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In this paper, a robust control strategy for a robotic manipulator, modelled as a cantilever rotating Euler-Bernoulli
beam, is developed. Imprecision in the payload mass, unknown properties of the manipulator link, and torque
disturbance are included as the sources of uncertainty. The objective is to achieve a desired angular rotation while
the vibration of the manipulator tip is suppressed and the control system remains in a stable region. The control
input of the system is an external driving torque. For formulation of the continuous system, the mode summation
technique is used and equations of motion are described in the Laplace domain. Then, unstructured uncertainties
are included in the form of multiplicative input uncertainty. The µ-synthesis control approach is used and an
H∞ optimal robust controller is developed based on the DK-iteration algorithm. Results show that the designed
controller guarantees the robust stability and performance of the perturbed system against existing uncertainties.
Consequently, stability of the closed-loop system, disturbance rejection, and trajectory tracking performance are
achieved.

1. INTRODUCTION

Robotic manipulators are extensively used in areas such as
industrial automation, underwater or space vehicles, manufac-
turing, material handling (e.g., CNC multi-axes milling ma-
chines), and medical surgeries. Flexible manipulators have
several advantages over their rigid-arm counterparts, such as
less material usage (and, consequently, less weight and en-
ergy consumption), smaller actuators, and more manoeuvra-
bility. However, due to the inertia and external forces, light
structures are more likely to deflect and vibrate. Therefore,
the positioning inaccuracy of the end effector causes the per-
formance of the manipulator to be unacceptable. Mechanical
stiffening of the components has been used as a traditional so-
lution to avoid such structural vibrations, which has proved to
be ineffective for lightweight flexible manipulators. Conse-
quently, the effects of link flexibility must be considered in the
dynamic modelling, as stated by De Wit et al.1 Thereafter, un-
der external disturbances and parameter variations of the sys-
tem, effective controllers are required to guarantee the quick
and accurate manoeuvrability of manipulators.

Many research studies have been conducted to derive the
equations of motion of flexible manipulators and to analyse
their dynamics. In the early works, Book,2 as well as Low and
Vidyasagar,3 derived the equations of motion for both rigid and
flexible robot manipulators through Lagrangian formulation.
To investigate the generic properties of the structural mod-
elling related to the structural control, Spector and Flasher4

used distributed sensors on the pinned-free Euler-Bernoulli
beam. Choura et al.5 found the differential equations de-
scribing the planar motion of a rotating, thin, flexible beam.
Dynamics of a beam experiencing a combination of rotational
and translational motions was analysed by Yuh and Young,6

while its finite element simulation was presented by Gaultier
and Cleghorn.7 Dynamic equations for a planar manipulator
with two flexible links, in contact with a constrained surface,
have been studied by Matsuno et al.8 Using Hamilton’s prin-
ciple, equations of motion for a chain of flexible links have
been developed through a systematic procedure by Benati and
Morro.9 Damaren and Sharf10 simulated the constrained mo-
tion of flexible-link manipulators, including inertial and geo-
metric nonlinearities.

Fung and Chang11 studied the dynamic modelling of a non-
linearly constrained flexible manipulator based on four config-
urations: Timoshenko, Euler, simple flexure, and rigid body
beam theories. A linearised dynamic model for multi-link pla-
nar flexible manipulators with an arbitrary number of flexible
links has been presented by Chen.12 In that linearised model,
flexible links were treated as Euler-Bernoulli beams and the
Lagrangian approach was used to establish equations of mo-
tion. In addition, Meek and Liu13 simulated the nonlinear dy-
namics of flexible manipulators under large overall motions.
A study of modelling and the dynamic response of a multi-
straight-line path tracing a flexible robot manipulator has been
done by Kalyoncu14 (under the action of an external driving
torque and an axial force).

For performance control of the flexible robot manipulators,
many control techniques have been developed based on the
Euler-Bernoulli beam theory. Point-to-point position control
of a flexible beam using the Laplace transform technique has
been done by Bhat and Miu.15 Diken16 investigated the vi-
bration control of the beam using measured shear force as the
feedback, and simultaneously achieved the desired angular ro-
tation by using a PD controller. Implementation of a neural
network tracking controller for a single flexible link has been
compared for PD and PID controllers by Gutierrez et al.17 Due
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to a simple control structure, easy implementation, less real-
time computational load, and low cost, traditional PID con-
trollers have been extensively used in industrial operations,
such as the works done by Gutierrez et al.17 and A-Ramirez
et al.18

When a classical controller in the family of PI/PD or PID is
designed for a specific dynamic system, and its control gains
are tuned appropriately, the desired performance is achieved
with bounded values of control efforts. However, in the pres-
ence of structured/unstructured model uncertainties, very large
actuations are required to achieve precise control and improve
the transient performance (in many cases, actuator saturation
occurs). This phenomenon has been generally observed in
other dynamic systems or processes, as seen in Skogestad and
Postlethwaite.19 Therefore, developing a robust tuning proce-
dure that guarantees the transient performance of robot manip-
ulators is a study that requires further investigation.

