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Axially moving materials have usually dealt with classic boundary conditions, i.e. zero boundaries, such as the
simply supported and the fixed ends. In this paper, the dynamics responses of the axially moving belt with belt-
pulley contact boundary conditions are studied for the first time. Therefore, due to the fact that non-homogeneous
terms are included in the boundary conditions, the traditional generalized eigenvalue method is no longer applica-
ble. In this work, the belt is numerically discretized by using the differential quadrature method (DQM). Iterative
schemes are proposed for determining the equilibrium configuration. Harmonic inertia excitation is considered to
be the vertical motion of the whole system. The steady-state responses of the forced vibration are also numerically
solved by applying the DQM. The parametric effects on the equilibrium configuration and the steady-state response
are investigated. The numerical investigations reveal that the radius of the support pulley has significant effects on
both the equilibrium configuration and the transition phase of the transverse vibration of the axially moving belt
under inertia excitation.

1. INTRODUCTION

The objective of this work was to investigate the vibration
of an axially moving belt under belt-pulley contact boundary
conditions. Axially moving belts are common constituent el-
ements in many engineering systems such as magnetic tapes,
textile fibers, and power transmission belts.1–5 One of the most
important problems in these moving belts is the occurrence
of large unwanted bending vibrations due to vary excitations,
such as the effect of pulley eccentricity, multi-pulse excitation,
a time varying velocity and a harmonic axial tension, and exter-
nal force excitation.6–10 To ensure that these belts are operating
under stable working conditions, it is imperative to understand
the vibration characteristics of the moving belts.

Many studies on the free vibration and forced vibration re-
sponse of axially moving materials can be found in the lit-
erature.11–13 Traditionally, these investigations were focused
on the moving materials with classic boundary conditions and
either simply supported or fixed ends.14–16 Wickert obtained
the pattern of equilibrium for an axially moving beam with a
simply supported end at supercritical transport speed.17 Sed-
dighi and Eipakchi determined the natural frequency and criti-
cal speed of an axially moving beam.18 Ghayesh, Amabili and
Farokhi conducted post-buckling analysis for an axially mov-
ing beam undergoing a transverse harmonic excitation.19 Yao
and Zhang carried out the reliability and sensitivity analysis
of an axially moving beam with simply supported boundary
conditions.20 Based on a ’cantilever’ type boundary condi-
tions, Kelleche, Tatar and Khemmoudj studied the relationship
between the dissipation produced by the viscoelastic material
and the transversal vibrations caused by the axial motion of
the beam.21 All the research above on the vibration of axially
moving systems assumes that the beam was simply supported.

As a result, axially moving materials are considered to be free
to bend at the boundary.

By considering the structures with the fixed ends, which
were assumed to be unbendable at the border, Oz studied the
vibrations of an axially moving beam with variable velocity.22

Yang and Chen investigated the free non-linear vibration and
parametric excitation vibration of axially moving beams.23, 24

Zhang et al. calculated the non-trivial static equilibrium and
the steady-state response for moving beams in the supercrit-
ical transport speed range under clamped boundary condi-
tions.25 In order to describe a more general boundary, Chen
and Yang proposed hybrid supports.26 The boundary con-
dition can describe the constraints between the two classical
boundary conditions, and can degrade to the simply-supported
boundary and the fixed boundary. Based on the hybrid sup-
ports, Ding and Chen studied the stability of axially acceler-
ating viscoelastic beams.27 Yang and Yang presented an exact
solution for the supercritical configurations of axially moving
beams with fixed boundary conditions.28 More generally, Park
and Chung presented a study on the dynamic analysis of an ax-
ially moving beam with intermediate spring supports.29 Bag-
datli and Uslu proposed that axially moving beams have sim-
ple and clamped support conditions as a combination of ideal
and non-ideal boundaries with a weighting factor.30 However,
all of the above-mentioned studies on axially moving materi-
als were for homogeneous boundary conditions. The study of
homogeneous boundary conditions, to a certain extent, can ex-
plain the vibration of axially moving material. However, the
non-homogeneous boundary conditions that are closer to the
pulley-contact actual situation will have an effect on the vibra-
tion characteristics of the axially moving belt and are always
unknown.

In light of the lack of research for the axially moving belts
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Figure 1. Mechanical model of an axially moving belt with belt-pulley contact
boundaries.

under pulley-contact non-homogeneous boundary conditions,
the present paper studied the effects of the non-homogeneous
boundaries on the free and forced vibrations of the axially
moving belt. The differential quadrature method was adopted
to numerically solve the equilibrium configuration and the
forced vibration responses. The effects of the radius of the
support pulley on the static and dynamics of the bending vi-
brations of the axially moving belts were mainly investigated.

