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Magnetorheological (MR) dampers whose nonlinear hysteresis is a rather complicated phenomenon have been
widespread in mechanical systems, automobile shock absorbers, the civil engineering, etc. The understanding of
such a behaviour is helpful to control effectively and utilize maximum advantages of MR dampers. It is vitally
important to construct parametric models used to develop control algorithms. Hence, the current study aims at de-
veloping a parametric model which exhibits considerably better predictions than that of more complicated models.
In addition to achieving such a target, a simple algebraic model including only an exponential function, a hyper-
bolic tangent function, and other algebraic expressions can be able to capture the non-linear hysteresis adequately.
Compared to an existing algebraic model and the experimental dataset, the proposed model is a reliable one.

1. INTRODUCTION

Serviced as damping elements for vibration control, MR
dampers have been applied in automobile shock absorbers,
large bridges, artillery systems, washing machines, buildings,
knee prostheses and so on.1–4 Having a good understanding
of nonlinear hysteresis characteristics, the effective control of
these dampers can be achieved. Adequately characterizing
such a nonlinear behaviour, appropriate models are extremely
important to develop control algorithms and utilize maximum
advantages of them.1, 5 Therefore, including parameter and
non-parametric ones, diverse models have been under consid-
eration by international scholars. The following is a brief sum-
mary of relevant models.

Non-parametric models, such as Chebyshev polynomials,
neural networks and fuzzy control, are able to characterize the
nonlinear hysteresis effectively.6–10 However, these models are
rather complicated. A large amount of experimental dataset is
also required to validate.1 The parameters of non-parametric
models, of course, have no clear physical meanings.11 Un-
like non-parametric ones, including some mechanical elements
such as linear viscous components, springs, friction and iner-
tia, parametric models have some physical meanings.1, 11 Com-
paring the experimental dataset with a model, the parame-
ters related to mechanical components can be easily estimated.
Therefore, as the most desirable ones, parametric models have
been actively studied by scholars. Of those, developed by
Sternway et al., the Bingham viscoplastic model is one of the
earliest parameter models.12 Only including a coulomb fric-
tion element and a viscous damper, the force-displacement be-
haviour has been successfully captured by such a model. How-
ever, the force-velocity characteristic would not be portrayed
sufficiently.5 Adopting an original Bingham model in series

with a standard model of a linear solid, an extended model
(visco-elastic-plastic model) has been proposed by Gamota
and Filisko.13 The pre-yield hysteresis was first considered
in the research of Kamath and Wereley.14 As an extension of
the nonlinear biviscous model, a nonlinear hysteretic biviscous
model could be used to improve such a representation and cap-
ture the force-displacement behaviour effectively.15 However,
similar to the previous models, the force roll-off in the low-
speed region still couldn’t be readily characterized through this
extension.10

Depending on hysteretic variables, many models have been
utilized to capture nonlinear hysteresis phenomenon. Of
those, the Bouc-Wen model is extensively utilized to pic-
ture the hysteretic response of MR dampers.3, 16, 17 Adopting
fewer parameters (compared with the modified one), the force-
displacement behaviour can be captured well by a general
Bouc-Wen model.1 In view of a trade-off between the com-
plexity and accuracy, it is practically acceptable.17 However,
the behaviour of a low-speed region cannot be presented effec-
tively if the signs of the velocity and the acceleration are just
opposite.1 In addition to such a problem, the undesirable sin-
gularities may occur due to the state variable.17 In this context,
extending the original Bouc-Wen model, a modified model has
been successfully developed by Spencer et al.5 Utilizing ad-
ditional parameters in the modified model, characteristics in
all regions and a higher accuracy can be obtained.1, 5, 17 Simi-
lar to previous models, the Bouc-Wen model and its modified
ones are not associated with the frequency, amplitude and cur-
rent.1 It is therefore greatly cumbersome and computationally
expensive if the different combination of excitation parameters
is desired.1, 17 In order to overcome this defect, a generalized
model related to the magnetic field has been further suggested
by Spencer et al.5 Under any current, the behaviour of a MR
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damper will be better portrayed. Therefore, such a model is
vitally helpful to understand the non-linear behaviour and de-
velop control algorithms. Considering the current excitation,
frequency and amplitude, a new model also depending on the
general Bouc-Wen model has been suggested by Dominguez et
al.18 Combining Spencer and Dominguez’s contributions, this
modified Bouc-Wen model can be used to efficiently predict
the damping force in a design stage. However, owing to more
parameters, the complexity of these modified models is un-
avoidably increased, which may bring great difficulties in the
process of identification.17 Therefore, containing ordinary dif-
ferential equations, these models are usually adopted in fields
where an accurate model is required.17