Many tracking control algorithms have been developed to
make each joint track a desired trajectory. In an early work for
the Timoshenko beam, and to achieve tracking with suppres-
sion of elastic vibrations, Yuan and Hu20 designed a non-linear
controller using input-output linearization and elastic mode
stabilization. Green and Sasiadek21 studied the dynamics and
tracked the optimal control of a two-link flexible manipulator,
while Onsay and Akay22 investigated the vibration reduction
of a flexible arm by time optimal control. However, in opti-
mal control approaches, accurate selection of switching time
is required (which depends on the system dynamics). There-
fore, minor modelling errors cause switching errors and conse-
quently lead to a significant increase in the residual vibrations.

In the field of adaptive control, variable structure set-point
control of under-actuated robots—as seen in Su and Leung23

and Su and Stepanenko24—and nonlinear adaptive control via
the sliding mode state and perturbation observer, per Jiang and
Wu,25 have been done. However, in these control approaches,
a fixed control law is designed based on the priori bound of un-
certainty. In addition, for the tracking objective, Huang et al.26

developed a guaranteed performance adaptive algorithm with
limited torque, and Slotine and Li27 investigated the compos-
ite adaptive control for robot manipulators. However, adaptive
control techniques are potentially complex and utilize design
methods that require a priori knowledge of the system model,
as seen in Kirchoff and Melek.28 Therefore, although adap-
tive control approaches lead to fine control and compensate
for structured uncertainties of the manipulators dynamics, they
usually fail to appropriately work in the presence of unstruc-
tured uncertainties.

Recently, many works have been presented to deal with the
problem of the fuzzy control of robot manipulators; e.g., Ha
et al.29 developed a fuzzy sliding mode control. Castillo and
Melin30 used a hybrid fuzzy-neural approach for an intelligent
adaptive model-based control of robotic systems. Neuro-fuzzy
control of modular and reconfigurable manipulators, as seen in
the work of Melek and Goldenberg,31 and robust control of a
spatial robot using fuzzy sliding modes, as appears in Yagiz
and Hacioglu,32 have been investigated. In these neuro-fuzzy
control approaches, control law is changed according to certain
predefined rules, which depend on the position of the system
error states with respect to sliding surfaces. However, imple-
mentation of controllers developed based on these methods re-
quires achieving data for structure identification, and designing

its control parameters demands a substantial amount of time.28

Robot manipulators as multivariable coupling systems are
usually associated with structured and unstructured uncertain-
ties. Imprecision in the payload mass, unknown properties of
the manipulator link, and torque disturbance are the sources of
structured uncertainties. High frequency parts of the dynamics
and un-modelled dynamics, such as disturbance and nonlinear
friction, cause the unstructured uncertainties. In contrast with
the adaptive and fuzzy based controllers, robust controllers re-
quire no accurate knowledge of the system, and their imple-
mentation is convenient (an early survey of robust control for
robot manipulators has been presented by Sage et al.33). Be-
sides the robust-fuzzy32 and robust-adaptive based control ap-
proaches using Lyapunov’s direct method,26, 34 nonlinear H∞
or mixed H2/H∞ control techniques have been developed by
Siqueria et al.35 and Chen et al.36 Moreover, Karkoub and
Tamma37 studied the µ-synthesis control of flexible manipula-
tors, modelled after the Timoshenko beam theory.

As it is discussed, various strategies have been implemented
to solve the tracking problem of manipulators. However, a
simultaneous analysis to achieve the desired tracking and vi-
bration suppression while keeping the closed-loop controlled
system globally stable has not been investigated, especially
when the dynamic model associates with various uncertainties.
Therefore, there is still room for a comprehensive control anal-
ysis of the problem in the presence of model uncertainties.

