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Inertial actuators (IAs) are often used as control units in active noise and vibration control systems. It is well-
known that the IA’s natural frequency should be far below that of the structure under control to ensure good
stability margins. However, under normal circumstances, an IA with low natural frequency either increases the
additional weight or causes unwanted static displacement of the IA’s proof-mass. In this study, an IA with virtual
mass is presented to reduce the IA’s natural frequency without changing its physical design. The virtual mass of the
IA is realized by using the proof-mass acceleration feedback as a local loop within the IA. Thus, the IA’s natural
frequency can be shifted to low frequency for active control application. The proposed IA with virtual mass is
then applied to actively control a clamped beam’s vibration based on the velocity feedback control system. The
experimental results show that the stability of the control system and the control performance can be improved
significantly as the IA’s natural frequency is reduced with virtual mass.

NOMENCLATURE

aa(ω) Complex amplitude of the proof-mass acceleration
of the IA

Bl Electromagnetic transduction coefficient
Ca Suspension damping coefficient of the IA
fn Natural frequency of the IA
gp Positive or negative acceleration feedback
Gc Open-loop FRF of the control path
h Fixed feedback control gain
i(ω) Complex amplitude of the current flowing through

the coil
I(t) Current flowing through the coil in time-domain
j Imaginary unit
Ka Suspension stiffness of the IA
Le Inductance of the coil
Ma proof mass of the IA
Mv Virtual mass
Re Resistance of the coil
Ta Blocked force per unit input voltage
va(ω) Complex amplitude of the proof-mass velocity of

the IA
vd(ω) Error sensor location velocity due to primary force
vs(ω) Complex amplitude of base velocity of the IA
Vs(ω) Complex amplitude of voltage applied to the coil
Vin(ω) Complex amplitude of input voltage of the velocity

feedback loop

xa(ω) Complex amplitude of proof-mass displacement of
the IA

xs(ω) Complex amplitude of base displacement of the IA
Xa(t) Proof-mass displacement of the IA in time-domain
Xs(t) Base displacement of the IA in time-domain
Za Undriven mechanical impedance of the IA
ω Circular frequency

1. INTRODUCTION

Inertial actuators (IAs) are efficient control units in active
noise and vibration control systems for reducing sound and vi-
bration in the low frequency range.1–9 The main advantage
of the use of IAs is that there is no requirement of any other
structure to react off.1, 2, 5 At frequencies above the natural fre-
quency of the IA, it can effectively generate a constant actua-
tion force and in-phase with the input driving voltage.9 Conse-
quently, when an accelerometer with integrated output is col-
located at primary structure, the IA can be used to perform ve-
locity feedback control, which reduces the structure vibration
by means of active damping.10–12

At frequencies lower than the IA’s natural frequency, the
force produced by the IA has 180◦ phase shift, thus a nega-
tive damping effect occurs, which may lead to instabilities in
the feedback control system.4, 9 It means that the IA’s natu-
ral frequency should be far below that of the structure under
control in order to ensure good stability margins and improve
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its control performance.9, 13 However, the IA with low natu-
ral frequency normally increases the unwanted weight of the
IA proof-mass or causes unwanted static displacement of the
proof-mass with the lower stiffness of the IA spring.

For velocity feedback control system by using IA with col-
located accelerometer sensor, there are two approaches to im-
prove the control performance limitation of the IAs. The first
approach is to develop the new type IAs which have much
lower natural frequency. For examples, Olaru et al.14 used
a differential magnetic spring to replace the classical elastic
suspensions in IAs. Braghin et al.15 introduced a new de-
sign method for the supporting structure of the magnetostric-
tive spring, thus the IA can extend its lower frequency working
ranges by reduction of its natural frequency. Kras and Gardo-
nio16 imposed a flywheel element into the traditional IA, thus
the IA’s natural frequency moved to lower frequency. This new
type flywheel inertial actuator has been experimentally veri-
fied.17 Zilletti18 presented a theoretical study on an IA with
an inerter element. It is found that the IA’s natural frequency
can be shifted down because of the inerter. The second ap-
proach is to modify the velocity feedback control loop to make
the control system perfectly collocated. For examples, Benassi
and Elliott19 imposed additional internal displacement feed-
back loop to overcome the static deflection problem of the IA
with very low natural frequency.19 Diaz et al.20 extended this
approach for the control of human-induced vibration of pedes-
trian structures. Rohlfing et al.21 presented a new modified
velocity feedback loop for IAs by adding an additional com-
pensator filter. Diaz and Reynolds22 imposed a feed-through
term into the velocity feedback controller, thus a robust con-
trol system has been designed by using the IA as control unit.