Above survey would report that, although improved Bouc-
Wen models would effectively capture the behaviour and their
accuracies are practically acceptable, the accuracies of the
complex models are lower than those of simple algebraic mod-
els.1 It is vitally important to develop algebraic models so that
the unknown parameters can be identified readily and accu-
rately. Therefore, simple models with the excellent description
of the non-linear behaviour have been actively concerned. For
example, a new hysteresis model has been first suggested by
Dahl.19 Based on the suggestion, a simpler and more effective
model has been established by Zhou et al.20 Compared with the
Bouc-Wen model, the significant advantage of these models is
reflected in fewer parameters and its influence on other aspects.
Utilizing a hyperbolic tangent function to predict the hysteretic
behaviour, a novel model has been proposed by Kwok et al.17

Such a model is similar to an original model first suggested by
Gavin et al.21 Developing by Guo and Hu, an algebraic polyno-
mial model is quite notable.22 Especially, they have noted that
this algebraic model could capture the nonlinear hysteresis suf-
ficiently.22 More accurate results for the non-linear behaviour
will be obtained by these simple models, and such a higher ac-
curacy cannot be achieved through the Bouc-Wen model or the
modified ones.1 Only containing a simple hysteresis function
and other algebraic expressions, these models are very helpful
to compute efficiently in the process of parameter identifica-
tion and design a controller.

Sahin et al have implemented comprehensive comparisons
of some existing parametric models.1 It is clearly concluded
from above discussions and the comprehensive comparisons
that either the Bingham or the modified models bring diffi-
culties in capturing the non-linear behaviour. The Bouc-Wen
model and the modified ones also contain obvious defects. No-
tably, such as the Dahl model and its improved ones, the hyper-
bolic tangent hysteresis model and a simple algebraic model,
these simple models are better ones currently. However, the
width and the slope of a hysteresis loop in the low-speed re-
gion are difficult to portray accurately. A slowing trend of
force-velocity behaviour in the high-speed region cannot be
presented perfectly. Therefore, understanding and observing
the nonlinear hysteresis, our team proposes another simple and
novel model so that above two defects can be overcome. In-
troducing a simple exponential function, a hyperbolic tangent
function and algebraic expressions, this model will be success-
fully developed. The following is the detail of the model and
its validation.

2. THE PROPOSED MODEL

Considering the flow along an annular gap, the pressure
drop, ∆p, can be given by

∆p =
12ηLQ

bg3
+
MLτq
g

; (1)

where b, L and g are the average circumference, a length and
the gap of an annular channel, M is a coefficient associated
with the velocity and its value varies between 2 and 3, η is the
fluid viscosity without the applied field, Q is the volumetric
flow rate, and τq is the yield stress of MR fluid.23 Therefore,
according to Eq. (1), the force induced by ∆p can be approxi-
mately followed that

Ff = ∆pAp =
12ηLQAp

bg3
+
MLτqAp

g
. (2)

In Eq. (2), Ap =
πd2p
4 , b =

π(dp+dd)
2 and Q = ApU are the

effective sectional area of the piston, an average circumference
of the annular channel and the volumetric flow rate, dp and dd
are diameters of the piston and the inner cylinder, and U is
the relative velocity between the piston and the cylinder.23 In
addition to such a force, there is another one induced by the
shear stress, which can be given by

Fs = τSd; (3)

in which, the shear stress τ and the average lateral area Sd can
be approximated as24

τ = τq + η
dU

dg
= τq + η

U

g
; (4)

Sd = Lb. (5)

Using above equations gets

Fs = τqLb+
ηULb

g
. (6)

Depending on Eqs. (2) and (6), the total damping force pro-
duced in the annular channel of a MR damper can be given
by

Fd = Ff + Fs =

(
12ηLA2

p

bg3
+
ηLb

g

)
U +(

MLAp
g

+ Lb

)
τqsgn(U). (7)

For a linear motion damper, Eq. (7) also follows that

Fd1 = Ff + Fs =

(
12ηLA2

p

bg3
+
ηLb

g

)
ẋ+(

MLAp
g

+ Lb

)
τqsgn(ẋ). (8)

where ẋ is also the relative velocity given by the relative dis-
placement x between the piston and the cylinder. A truth, in
Eq. (8), is the absence of a shear-thinning expression, which
is not in line with the actual non-linearity of the viscosity. An
accurate expression for capturing the viscosity, especially in
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Figure 1. The function of parameters: F0 = 0,K = 2000, C = 1.2,A = 6.