In this paper, a robotic manipulator is modelled as a can-
tilever rotating Euler-Bernoulli beam. To analyze the problem,
the mode summation technique is used and equations of mo-
tion are described in the Laplace domain. The model is asso-
ciated with parametric uncertainties caused by imprecision in
the payload mass and unknown properties of the manipulator
link. After representation of the uncertain system in the form
of general control configuration, uncertainties are included in
the form of multiplicative input uncertainty. The µ-synthesis
control approach is used and an H∞ robust controller is devel-
oped based on the DK-iteration algorithm. Unlike the previous
works, both desired angular rotation and suppression of manip-
ulator tip vibration are achieved by manipulation of an external
driving torque, as the control input. Simulation results of the
manipulator response are presented in the time and frequency
domains. Results show that the designed controller guarantees
the robust stability and performance of the perturbed system
against existing uncertainties.

2. DYNAMICS OF THE ROBOTIC
MANIPULATOR

The physical configuration of the single-link flexible manip-
ulator is shown in Fig. 1 where UOV and xoy represent sta-
tionary and moving coordinate frames, respectively. The arm
and the joint of the manipulator are assumed to be flexible. To
simulate the effect of a gripped payload, a mass attached to
the arm tip is considered. With the assumption of a long and
slender manipulator, transverse shear and rotary inertia effects
are neglected. Therefore, the Euler-Bernoulli beam theory can
be used to model the elastic behaviour of the manipulator, per
Mohamed and Tokhi.38 In addition, the mass and flexible prop-
erties are assumed to be distributed uniformly along the flex-
ible link. According to the formulation developed by White
and Heppler,39 by neglecting the effect of shear, the equations
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Figure 1. Schematic of the flexible manipulator.

of motion for the Timoshenko beam are reduced for the Euler-
Bernoulli one as follows:16

EI
∂4y(x, t)

∂x4
+ ρ

∂2y(x, t)

∂t2
= ρx

∂2θ

∂t2
−mp

∂2y(l, t)

∂t2
; (1)

Jtot
∂2θ

∂t2
+

∫ t

0

ρ

Å
∂2y(x, t)

∂t2

ã
xdx+mpl

∂2y(l, t)

∂t2
= τ ; (2)

Jtot =
Jm

n2
+ Jb.

For Eqs. (1) and (2),EI is the flexural rigidity, y is the beam
deflection measured with respect to the xoy coordinate, ρ is the
mass per unit length,mp is the payload mass, θ is the rotational
angle, and τ is the motor torque with respect to the beam axis.
In the aforementioned equations, Jtot is the total mass moment
of inertia including the motor inertia Jm and the beam inertia
Jb, and n is the gear ratio between the beam and motor rota-
tional angles. Beam deflection at any point x can be expressed
in terms of the normal modes φi(x) as follows:40

y(x, t) =
∑
i

qi(t)φi(x); (3)

where qi(t) is the i-th generalized coordinate. For a cantilever
Euler-Bernoulli beam, the eigenvector at any mode is given
as40

φi(x) = Ai[coshλix−cosλix−µi(sinhλix−sinλix)]; (4)

µi = (coshλi + cosλi)/(sinhλi + sinλi) (5)

and the natural frequencies of a cantilever beam are defined as

ωi =

Å
λi
l

ã2
 
EI

ρ
; (6)

where values of λi are constants taking values of λ1 = 1.88,
λ2 = 4.69, and λ3 = 7.85 for the first three natural frequen-
cies. Normal modes, φi(x), are orthogonal functions that sat-
isfy the following relationship:

A2
i

∫
φi(x)φi(x) = 1. (7)

Substituting Eqs. (4) and (5) in Eq. (7) results in Ai = 1. Sub-
stituting Eq. (3) in Eq. (1) and multiplying the resulting equa-
tion by φj(x), as well as using the orthogonal characteristics
of the modes as∫ l

0

φi(x)φj(x)dx =

®
1 for i = j

0 for i 6= j
(8)

yields
q̈i + ω̃2

i qi = α∗i θ̈ (9)

Figure 2. General schematic of the closed-loop control system.

and

ω̃2
i =

ω2
i

1 + Γi
; (10)

α∗i =
1

1 + Γi

∫ l

0
xϕi(x)dx∫ l

0
ϕ2
i (x)dx

; (11)

Γi =
mp

ρ

∫ l

0
ϕi(l)ϕi(x)dx∫ l

0
ϕ2
i (x)dx

. (12)

Similarly, substituting Eq. (3) in Eq. (2) yields

θ̈ +
∑

γiq̈i =
τ

Jtot
(13)

and

γi =
1

Jtot

®
ρ

∫ l

0

xϕi(x)dx+mplϕi(l)

