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The exact analytic solutions are obtained with the use of the eigenvalue approach for a free vibration problem of a
thermoelastic hollow cylinder in the context of Green and Naghdi theory (GNIII). The dispersion relations for the
existence of various types of possible modes of vibrations in the considered hollow cylinder are derived in a com-
pact form and the validation of the roots for the dispersion relation is presented. To illustrate the analytic results,
the numerical solution of various relations and equations has been carried out to compute the frequency, thermoe-
lastic damping and frequency shift of vibrations in a hollow cylinder of copper material with MATHEMATICA

and MATLAB software.

1. INTRODUCTION

In the literature concerning thermal effects in continuum
mechanics, several parabolic and hyperbolic theories for de-
scribing the heat conduction were developed. These hyper-
bolic theories were also called theories of second sound and
there the flow of heat was modelled with finite propagation
speed, which contrasts with the classical model based on the
Fouriers law leading to infinite propagation speed of heat sig-
nals as in.! Green and Naghdi'® ! proposed GNII and GNIII,
which is a generalized thermoelasticity theory based on en-
tropy equality rather than the usual entropy inequality. An im-
portant feature of this theory, which was not present in other
thermoelasticity theories, was that it does not accommodate
the dissipation of thermal energy. GN theory seems to be ide-
alistic from a physical point of view. The genesis lies in the
fact that the thermoelastic model of the GN theory was an ide-
alized material model. During the last years, different prob-
lems were considered by using Green and Naghdi theories, as
in Abd El-Latief et al.,'* Youssef,'> Mukhopadhyay et al.,'*
Sharma et al.,’> Prasad et al.,'® Othman et al.,!” Abbas,'8 and
Abbas et al.!” A survey article of representative theories in the
range of generalized thermoelasticity is given by Hetnarski and
Ignaczak.?’

The vibrations in thermoelastic materials have many appli-
cations in various fields of science and technology, namely
aerospace, atomic physics, thermal power plants, and chemical
pipes. The cylinders were frequently used as structural compo-
nents and their vibrations were obviously important for practi-
cal design. Abbas studied the natural frequencies of a poroe-
lastic hollow cylinder.?! Abd-alla and Abbas investigated the
magnetoelastic longitudinal wave propagation in a transversely
isotropic circular cylinder.”> Mykityuk studied the thermoelas-
tic vibrations of a thick-walled cylinder of time-varying thick-
ness.?3 Zhitnyaya analyzed an uncoupled problem of the ther-
moelastic vibrations of a cylinder.?* Marin and Lupu studied
the harmonic vibrations in thermoelasticity of micropolar bod-
ies.?> Erbay et al. investigated thermally induced vibrations in
a generalized thermoelastic solid with a cavity.?® Sharma et

al. solved the vibration analysis of a transversely isotropic hol-
low cylinder by using the matrix Frobenius method.?” Nayfeh
and Younis presented a model for thermoelastic damping in
microplates.”®?° Rezazadeh et al. studied the thermoelastic
damping in a micro-beam resonator using modified couple
stress theory.?”

The present article is devoted to study the frequency, fre-
quency shifts and damping due to thermal variations in ho-
mogenous isotropic hollow cylinder, in the context of Green
and Naghdi of type III model of non-classical (generalized)
thermoelasticity.

2. BASIC EQUATION AND FORMULATION
OF THE PROBLEM

Following Green and Naghdi, the basic equations of the
thermoelasticity theory for homogeneous isotropic material in
the absence of body forces and heat sources were considered
as the equations of motion'®!!:

aZUi
Tijj = P g (D

where p was the density of the medium, ¢ was the time, o0
were the components of stress tensor, and u; were the compo-
nents of displacement vector. The equation of heat conduction

1S:
2

0

T oot
where T is the temperature, c, was the specific heat at constant
strain, K;; was the thermal conductivity, K i*j was the material
constant characteristic of the theory, T;y was the reference tem-

perature; v = (3\ 4 2u)ay, «y was the coefficient of linear
thermal expansion. The constitutive equations were given by:

(K575 + KT (pce +7Toe); ()

177 5J

oij = 2peij + [Ae — (T — To)] 6ij; 3)

with e = ey, 1,5 = r, 0, z, where \, u were the Lame’s con-
stants and J;; was the Kronecker symbol.
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Let us consider an elastic hollow cylinder of an isotropic
homogeneous medium whose state could be expressed in terms
of the space variable r and the time variable ¢. In a cylindrical
coordinate system (r, 6, z), for the axially symmetric problem
up = up(r,2,t), up = 0, uy = u,(r,zt). Furthermore, if
only the axisymmetric plane strain problem was considered,
we had u, = u(r,t) and u9 = u, = 0. Thus, the strain-
displacement relations are

ou U
€gp = —,
r

Eryr = 57 €2z = €rz = €rg = €9z = 0. (4)

The stress-strain relations are

ou ou
2%9+A<8+->—WT—%L 6)
0
000 =20~ + A (“ + “> — (T~ Tv). ©)
r or r

It was assumed that there were no body forces and heat sources
in the medium, the equation of motion and energy equation
hadthe form:

8Urr Orr — 0090 82711
+ = p72
or r ot

10 oT 10 0T
K ror ( 8) +K7’ or (ratﬁr) N
0? ou u
Ere) (ﬂCeT-l-W’To (ar + r)) . (®)

It was convenient to change the preceding equations into the
dimensionless forms. To do this, the dimensionless parameters
were introduced as

)

W' = wx,

1 T—T,
S o \Urr, 5 T =
2577 o00) T,

)

(U;N 0-199) =

where, ¢ = M‘—pz”, X = e c2 From Eq. (9) into Egs. (5) to

(8), one may obtain (here dashes are ignored for convenience):

Pu 10u_uw 0T Ou
or2  ror 12 a2 or o2’

LON(PT 10T 0 [ (O ),
PY oz " ror) o2 A ’
(11)

(10)

ou U
Oprpr = — +a1— —aT}; (12)
or T
ou u
ogg = a1— + — — ax T (13)
or r
where a1 = /\+2 , ag = /\+2 JE1 = oo K e = L. The

boundary condltlons for stress free and 1sothermal surfaces of
the cylinder may be expressed as:

orr(a,t) = opr(b,t) =0;  T(a,t) =T(b,t) =0; (14)

where @ and b are the inner and outer radii of the cylinder re-
spectively.

3. THE EXACT SOLUTION OF THE MODEL
We considered cylindrical time-harmonic vibrations so that:
u(r,t) = a(r)e™,

where w was the non-dimensional circular frequency of vibra-
tions. By placing Eq. (15) into Egs. (10) and (11), we get:

T(r,t) = Te™?; (15)

d*nv 1du a 5 T
W ;E—ﬁ——w U+a2$7 (16)
T  1dT ([ = du
— T — 4+ — 1
dr2 " rdr (63 +E4(dr+r>> a7
where e3 = Hw andey =

with respect to r and using Eq (16) we got:
@ (ATY 1d (T 1 (T
dr? \ dr rdr \ dr r2 \dr )
dT
— w2 (w254ﬂ + (83 + 54&2)dr> . (18)

Equations (16) and (18) could be written in a vector-matrix
differential equation as follows:

LV = AV (19)
where L = d? + ;% — %2 was the Bessel operator, V. =
= A A
i 9| and A = ' P with Ay = —w?, App =
[u dr} an {Am Aoy Wil 11 w 12
ag, Ag1 = whey, Ayy = —w?(e3 + aey).

Let us now proceed to solve Eq. (19) by the eigenvalue ap-
proach proposed by Das at al.,3! Abbas,3?343¢ and Youssef
et al.»> The characteristic equation of the matrix A takes the

form:

A11Ag0 — A12As1 — (Aaa + A1) A + M =0. (20)

The roots of the characteristic Eq. (20), which were also the
eigenvalues of matrix A, were of the form A = A\, A = Xo.