the critical state between the pre-yield and post- yield regions,
is extremely difficult. In addition to such a behaviour, the in-
fluence of the magnetic field on partial damping channels is
different, which also makes a difference of the viscosity along
the entire channel. It is therefore important to find some vari-
ables so that the accuracy of the model can be improved. In this
context, a simple natural exponential function is introduced to
characterize the shear-thinning phenomenon and an inconsis-
tent behaviour. The descriptive equation is given by

ηd = Cηe−A|ẋ|; (9)

where ηd is the viscosity after thinning, A is a thinning factor,
C is a scale factor. Instead η by ηd, Eq. (8) can be followed
that

Fd2 =

(
12LA2

p

bg3
+
Lb

g

)
Cηe−A|ẋ|ẋ+(

MLAp
g

+ Lb

)
τqsgn(ẋ). (10)

It would appear that this damping force is only generated
by the flow and the shear effect excluding other factors, such
as the accumulator, friction, inertia, etc. There are, of course,
two very difficult problems. One is the quantitative calculation
of other forces, and other is the degree of the assisted effect on
movement. Owing to these difficulties, an approximate method
will be used to capture other combined effects, obtaining

Fother = Kx+ F0. (11)

Therefore utilizing Eqs. (10) and (11) attains

Fd3 =

(
12LA2

p

bg3
+
Lb

g

)
Cηe−A|ẋ|ẋ+(

MLAp
g

+ Lb

)
τqsgn(ẋ) +Kx+ F0; (12)

where Fother is a force generated by other factors, K is a stiff-
ness coefficient, and F0 is an offset. It is readily deduced from

Figure 2. The function of the parameter α: F0 = 0, K = 2000, C = 1.2,
A = 6.

Figure 3. The function of the parameter β: F0 = 0, K = 2000, C = 1.2,
A = 6.

the Fig. 1 that Eq. (12) is able to predict the rather compli-
cated phenomenon of the nonlinear hysteresis of a MR damper,
and the method combining the Bingham constitutive relation-
ship and shear-thinning factor is useful to characterize this be-
haviour. However, this model wouldn’t capture the character-
istics in the region where the magnitude of the velocity is very
small, which is known as a jump.

The simulation proves that such a behaviour does not depend
on above parameters. This phenomenon is mainly caused by
the sign function. It is absolutely necessary to study its influ-
ence on the low-speed region. As a result, a hyperbolic tangent
function is utilized to replace the sign function. The proposed
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Figure 4. The function of the parameter K: F0 = 0, α = 60, β = 20,
C = 1.2, A = 6.

Figure 5. The function of the parameter C: F0 = 0, α = 60, β = 20,
A = 6, K = 2000.

model can be given by

Fd4 =

(
12LA2

p

bg3
+
Lb

g

)
Cηe−A|ẋ|ẋ+(

MLAp
g

+ Lb

)
τq tanh(αẋ) +Kx+ F0. (13)

Simulated results in Fig. 2 evidently show that almost all of
curves based on Eq. (13) are in a position to capture the hys-
teresis and a smooth transition. A larger α, of course, is helpful
to maintain the consistency with the original model. However,
similar to the sign function, the large value will lead to the
jump phenomena, and a very small one will deviate from the
truth. The width of the hysteresis loop is little changed in the
region where the velocity is very small, and it is not able to
further be adjusted by the existing parameters if α must be se-
lected in this range. The appropriate α is also used to control
the slope of the curve in the low-speed region. In this context,
another displacement-correlation factor, β, is adopted to im-

Figure 6. The function of the parameter A: F0 = 0, α = 60, β = 20,
C = 1.2, K = 2000.

Figure 7. The function of the parameter F0: α = 60, β = 20, C = 1.2,
A = 6, K = 2000.

prove the width of a loop in this region. Therefore, the final
model can be followed that

Fd4 =

(
12LA2

p

bg3
+
Lb

g

)
Cηe−A|ẋ|ẋ+(

MLAp
g

+ Lb

)
τq tanh(αẋ+ βx) +Kx+ F0.

(14)

It is readily concluded from Fig. 3 that, at a given α, the differ-
ent β mainly influences the width of the loop in the low-speed
region if it is not very large. The slope of the line in this region
is governed by α. Notably, the proper value is helpful to pre-
dict the behaviour in this region, and the predictive loop will
be distorted as long as β is too large. Therefore, during the
process of identification, the value should be considered in an
appropriate range.