´
. (14)

Multiplying Eq. (13) by α∗i , and substituting α∗i θ̈ from Eq. (9)
yields

βi(q̈i + ω̃2
i qi) +

∑
j

ηj q̈j = τ (15)

and
βi =

Jtot

α∗i
; (16)

ηj = Jtotγj ; (17)

while transforming Eq. (15) into the Laplace domain results in

βi(s
2 + ω̃2

i )Qi(s) +
∑
j

ηjs
2Qj(s) = τ(s). (18)

Expanding Eq. (18) for two modes (i, j = 1, 2) (the reason
for considering two modes is discussed next in section 4) and
solving the set of equations for Q1(s) and Q2(s) yields the
following:ï

Q1(s)
Q2(s)

ò
=

τ(s)

D(s)
·

·
ï
(β2 + η2)s2 + β2ω̃

2
2 −η2 s

2

−η1 s
2 (β1 + η1)s2 + β1 ω̃

2
1

òï
1
1

ò
; (19)

D(s) = [(β1 + η1)s2 + β1ω̃
2
1 ][(β2 + η2)s2 + β2ω̃

2
2 ]− η1η2s

4.
(20)

3. H∞H∞H∞ ROBUST CONTROL DESIGN

Figure 2 shows a general schematic of the designed closed-
loop control system and its components are described in a
schematic of the H∞ control design, shown in Fig. 3. Vari-
ables r, ȳ, e, u, d, and di are the reference input, output vari-
ables, tracking error, controlled system input, output distur-
bance, and input disturbance, respectively. Signals ỹ, ẽ, and ũ
are weighted with the weighting functions Wm, Wp, and Wu.

According to the Fig. 3, the transfer function between the
output and the disturbance (y/d), and between the tracking

International Journal of Acoustics and Vibration, Vol. 18, No. 4, 2013 175



H. Moradi, et al.: DESIGN AND DEVELOPMENT OF µ-SYNTHESIS CONTROLLER FOR A FLEXIBLE ROBOTIC MANIPULATOR. . .

Figure 3. Components of the H∞ control design.

(a) (b)

Figure 4. General control configuration in the presence of model uncertainty
is used for (a) synthesis (b) analysis.

error and the reference input (e/r), is explained by S =
(I + GK)−1, which is called the sensitivity transfer func-
tion. Moreover, the complementary sensitivity function, T =
GK(I + GK)−1, describes the transfer function between the
output and the reference input (y/r). In addition, the control
signal is explained in terms of the reference input, output, and
input disturbance as u = KS(r − d−Gdi). Consequently, to
achieve disturbance rejection and appropriate transient perfor-
mance, ‖S‖∞ must be small while for the perfect tracking,
|T (jω)| must have unit value (because for perfect tracking,
y = r .

At low frequencies, the performance weight Wp must be
large enough to achieve a desired nominal performance. At
high frequencies, the upper bound function Wm on the possi-
ble multiplicative uncertainties must be large enough. Due to
the constraint S + T = I (identity), it is not possible to make
both of them simultaneously small. Therefore, the weighted
sensitivity function, ‖WpS‖∞, and complementary sensitivity
function, ‖WmT‖∞, are minimized. In addition, to restrict the
magnitude of the control effort, the upper bound 1/|Wu| on the
magnitude of KS must be small. To achieve these conditions,
a stacking mixed sensitivity approach is used, as follows:

‖N‖∞ = max
ω

σ̄(N(jω)) < 1;

N = ‖WpS WuKS WmT‖∞.
At each frequency, the size of the matrix N is determined by
computing the maximum singular value σ̄(N(jω)). The stabi-
lizing H∞ optimal controller is determined by minimizing the
function ‖N(K)‖∞.19

3.1. General Control Configurations in
Terms of N −∆N −∆N −∆ Structure

To include the existing uncertainties in the closed-loop sys-
tem shown in Fig. 2, the general control configuration is used,
as shown in Fig. 4, where P and K are the generalized plant
and controller. Possible perturbations are included in the block
diagonal matrix ∆, which is normalized such that ‖∆‖∞ ≤ 1.
The block diagram of Fig. 4a, in which P is closed through
a lower loop by K, is transformed into the block diagram in
terms of N as shown in Fig. 4b. Using lower linear fractional
transformation (LFT) results in (see Appendix A):

N = FL(P,K) = P11 + P12K(I − P22K)−1P21.