2. DYNAMIC MODEL

The Mechanical dynamics model of an axially moving belt
with length l and belt-pulley contact boundary conditions is
shown in Fig. 1, where the symbols x and t were, respectively,
the axial and time coordinates. r1 and r2 were the radius of
the left and right support pulleys. c and P0 were the mov-
ing speed and the initial static axial tension of the belt and
were considered to be constant and uniform, respectively. The
whole system was subjected to a vertical harmonic displace-
ment excitation B cos(Ωt), where B and Ω were, respectively,
the amplitude and frequency of the excitation.

By only considering the bending vibration of the belt de-
scribed by the transverse displacement w(x, t), the following
governing equation of the transverse vibration of the moving
belt was derived by using Newton’s second law of motion

ρA(w,tt +2cw,xt +c2w,xx ) +M,xx (x, t)− P0w,xx

= BρAΩ2 cos(Ωt); (1)

where ρ and M , respectively, represented the density and the
bending moment of the belt. A was the cross-sectional area.
Moreover, a comma preceding x or t denoted partial differen-
tiation with respect to x or t. The material of the viscoelas-
tic belt was assumed to obey the Kelvin constitution relation.
The linear moment-curvature relationship was adopted based
on the Euler-Bernoulli theory31

M(x, t) =

(
E + η

∂

∂t

)
Iw,xx ; (2)

where E and I were Young’s modulus and the area moment
of inertial of the moving belt, EI was used to account for the
bending stiffness, respectively. Therefore, the governing equa-
tion of the bending vibration of the axially moving belt is de-

rived as10

ρA(w,tt +2cw,xt +c2w,xx )− P0w,xx +(
E + η

∂

∂t

)
Iw,xxxx = BρAΩ2 cos(Ωt); (3)

with the boundary conditions as following32, 33

w(0, t) = 0, w(l, t) = 0, EIw,xx (0, t) =

−EI/r1, EIw,xx (l, t) = −EI/r2. (4)

One can find that there were non-homogeneous boundary con-
ditions. The major goal of this work was to disclose the in-
fluence of these non-homogeneous boundary conditions on the
vibration characteristics of the axially moving belt. By defin-
ing the following dimensionless variables and parameters

x↔ x

l
; (5a)

w ↔ w

l
; (5b)

t↔ t

√
P0

ρAl2
; (5c)

c↔ c

√
ρA

P0
; (5d)

α =
Iη

l3
√
ρAP0

; (5e)

kf =

√
EI

P0l2
; (5f)

b =
B

l
; (5g)

ω = Ω

√
ρAl2

P0
; (5h)

the dimensionless equation was derived as

w,tt +2cw,xt +(c2 − 1)w,xx +k2fw,xxxx +αw,xxxxt

= bω2 cos(ωt); (6)

with the dimensionless boundary conditions as following

w(0, t) = 0; (7a)

w(1, t) = 0; (7b)

w,xx (0, t) = −l/r1; (7c)

w,xx (1, t) = −l/r2; (7d)

where the dimensionless parameter, k2f denoted the bending
stiffness of the moving belt, α accounted for the dynamic vis-
cosity.
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3. THE EQUILIBRIUM CONFIGURATION

In order to study the effect of the non-homogeneous bound-
ary conditions, the non-trivial equilibrium configuration was
determined first. By disregarding all time-related items, the
equilibrium configuration ŵ(x) of equation (6) satisfied

(c2 − 1)ŵ′′ + k2f ŵ
′′′′ = 0. (8)

Correspondingly, the boundary conditions of the equilibrium
equation were described as

ŵ(0) = 0; (9a)

ŵ(1) = 0; (9b)

ŵ′′(0) = −l/r1; (9c)

ŵ′′(1) = −l/r2. (9d)

The equilibrium solution was solved by using the differential
quadrature method (DQM). The following algebraic equations
were obtained by numerical discretization

ŵ1 = 0; (10a)

N∑
k=1

A
(2)
2k ŵk = − l

r1
; (10b)

(c2 − 1)

N∑
k=1

A
(2)
jk ŵk + k2f

N∑
k=1

A
(4)
jk ŵk = 0,

(j = 3, 4, . . . , N − 2); (10c)

N∑
k=1

A
(2)
(N−1)kŵk = − l

r2
; (10d)

ŵN = 0; (10e)

where the first-order differential quadrature weighting coeffi-
cients were calculated as

A
(1)
jk =



N∏
m=1,m 6=j

(xj−xm)

(xj−xk)
N∏

m=1,m 6=k

(xk−xm)

for k 6= j

N∑
k=1,k 6=j

1
xj−xk

for k = j

j, k = 1, 2, . . . , N ; (11)

where x1 − xN were the discrete sampling points. The sec-
ond and higher order derivatives weighting coefficients were
calculated respectively by recurrence relationship

A
(2)
jk =

N∑
m=1

A
(1)
jmA

(1)
mk for j, k = 1, 2, . . . , N ; (12)

and

A
(r)
jk =

N∑
m=1

A
(1)
jmA

(r−1)
mk =

N∑
m=1

A
(r−1)
jm A

(1)
mk

for r = 3, 4, . . . , N and j, k = 1, 2, . . . , N. (13)

Table 1. Properties of the axially moving belt with contact boundaries.