The truth is that, as above discussion, Eq. (14) is able to
characterize the non-linear behaviour in all regions, and the
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Figure 8. The configuration of the proposed model.

main functions of the parameter α and β are illustrated. How-
ever, the functions of other parameters are not portrayed specif-
ically. Therefore, mentioned in Figs. 4, 5, 6 and 7, the unique
effects of them are reflected through simulation. It is readily
concluded from Fig. 4 that parameter K is able to control the
entire width of the hysteretic loop, and the loop can be nar-
rowed to a very small one in the high-speed region. Another
truth, of course, is the limitation of reducing the loop in low-
speed region since the loop in this region will not be changed
by the further decrease of K. This behaviour is mainly due to
the effect of β as long as the value of K is reduced to some
extent. It would appear that, in Fig. 5, the width of the hys-
teretic loop in the high-speed region cannot be enlarged or re-
duced. The forces will be controlled, which is consistent with
the function of the scale factor C. As is shown in Fig. 6, the
shear-thinning factorA is more important to regulate the curva-
ture of the high-speed region and adjust forces. In the proposed
model, as Eq. (14) or others, the larger A is able to capture the
slowing trend of lines, and its appropriate value is a necessary
condition for keeping consistency with the original force. The
smaller A is just opposite to the role of a shear-thinning factor.
Notably pictured in Fig. 7, the F0 is only utilized to move the
loop parallelly.

At given parameters (L = 6 mm, dp = 40 mm, dd =
39 mm, g = 0.5 mm, η = 0.4 Pa s, τq = 2000 Pa, X =
50 mm∗ sin(πt)), it is easily concluded from above simula-
tion that the proposed model is able to characterize the nonlin-
ear hysteresis of MR dampers and each parameter has its own
unique functions. However, the above conclusions are only de-
pended on simulation and the validation is necessary. The fol-
lowing mainly validates the proposed model by a well-known
model and the experimental dataset.

3. VALIDATION FOR THE PROPOSED
MODEL

There is, of course, a general expression of Eq. (14). There-
fore, a unitized equation is followed that

Fdamper =

V S1Cηe
−A|ẋ|ẋ︸ ︷︷ ︸

À

+T (i)S2 tanh(αẋ+βx)︸ ︷︷ ︸
Á

+ Kx︸︷︷︸
Â

+ F0︸︷︷︸
Ã

;

(15)

in which

S1 =
12LA2

p

bg3
+
Lb

g
, S2 =

MLAp
g

+ Lb,

V = η, T (i) = τq. (16)

It is easily found that the above model is highly associated with
structural parameters and MR fluid. The coefficient S1 and S2

are constants. V is the fluid viscosity without the applied field.
T (i) is the yield stress dependent on the magnetic field or an
input current. Therefore, for a given structure, the relationship
between the feature of MR fluid and an input current can be
obtained by experiments or the theoretical calculation. There-
fore, T (i) will be serviced as a constant if such a relationship is
established. Owing to these features of the predictive model,
the unknown parameters can be easily identified by a small
amount of the experimental data, which is very helpful to de-
velop control algorithms.

Finally, depending on above simulation and the unitized
equation, this model will be conceptually illustrated in Fig. 8.
Containing a hysteresis component, a linear spring, a nonlinear
viscous damper and a constant force element, the force range,
the width of a hysteresis loop, the curvature at the high-speed
region and the hysteresis slope at the low-speed region can be
controlled by this model.

The above subsection mainly demonstrates the possibility of
characterizing the nonlinear hysteresis in all regions. In order
to validation this ability, an existing model also based on a hy-
perbolic tangent function will serve as a reference to examine
the proposed model. In detail, the model is given by

f = cẋ+ kx+ ϑρ+ f0; (17)

ρ = tanh
(
ωẋ+ ϕsgn(x)

)
; (18)

where c and k are viscous and stiffness coefficients, ϑ is a co-
efficient used to adjust the hysteretic loop, ρ is a variable given
by hyperbolic tangent function and f0 is an offset for damp-
ing force caused by gas.1, 17, 20 At given currents and displace-
ments, the relationship between parameters and input currents
is determined by the literature.