Using an upper linear fractional transformation (LFT) for the
N∆ structure, the perturbed (uncertain) transfer function from
external inputs w to external outputs z is evaluated as

z = Fu(N,∆)w; (21)

Fu(N,∆) = N22 +N21∆(I −N11∆)−1N12. (22)

3.2. Stability and Performance Analysis for
the Uncertain System

The structured singular value µ is used to analyze nomi-
nal performance (NP), robust stability (RS), and robust perfor-
mance (RP) of the uncertain system (see Appendix B). After
representation of the uncertain system in the form of N − ∆
structure, using Eqs. (21) and (22), and considering the RP
requirement as ‖F‖∞ ≤ 1 for all possible perturbations, the
conditions of nominal stability/performance and robust stabil-
ity/performance become19

NS ⇔ N (internally stable); (23)

NP ⇔ σ̄(N22) = µ∆P < 1, ∀ω, and NS; (24)

RS ⇔ µ∆(N11) < 1, ∀ω, and NS; (25)

RP ⇔ µ∆̂(N) < 1, ∀ω, and NS; (26)

∆̂ =

ï
∆ 0
0 ∆P

ò
; (27)

N =

ï
WmTI WIKS
WpSG WpS

ò
; (28)

and
TI = KG(I +KG)−1; (29)

S = (I +GK)−1; (30)

where the detailed structure of the block diagonal matrix ∆
depends on the existing uncertainty and ∆P is always a full
complex matrix, indicating theH∞ performance specification.

4. SIMULATION OF THE CONTROL DESIGN,
RESULTS, AND DISCUSSION

The mass and flexible properties are assumed to be dis-
tributed uniformly along the flexible manipulator. For phys-
ical simulation of the problem, a steel type flexible manipu-
lator of dimensions 1000 × 30 × 2.5 mm3, Young’s modulus
of the elasticity E = 210 × 109 N/m2, area moment of inertia
I = 39.1 mm4, mass density per length ρ = 0.585 kg/m, and
mass moment of inertia of beam Jb = 0.195 kg m2 with pay-
load mass ofmp = 0.25 kg is considered. With the assumption
of the ratio Jm/Jbn

2 to be the unit, the total mass moment of
inertia becomes Jtot = 2Jb = 0.39 kg m2. Consequently, ac-
cording to the governing equations in the modelling section,
the nominal values of the parameters for the two first modes
of the flexible arm, given by Eqs. (10)–(12) and (16)–(17), are
found as follows:

β̄1 = 1.15, (31)

β̄2 = 2.68, (32)

η̄1 = 0.83, (33)
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η̄2 = −0.45, (34)

¯̃ω1 = 10.2, (35)

¯̃ω2 = 104.1. (36)

It should be mentioned that according to Eq. (6), the natural
frequencies of the considered cantilever beam are proportional
with the coefficients λ2

i , i = 1, 2, 3, . . ., while λ1 = 1.88,
λ2 = 4.69, and λ3 = 7.85. Consequently, the second and
third natural frequencies (ω2, ω3) are about 6 and 17 times of
the first one (ω1). These frequencies are sufficiently far away
from the first natural frequency. Under such conditions and
for the considered model here, the higher modes are not ex-
cited (and if excited, have a negligible effect on time responses
of the dynamic system). Therefore, considering two modes in
the expansion of Eq. (18) is physically enough (even in prior
research16only one mode was considered).

However, it should be noted that for other cases of robotic
manipulators, in which the flexural rigidity is reduced greatly,
the inclusion of higher modes is necessary. In that case, the
procedure used in this research can be easily extended in a
straight forward manner to the models with higher numbers
of modes.

4.1. Description of the Uncertain Model
The various sources of model uncertainty are classified into

parametric (real) and dynamic (frequency-dependent). The
first type occurs when the model structure is known, but some
of the parameters are uncertain. The second type is caused by
the missing dynamics, usually at high frequencies where the
model is in error. In this paper, the imprecision in the payload
mass and unknown properties of the manipulator link are con-
sidered as the parametric uncertainties. As a real case study,
assume that the physical parameters of the manipulator and
payload mass are varied around their nominal values so that it
results in variation of parameters, e.g., with ±25% uncertainty
as follows:

0.75χ̄ < χ < 1.25χ̄ (37)

where χ can take any values of βi, ηi, and ω̃i, i = 1, 2 for the
two first modes of the flexible manipulator, given by Eqs. (31)–
(36).