Item Notation Value
Length of belt l 0.3 m

Young’s modulus E 2×108 N/m2

Width b 0.02 m
Height h 0.01 m
Density ρ 1200 kg/m3

Static tension P0 400 N
Viscous damping α 5×105 N s/m2

Radius of left pulley r1 0.03 m
Radius of right pulley r2 0.05 m

Axial speed c 10 m/s
Amplitude of excitation B 0.0002 m

For a given set of initial iterative values, the algebraic equa-
tions was solved by using the following iterative schemes

ŵ1 = 0; (14a)

ŵ2 =

− 1
r1
−

N∑
k=1,k 6=2

A
(2)
2k ŵk

A
(2)
22

; (14b)

ŵj =

−

[
(c2 − 1)

N∑
k=1,k 6=j

A
(2)
jk + k2f

N∑
k=1,k 6=j

A
(4)
jk

]
ŵk

(c2 − 1)A
(2)
jj + k2fA

(4)
jj

,

(j = 3, 4, . . . , N − 2);

(14c)

ŵN−1 =

− l
r2
−

N∑
k=1,k 6=N−1

A
(2)
(N−1)kŵk

A
(2)
(N−1)(N−1)

; (14d)

ŵN = 0. (14e)

The physical and geometrical properties of the example
moving belt are listed in Table 1. The initial iterative values
were set as

ŵj = 0.0001 sin(πxj), (j = 1, 2, . . . , N). (15)

In this paper, the number of iterations was always set as
100000. Figure 2 presents the comparison of the equilibrium
configurations between different discrete sampling points. Fig-
ures 2(a) and 2(b), respectively, show the comparison with
the different scale and the same scale. The numerical results
in Fig. 2 illustrate that the equilibria calculated with differ-
ent sampling numbers are completely coincidental. Although
Fig. 2(a) shows that the support pulley significantly affects the
equilibrium, Fig. 2(b) demonstrates that the displacement of
the equilibrium is rather small. However, the degree of bend-
ing of the belt could be great in the vicinity of the boundaries.

Figures 3 and 4 respectively present the effects of the radius
of the support pulley and axially moving speed on the equi-
librium configuration. Figure 3 clearly shows that the equi-
librium displacement increases with the decreasing radius of
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Figure 2. Equilibrium configuration of the moving belt with different number
of sampling points: (a) with the different scale, (b) with the same scale.
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Figure 3. Effect of radius of the pulley.

the pulley. It’s not hard to understand that, when the radius of
the support pulley tends to infinity, the boundary condition of
the axially moving belt tends to the classical simple boundary
condition. Figure 4 illustrates that the axially moving speed
increases the equilibrium displacement. Especially when the
moving speed of the belt is large, the impact of the speed on
the equilibrium configuration is more sensitive.

The effects of Young’s modulus and the initial tension of the
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Figure 4. Effect of the axial moving speed.

0.0 0.1 0.2 0.3
-0.03

-0.02

-0.01

0.00

E=150MPa

E=250MPa

E=200MPa

N=23

N
o
n
-t

ra
v
ia

l 
e
q
u
ili

b
ri

u
m

(m
)

x(m)

Figure 5. Effect of the belt stiffness.

moving belt on the equilibrium configuration are described in
Figs. 5 and 6, respectively. Interestingly, Fig. 5 demonstrates
that the displacement of the equilibrium increases with the in-
creasing belt stiffness. The numerical results in Fig. 6 shows
that a strong initial tension can make the static deformation
smaller.

4. FORCED VIBRATION

The governing partial differential equation of the bending
vibration of the axially moving belt with non-homogeneous
boundary conditions can be numerical solved. A series of or-
dinary differential equations can be obtained by using the dif-
ferential quadrature method (see Eq. (16), on top of the next
site).

By discretizing the temporal variables and setting the fixed
temporal step as 5× 10−5, u(xj , t) (j = 2, 3, . . . , N − 1) was
numerically solved using the four-order Runge-Kutta method
for given parameter values. Furthermore, the initial values for
all numerical examples are set as

u(x, 0) = 0; (17a)

u,t (x, 0) = 0.0001. (17b)
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u(x1, t) = 0; (16a)

u(x2, t) =

[
−l/r1 −A(2)

2(N−1)u(N−1) −
N−2∑
k=3

A
(2)
2k u(xk, t)

]
/A

(2)
22 ; (16b)

ü(xj , t) +

N∑
k=1

[
2cA

(1)
jk + αA

(4)
jk

]
u̇(xk, t)−

N∑
k=1

[
(c2 − 1)A

(2)
jk + k2fA

(4)
jk

]
u(xk, t) = bω2 cos(ωt),

j = 3, 4, . . . , N − 2; (16c)

u(xN−1, t) =

−l/r2 −
N−2∑
k=3

A
(2)
(N−1)ku(xk, t)−A(2)

(N−1)2

[
l/r1 −

N−2∑
k=3

A
(2)
2k u(xk, t)

]
/A

(2)
22

A
(2)
(N−1)(N−1) −A

(2)
(N−1)2A

(2)
2(N−1)/A

(2)
22

; (16d)

u(xN , t) = 0. (16e)
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Figure 6. Effect of the initial tensionprotect.