The eigenvector X = [;vl 332] T, which corresponded to the
eigenvalue )\, could be calculated as:

Ty = A2, 22=X\— A1 (21
From Eq. (20), we could easily calculate the eigenvector X,
which corresponded to the eigenvalue \;, j = 1, 2. For further

reference, we shall use the following notations:

Xl = [X]X:Al ? X2 = [X]Ai)\g : (22)
The solution of Eq. (20) could be written as follows:
V = X1 (Aljl (pl’f‘) + A2K1 (pﬂ")) +
Xo (Al (par) + AsKi(par)); (23)

where p1 = VA1, p2 = Ve, 11, K, were the modified of
Bessels functions and A, Ay, Az, A4 were arbitrary constants
to be determined. Upon using Eq. (23), the displacement and
temperature gradient were obtained as:

u(r) = a1 (A Iy (p1r) + A Ky (pir)) +

23 (Asli(par) + AgKi(par));  (24)
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dT
pr z3 (A1l (p1r) + Ao Ko (pir)) +
23 (A3l (por) + AsKq(par)) s (25)

where xf was the component number ¢ of the eigenvector num-
ber j. Thus, the exact solutions of field variables could be writ-
ten for r and ¢ as:

u(r, t) = [x% (A1 (p1r) + A2 Ky (p17)) +

ﬁm¢wm+@m%mFM;%>

me—ﬁﬂmmmm—@&mmw
2

memw&mwm}M;m>

o (1, t) =
A [wfo(pﬂ) + i€ )Il(Pﬂ”)} +
1
Ay [m%;p%xbffo(mr) + L(g; 1)K1(P17“)} +
1
As [(p%x%p_ﬂx%)fo(m?‘) + i€ -1 1)—’1(1927“)} +
Ay {WKO(MT) + 7i(€ = 1)K1(P2T)} ; (28)
2
opo(r,t) =
A [wfo(pﬂ) B ) 1)11(1917”)} +
1 T

1_ . 2¢,.1 Loeg
A [WKO@IT) — 7x1(i 1>K1(p17")} —+

Az [W%(pﬂ) - L(i_ 1)11(1927“)} +

(B3 — p38a?) r3(€—1)

A{ Ko(par) — K@M](&
P2

4. DISPERSION RELATIONS

We assumed that the thermoelastic hollow cylinder was sub-
jected to traction-free and isothermal boundary conditions,
Eq. (15), at its surfaces (r = a,b). By applying boundary
conditions, which were Eqgs. (15), (27), and (28), we obtain
a system of four homogeneous linear algebraic equations in
unknowns Aj, As, Az, and A4. This system would have a
nontrivial solution if and only if the determinant of the coeffi-
cients Ay, Ao, As, and A4 vanished and such a requirement of
nontrivial solution lead to dispersion equations given by:

Figure 1. Non-dimensional frequency wp verses the length to mean radius

ratio 7).
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Figure 2. Thermoelastic damping Q@ ~ versus m for different values of 7.
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5. NUMERICAL RESULTS AND DISCUSSION

h

L3y = ——=Ky(p1a)
b1
3

L3y = ——=Ko(p20a)
D2
3

Ly = ——Ko(p1b)
b1

3
L4y = ——=Ko(p2b)
D2

A =det(L;;) =0, 4,j=1,2,3,4; 30)
where,
2,1 1 1
— -1
Lll — (plxl a’2$2)10(p1a) + x1<a’1 )Il(pla/>7
D1
1 2,1 1
— -1
Lip = 222 =18 o0 o B0 = D) e ooy,
D1 a

The copper material had been chosen for the purposes of nu-
merical evaluations in the space-time domain. From the mate-
rial constants, we got the non-dimensional values of the prob-
lem as Abbas:?’