4.2. Complex Uncertainty and Performance
Weight Functions

Frequency domain analysis is used to quantify the paramet-
ric uncertainties, resulting in complex perturbations normal-
ized as ‖∆‖∞ ≤ 1. In many practical cases, the configuration
of multiplicative input uncertainty is used to represent the vari-
ous sources of dynamic uncertainty, as shown in Fig. 5. In this
approach, the perturbed plant Gp(s) is described as

Gp(s) = G(s)[1 +Wm(s)∆I(s)]; |∆I(jω)| ≤ 1 ∀ω︸ ︷︷ ︸
‖∆I‖∞≤1

where the G(s) is the nominal plant and ∆I(s) is any sta-
ble transfer function with a magnitude less or equal to 1, at
each frequency. The original complex uncertainty Gp(s) is
replaced by a conservative disc type approximation G′p(s) of

Figure 5. Uncertain plant including multiplicative input uncertainty.

Figure 6. Relative errors |(Gp −G)/G| for 26 perturbed plants.

radius |Wm(jω)G(jω)|, where the weight function Wm is de-
termined as19

lI(ω) = max
Gp∈Π

∣∣∣∣Gp(jω)

G(jω)
− 1

∣∣∣∣ , |Wm(jω)| ≥ lI(ω), ∀ω,

where Π is the set of possible perturbed plants and G(s) is a
2 × 2 matrix given by Eqs. (19) and (20). As shown in Fig. 6,
the relative plant errors |Gp/G− 1| are plotted for 26 possible
perturbed plants (because any of parameters βi, ηi, and ω̃i,
i = 1, 2 can take two extreme limits, given by Eqs. (31)–(36)
and (37)), where some plots are coincide. According to this
figure, the weight function of the model uncertainty, the upper
bound on relative error functions, is found as

Wm(s) = 0.25

Å
s+ 1000

s+ 50

ã2

. (38)

At the low frequencies, the weight function 1/|WP| as the
upper bound on the sensitivity function |S| is equal to the pa-
rameter A (typically A ≈ 0) in correlation with the steady
state tracking error. At the high frequencies, it approaches
to the maximum peak amplitude M ≥ 1, and the bandwidth
frequency (ω∗B) indicates the speed of the time response. An
appropriate performance weight WP is described in terms of
these parameters as19

WP =
s/M + ω∗B
s+ ω∗BA

.

For instance, to have a desired step response with a maximum
overshoot of 10 percent, the rise time of about 1.5 s, and a per-
fect tracking (error ≈ 0), the performance weight is selected
as

WP(s) =
s/1.1 + 1.82

s+ 2× 10−4
. (39)

4.3. µµµ-Synthesis Controller Design Based
on the DK-iteration Algorithm

In the robust H∞ technique, DK-iteration is an effective
practical approach used to find the µ-optimal controller. In
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Figure 7. Manipulator tip deflection after applying the robust controller de-
signed in the first stage.

this method, sources of uncertainty are represented by the per-
turbation blocks ∆i, normalized as ‖∆i‖ ≤ 1. According to
Fig. 4, the problem is to find the controller K that produces
the control signal u to counteract the influence of w on z by
minimizing the closed loop norm ‖Twz‖∞.

Using a µ-synthesis code and a DK-iteration algorithm de-
veloped in the Robust Control Toolbox of MATLAB, an H∞
robust controller of the 16-order is obtained. Using the same
toolbox, this controller is reduced to a second order controller
as follows:

K =
1

(s+ 0.005)(s+ 0.14)

ï
s+ 0.24 s+ 0.25
s+ 0.51 s+ 0.59

ò
. (40)

Figure 15 (as seen in the Appendix) shows the Bode diagram
of the 16-order and reduced second order robust controllers
to validate the correctness of this approximation. The matrix
transfer function [G(s)] is derived from Eq. (19) as follows:

G(s) =

ï
G11 G12

G21 G22

ò
=

=
1

D(s)

ï
(β2 + η2)s2 + β2ω̃

2
2 −η2s

2

−η1s
2 (β1 + η1)s2 + β1ω̃

2
1

ò
; (41)

where D(s) is given in Eq. (20). However, applying this re-
duced second order controller on the uncertain plant, e.g., a
plant with the parameters βi = 1.2β̄i, ηi = 0.8η̄i, and ωi = ω̄i,
i = 1, 2, results in an unstable time response. For instance,
Fig. 7 shows the unstable time response of the manipulator tip
deflection, found from Eq. (3), after applying the robust con-
troller. The reason is that although the designed control given
by Eq. (40) is stable, the transfer function [KG∗] is unstable
where

