is estimated from the refrac-
tion index behaviour. If a porous medium is composed of rel-
atively small grains for which the flow resistivity is relatively
high, i.e., w/o. < 1, e.g., sandy soil, then its acoustical prop-
erties can be predicted with a 2-parameter model.>” The two
parameters in this model are the effective flow resistivity and

Figure 14. The leaf size of this Geranium zonale plant was estimated from
acoustical data.

rate of porosity change. These can be derived from the least
mean square analysis of the surface impedance measured ei-
ther in the laboratory or in the field.

The acoustical properties of more complex materials, e.g.,
angular gravels and living plants, can be predicted using a
model with 4 or more parameters, e.g., Pdde approximation
model® or JCA model.” It has been shown that the parameters
of the pore size distribution and characteristic viscous length
used in these models are inter-related. More specifically, it
has been confirmed from the analysis of experimental data and
model behaviour that the mean pore size and standard devia-
tion in pore size distribution in the Padde approximation model
and viscous characteristic length in the JCA model are closely
related via Eq. (25). This is important because both the mean
pore size and standard deviation in pore size are directly mea-
surable parameters,*> whereas the viscous characteristic length
is difficult to measure directly. It has been shown that these two
models are sufficiently robust to be used in the parameter in-
version process, which is based on the optimisation procedure
applied to the surface impedance data or using the numerical
approach.?>3%40 The flow resistivity and other parameters de-
termined from the inversion process can be used to estimate the
size of particles that composed the material skeleton and size
of pores, which can be important for a number of non-acoustic
applications.
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