p = 3.86 x 10" (kg)(m) " (s) 7%
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Table 1. The validation of the roots for the dispersion relation.

n=04

8

n=0.8

w A

w A

1 0.7062 + 0.00002i
2 | 6.3247 4 0.00825i
5 | 25.143 + 0.00839i
10 | 56.553 + 0.00839i
15 87.967 + 0.0084i
20 119.38 + 0.0084i

—23 x 10~18

4.2%x10718 15 x 10~ 174
—3.2x 10716 - 6.9 x 10164
5.1 x 10719 — 2.4 x 10~ 19
—4.4x 10719
7.3 x1071% + 1.3 x 10718}
—3.1x10719 — 1.8 x 10~ 18§

0.5628 + 0.00016i 9.9 x 10~ 16 + 1.1 x 10~ 151
2.4331 +0.00738i | —1.0 x 10716 + 1.8 x 1017}
9.4425 4+ 0.00834i | 5.0 x 10716 — 7.1 x 10~17}
21.213 + 0.00839i | —2.0 x 10718 + 7.1 x 10~18§
32.991 4+ 0.00839i | 1.7 x 10717 +4.8 x 1018}
44.771 4+ 0.008391 | —2.7 x 10717 + 1.5 x 10~18j

| T T =
&
Figure 3. Frequency shift ws versus m for different values of 7.
A= T7.76 x 10'°(kg)(m) " *(s) "%
= 3.831 x 10*(m)?*(K) " *(s)~ 2;
K = 3.68 x 10%(kg)(m)(K) " *(s) 3
po = 8.954 x 10%(kg)(m)~?;
ap = 17.8 x 1075(K) " 1;
To = 293(K); a=1. 31)

The numerical computation had been carried out with the
help of MATHEMATICA and MATLAB files for the length to
mean radius ratio (n = 25%), where a = 1, b > a, R = %},
Due to the presence of a dissipation term in the heat conduc-
tion equation, the frequency equation in the general complex
transcendental equation provided us with a complex frequency
value, w™ = W + wf*, where m was the mode number that
corresponded to the roots of the transcendental Eq. (30) and
wp and wi* were the real part and imaginary parts of frequency
w™. The thermoelastic damping factor was given by:
wr'

Q=2

Wi
The frequency shift due to thermal variations was defined as:

m m
YR —Y

o ’ g
where w]" was the frequency in elastic hollow cylinder.

The calculation of the roots of the dispersion relation
Eq. (30) represented a major task and required a rather exten-
sive effort of numerical computation. The frequency spectrum

w™ versus the different values of the length to mean radius ra-
tio i) for the first twenty modes was computed by the interval
halving method. The validation of the roots for the dispersion
relation is presented in Table 1.

The first twenty modes of non-dimensional frequency wg
verses the length to radius ratio n are presented in Fig. 1.
It was observed that the non-dimensional frequency wgr de-
creased with an increasing length to mean radius ratio. The
thermoelastic damping Q" versus m for different values of

the length to mean radius ratio 7 are presented in Fig. 2, from
which it is seen that the thermoelastic damping Q! increased
initially to attain its maximum peak value at the second mode
before it decreased in order to become ultimately asymptotic
with increasing m. Figure 3 shows the variation of the fre-
quency shift w, versus m for different values of the length to
mean radius ratio 1. It could be inferred that the frequency
shift w; increased sharply to attain its maximum peak value
at the second mode and then decreased to become ultimately
asymptotic with increasing m.

6. CONCLUSIONS

The exact solution for a free vibration of thermoelastic hol-
low cylinder under GNIII model has been done with the help of
the eigenvalue approach. The eigenvalue approach is applied
successfully to get an explicit, totally analytic, and uniformly
valid solution for the current problem. The validation of the
roots for the dispersion relation is also presented. The closed
form solution obtained here opens the scope of further studies
in mathematics, science, and engineering disciplines.
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