G∗11 = G∗21 = G11 +G12; (42)

G∗12 = G∗22 = G21 +G22. (43)

Figure 8 shows the root locus of the transfer functions
K11G

∗
11 and K22G

∗
22 (root locus of the transfer functions

K21G
∗
21 and K12G

∗
12 is similar to that of K11G

∗
11 and

K22G
∗
22, respectively). As it is shown, due to the existence of

the eigenvalues with positive real parts, using [KG∗] results in
unstable time responses. To overcome this problem, two more
iterations are included in the µ-synthesis. After developing the

(a)

(b)

Figure 8. The root locus of the transfer functions (a) K11G∗11 (or K21G∗21)
and (b) K22G∗22 (or K12G∗12).

code, the optimal robust controller is modified as follows:

K̂ =
1

(s+ 0.005)(s+ 0.14)(s+ 10)
×

×
ï
(s+ 0.24)(s2 + 16) (s+ 0.25)(s2 + 1200)
(s+ 0.51)(s2 + 16) (s+ 0.59)(s2 + 1200)

ò
. (44)

Figure 9 shows the root locus of the transfer functions K̂11G
∗
11

and K̂22G
∗
22.

Since the transfer functions G(s), K̂(s), K̂(s)G(s), and
consequently S(s), S(s)G(s), K̂(s)S(s), and T (s) are stable,
the system is nominally stable (NS).19 Comparing Eqs. (23)–
(26) and (27)–(30) shows that the condition for nominal per-
formance (NP), robust stability (RS) and robust performance
(RP) are the satisfaction of ‖WPS‖∞ ≤ 1, ‖WmT‖∞ ≤ 1,
and ‖N‖∞ ≤ 1, respectively. Figure 10 shows the µ-plots
after applying the optimal robust controller. As it is shown, all
robust stability, nominal performance, and robust performance
are achieved. According to this figure, ‖WmT‖∞ = 0.2, which
indicates that before the worst case uncertainty yields instabil-
ity, the uncertainty may increase by a factor of 1/0.2 = 5.

Consider that a trajectory tracking from the initial rotational
angle θ0 = 0 to the final value θd = 35° is desired while the
manipulator tip vibration is suppressed. Figure 11 shows the
rotational angle for the nominal plant and the uncertain plant
with parameters, i.e., βi = 1.2β̄i, ηi = 0.8η̄i, and ωi = ω̄i,
i = 1, 2. As expected, the desired characteristics of the time re-
sponse, described through the performance weight in Eq. (39),
are achieved. Additionally, as shown in Fig. 12, after applying
the optimal robust controller, the manipulator tip vibration is
suppressed. As this figure shows, during the suppression pro-
cess, the uncertain plant oscillates with overall larger vibration
amplitudes with respect to the nominal plant.

Figure 13 shows the µ-plot for ‖KS‖∞, which indicates no
saturation in the control signal τ (because ‖KS‖∞ ≤ 1). The
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(a)

(b)

Figure 9. The root locus of the transfer functions (a) K̂11G∗11 (or K̂21G∗21)
and (b) K̂22G∗22 (or K̂12G∗12).

Figure 10. µ-plots of nominal performance (NP: dashed line), robust stability
(RS: dots) and robust performance (RP: solid line) for the manipulator system
with modified optimal robust controller.

motor torque, as the control effort, is shown in Fig. 14. As it is
shown and physically expected, for performance tracking and
vibration suppression, the uncertain plant requires more motor
torque.

It should be mentioned that the main hindrance of the pro-
posedH∞ control strategy is the implementation of high-order
controllers, which may associate with high real-time compu-
tational load (in practice). For instance, in this research, us-
ing the proposed robust control approach leads to the 16-order
controller. This controller was efficiently approximated with
a second order controller, as illustrated in the Appendix (the
initial controller is given by Eq. (40)). Similarly, the modified
controller given by Eq. (44) is a third-order controller, obtained
via reduction in a high-order one. In the majority of dynamic
systems, such reduction in a controller’s order is possible.19

However, there may be some cases in which such approxima-
tion of high-order controllers to the low-order ones cannot be
realized.

Figure 11. Rotational angle response to the desired valued θd = 35° for the
nominal (solid line) and uncertain (dashed line) plants.

Figure 12. Manipulator tip deflection after applying the optimal robust con-
troller for nominal (circles) and uncertain plants (solid line).