Equation (17), of course, is a highly acceptable model for
capturing nonlinear hysteresis. Therefore, comparisons in
Fig. 9 demonstrate that this model is a reliable one. In addition
to above simulation and comparisons, the test is carried out.
The test equipment is indicated in Fig. 10. The parameters of a
damper used in the experiment are the same as those of simula-
tion. In each test, the excitation current of the damper is fixed,
and the frequency and amplitude of the drive are also constants.
Oscillation frequencies such as 0.5, 1 and 2 Hz can be selected,
and the amplitude of the drive is limited to 25 mm. The sam-
pling frequency is an integer multiple of 512 Hz. With the in-
crease of an oscillation frequency, a larger sampling frequency
should be appropriately selected. The displacement and force
at each moment will be obtained. Adopting the differential
method, the relationship between the force and the velocity
will be further established, thus presenting the force-velocity
characteristic.

Finally, the valid dataset capturing typical characteristics of
a MR damper is selected to validate the model. Mentioned in
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(a) Force-velocity behaviour

(b) Force-displacement behaviour

Figure 9. The comparison of two models: i = 2 A, X = 0.03 cos(πt).

Figs. 11, 12, 13 and 14, in low-speed regions, the slopes and
widths of the simulated loops are highly consistent with those
of experimental values. Under 0.5 and 1 Hz oscillation fre-
quencies, although there are differences in transition regions,
the acceptable consistencies are also reflected by comparisons
in other regions. At a given oscillation frequency of 2 Hz, the
accuracy in negative regions is also quite high. Especially, the
two results are basically identical if the absolute value of the
speed is greater than 0.1. However, in positive regions of high-
speed, the experimental results are slightly abnormal. Abnor-
mal behaviour is more obvious under 1.2 A current, which is
related to defects in the design and manufacture. For a sym-
metric structure, behaviours are usually similar to each other
in positive and negative regions. It is concluded from com-
parisons that features of all regions can be simulated by this
model. Obvious differences in partial regions are related to the
experimental data rather than defects of the model. Therefore,
the proposed model is able to adequately characterize the non-
linear hysteresis of MR dampers.

Figure 10. Test rig for a MR damper.

4. CONLCUSIONS

Combining the exponential function and the hyperbolic tan-
gent function, the nonlinear behaviour of MR dampers has
been successfully reflected through a very simple parameter
model. It is obvious that the predictive results of this model
suggested by our team are consistent with those of an existing
model and the valid dataset. In order to obtain the consistency,
this model is operated in such ways that

1. α determines the shape of the curve and mainly controls
slopes of lines in the low-speed region.

2. β is a displacement-correlation coefficient slightly adjust-
ing width of the hysteresis loop in the low-speed region.

3. C is able to control the value of the high-speed region. It
doesn’t influence the width of the entire hysteretic loop.

4. A is the so-called thinning factor that defines a trend of
damping force along with the growth of a shear rate. It is
able to determine the curvature of the high-speed region
and adjust forces.

5. K is a stiffness coefficient greatly determining the width
of the hysteretic loop, especially in high-speed region.

6. F0 is an offset considering the inertia, friction as well
as others. It is only used to parallelly move the hystere-
sis loop and partially reflects the force asymmetry in the
compression and rebound stages.
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Figure 11. The predictive results and experimental dataset for 0.5 Hz oscilla-
tion frequency with 25 mm displacement amplitude at 0, 0.2, 0.4 A current.

Figure 12. The predictive results and experimental dataset for 1 Hz oscillation
frequency with 25 mm displacement amplitude at 0, 0.2, 0.4 A current.

7. The yield stress, τq , can be expressed as a function of the
current as long as the structure, materials and MR fluid
properties are determined, and this function also varies
with the structure and MR fluid. The displacement and
velocity also contain frequency information.

8. The units of α, β, C, A, K and F0 are respectively served
as s/m, 1/m, 1, s/m, N/m and N.

Owing to the unique function in capturing the force-velocity
characteristics in all regions, the predicted values are highly
consistent with an existing model. The high consistency is also
reflected through the comparisons to negative damping forces
of a damper. The positive damping forces, especially under
the high frequency and large currents, are slightly abnormal.
Abnormal behaviour is mainly caused by manufacturing accu-
racy. However, the trend of force-velocity characteristics still
be predicted well. Therefore, the proposed model is a rela-
tively accurate one and presents great flexibility in simulating
damping forces of MR dampers.

Figure 13. The predictive results and experimental dataset for 2 Hz oscillation
frequency with 25 mm displacement amplitude at 0, 0.2, 0.4 A current.

Figure 14. The predictive results and experimental dataset for 2 Hz oscillation
frequency with 25 mm displacement amplitude at 0.6 A, 0.8 A, 1.0 A, 1.2 A
current.
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