For an odd N, u(x(N+1)/2, t) was the transverse displacement
of the midpoint of the axially moving belt. In the following
numerical examples, the number of sampling points N is set
as 15.

The time histories of the bending vibration of the midpoint
of the axially moving belt were presents in Fig. 7 with the ex-
citation frequency Ω = 400 Hz. In Figure 7(a) and Fig. 7(b),
the numerical results describe that a response depending on
the initial conditions (19) occurs at the beginning phase, then
the transition phase appears, and finally a steady-state response
phase forms. Since the axial speed affects the equilibrium con-
figuration and the natural frequencies, Fig. 7(a) shows that the
equilibrium position and the steady-state response amplitude
of the bending vibration both vary with the axial speed. As
shown in Fig. 7(b), the radius of the pulley only changes the
equilibrium position. However, the amplitude of the steady-
state response does not change with the radius of the support
pulley. Nonetheless, the support pulley significantly affects the
transition phase of the transverse vibration of the axially mov-
ing belt.

In order to determine the stable steady-state response ampli-
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Figure 7. Time histories of the midpoint of the axially moving belt: (a) with
different axial speed, (b) with different radius of the pulley.

tude, the time histories of the axially moving belt were simu-
lated in the time interval of [0 s, 7 s]. For ensuring that tran-
sient stage has died away, the time series of the moving belt
in the time interval of [0 s, 6.5 s) were discarded. The ampli-
tudes of the steady-state response of the belt were determined
by recording the local maximums of wmax = w[(N + 1)/2, t]
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Figure 8. Steady-state response amplitude.
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Figure 9. Effect of the radius of the pulley.

in the time interval of [6.5 s, 7 s], as well as the local mini-
mums wmin = w[(N + 1)/2, t]. Then, the amplitude of the
stable steady-state displacement response of the midpoint of
the moving belt was obtained by (wmax − wmin)/2.

Figure 8 presents the relationship between the response am-
plitude and the excitation frequency in the frequency interval
of [20 s, 240 s]. The numerical results in Fig. 8 clearly show
that there is only one resonant peak. In the following numer-
ical examples, only the resonant area was studied. Figure 9
shows that the radius of the support pulley does not affect the
steady-state response amplitude, although the equilibrium po-
sition changes with the radius.

The effects of the axial speed and the height of the cross
section of the belt on the amplitude-frequency relationship are
presented in Figs. 10 and 11, respectively. Figures 10 and 11
illustrate that the increase in the axial speed and the height
causes the resonant area to move to the low frequency region.
However, the resonance intensity is weakened at the same time.
In light of this, the larger cross-sectional height corresponds to
a smaller resonant frequency. This is different from the static
belt. Figures 12 and 13 respectively show the influences of
Young’s modulus and the initial tension of the axially moving
belt on the amplitude-frequency relationship of the transverse
bending vibration. As shown in Figs. 12 and 13, the frequency
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Figure 10. Effect of the axial speed.
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Figure 11. Effect of the height of the belt.

of resonance and the intensity of resonance both increase as
the stiffness and the initial tension of the moving belt increase.

5. CONCLUSIONS

For a wide range of belt-pulley coupled dynamic systems,
the dynamics of axially moving belts with belt-pulley con-
tact boundary conditions are rarely involved because it is dif-
ficult to deal with the non-homogeneous terms. The goal of
this work is to study the bending vibration of the axially mov-
ing belt with pulley support boundary conditions. The differ-
ential quadrature method is applied to discretize the moving
belt. Then, the equilibrium configuration caused by the non-
homogeneous boundary conditions is numerically solved by
proposing an iterative scheme. The forced vibration response
is investigated by the DQM. The numerical results show that
the equilibrium position and the transition phase of the bending
vibration of the moving belt are significantly affected by the
support pulleys. Moreover, this work interestingly finds that
the larger axial speed or cross-sectional height corresponds to
a smaller resonant frequency and a weaker resonant intensity.
Furthermore, the larger Young’s modulus, or initial tension,
draws a stronger resonance intensity.
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Figure 12. Effect of the belt stiffness.
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Figure 13. Effect of the initial tension.
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