Figure 13. µ-plots for the transfer function K̂S with the modified optimal
robust controller.

5. CONCLUSIONS

In this paper, an H∞ optimal robust controller is designed
to improve the performance of a rotating robotic manipulator.
The Euler-Bernoulli beam theory is used to develop the dy-
namic model of the rotating manipulator. The mode summa-
tion technique is applied to develop the formulation in terms
of general coordinates in the Laplace domain. The parametric
sources of uncertainty, such as the imprecision in the payload
mass and unknown properties of the manipulator link, are in-
cluded.

After representation of the uncertain system in the form of
the N −∆ structure, uncertainties are included in the form of
multiplicative input uncertainty. The µ-synthesis control ap-
proach is used and anH∞ robust controller is developed based
on the DK-iteration algorithm. However, due to the internal
instability, this controller cannot guarantee the robust stability
of the uncertain system. To overcome this problem, root lo-
cus analysis is used and a modified optimal robust controller is
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Figure 14. Required motor torque for the nominal (circles) and uncertain
(solid line) plants.

designed after two more algorithm iterations.
Results show that in the presence of parametric uncertain-

ties, robust stability and performance and nominal perfor-
mance are achieved after applying the designed controller.
Therefore, both the desired angular rotation and the suppres-
sion of manipulator tip vibration are achieved by manipulation
of an external driving torque while the stability of the uncer-
tain system is also guaranteed. In comparison with the nomi-
nal plant, to achieve the desired angular rotation and vibration
suppression, uncertain plant requires larger motor torque.

A. LOWER AND UPPER LINEAR FRAC-
TIONAL TRANSFORMATION

Consider a matrix P of dimension (n1 + n2)× (m1 +m2)
and partition it as19

P =

ï
P11 P12

P21 P22

ò
. (45)

Let the matrices ∆ and K have dimensions (m1 × n1) and
(m2×n2), respectively (compatible with upper and lower par-
titions of P ). The following notation for the lower and upper
linear fractional transformation is defined as:

FL(P,K)
∆
= P11 + P12K(I − P22K)−1P21 (46)

and
Fu(P,∆)

∆
= P22 + P21∆(I − P11∆)−1P12. (47)

B. STRUCTURAL SINGULAR VALUE

Let M be a given complex matrix and ∆ = diag {∆i} de-
note a set of complex matrices, with σ̄(∆) ≤ 1 and a given
block diagonal structure in which some of blocks may be re-
peated and some of the blocks may be restricted to be real.
Real non-negative function µ(∆), called the structured singu-
lar value, is defined by19

µ(M) =

=
1

min{km|det(I−km∆M) = 0 for structure ∆; σ̄(∆) ≤ 1}
.

If no such structured ∆ exists, then µ(M) = 0. A value of
µ = 1 means that there exists a perturbation with σ̄(∆) = 1,
which is just large enough to make I −M∆ singular. A small
value of µ is desired, as it means that a larger perturbation
makes I −M∆ singular.

(a)

(b)

(c)

(d)

Figure 15. Bode diagrams of K11 (a), K12 (b), K21 (c), and K22(d) of the
16-order (solid line) and reduced second order (dashed line) robust controllers.

C. COMPARING THE ROBUST AND PID
CONTROL APPROACHES ON THE PER-
FORMANCE OF THE NOMINAL PLANT

As it was already discussed, the family of classical con-
trollers including PI, PD, and PID cannot guarantee the robust
stability and performance of the model in the presence of un-
certainties. Here, for the nominal plant, a comparison between
the proposed robust control strategy and PID control is pre-
sented through Figs. 16–18. The Simulink Toolbox of Mat-
lab is used for implementation of the PID controller. Due to
the well-known design of PID controller, its formulation is not
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Figure 16. Rotational angle response to the desired value θd = 35° for the
nominal model after implementation of the optimal robust controller (solid
line) and a classical PID controller (dashed line).

Figure 17. Manipulator tip deflection for the nominal model after implemen-
tation of the optimal robust controller (solid line) and a classical PID controller
(dashed line).

Figure 18. Required motor torque for the nominal model after implementa-
tion of the optimal robust controller (solid line) and a classical PID controller
(dashed line).

presented. According to Figs. 16 and 17, when the PID con-
troller is implemented, more oscillatory behaviour is observed
for both the angular rotation and the manipulator tip deflec-
tion. In addition, time responses of these variables associate
with steady state error. As it is shown in Fig. 18, more motor
torque is required when the PID controller is applied.
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