Recently, an IA, with a proof-mass acceleration feedback
used as the tuneable vibration absorber, has been proposed and
experimentally verified.23 The IA’s natural frequency can be
moved to high or low frequency under positive or negative
proof-mass acceleration gains, which can produce virtual mass
effect. In this study, the IA with virtual mass is extended for
active control application. Different to preview studies, the
proposed control system includes an IA proof-mass accelera-
tion feedback loop and a velocity feedback loop, as presented
in Fig. 1. The use of a proof-mass acceleration feedback loop
has the effect of producing the virtual mass effect, thus the
IA’s natural frequency can be reduced. This allows the velocity
feedback loop with collocated integrated accelerometer output
on the vibrating structure has higher feedback control gain and
hence higher active damping.

The remainder of this study is organized as follows. In Sec-
tion 2, the theoretical mathematical model for the IA with vir-
tual mass by using acceleration feedback is presented. In Sec-
tion 3, the tuning capability, and the blocked force response
of the IA by using proof-mass acceleration feedback are ex-
perimentally assessed. Section 4 presents the velocity feed-
back control experiments by using proposed IA in a clamped-
clamped beam. Finally, some useful conclusions are provided
in Section 5.

Figure 1. Schematic of the control system for IA with virtual mass.

Figure 2. Schematic of the IA with virtual mass based on proof-mass acceler-
ation feedback.

2. THE IA WITH VIRTUAL MASS BY
USING PROOF-MASS ACCELERATION
FEEDBACK

A generic schematic for an IA, with virtual mass by using
proof-mass acceleration feedback considered in this study, is
presented in Fig. 2. An accelerometer, which was positioned
at the IA proof-mass, was used as the error sensor. This means
that the feedback signal is the proof-mass acceleration, which
was used to shift the IA’s natural frequency.

The IA shown in Fig. 2 consisted of a proof mass Ma,
mounted on a damping Ca and a suspension of stiffness Ka

in parallel. It was assumed that the actuator base mass Mb

was very small and thus could be neglected. A linear lumped
parameter model was used in this study assuming the time har-
monic vibration motion of the form exp(jt), where ω was the
circular frequency and j was imaginary unit. Two differen-
tial equations were used to describe the IA’s coupled electro-
mechanical behaviour. The governing equation of motion of
the proof mass Ma, and the equation of the electrical circuit of
the IA presented in Fig. 2 was expressed as6

MaẌa (t) + Ca

[
Ẋa (t)− Ẋs (t)

]
+Ka [Xa (t)−Xs (t)]

= Bl · I (t) ;
(1)

Leİ (t) +ReI (t) = Vs exp (jωt)−Bl ·
[
Ẋa (t)− Ẋs (t)

]
;

(2)

where Bl was the electromagnetic transduction coefficient of

446 International Journal of Acoustics and Vibration, Vol. 25, No. 3, 2020



Q. Mao, et al.: INERTIAL ACTUATOR WITH VIRTUAL MASS FOR ACTIVE VIBRATION CONTROL

the IA. Xa(t) was the proof-mass displacement and Xs(t) was
the base displacement. I(t) was the current flowing through the
coil. (̇) represented the derivative with respect to time. Re and
Le were the resistance and inductance of the coil. Vs was the
amplitude of the voltage applied to the coil.

For harmonic vibration of the form exp(jt), we set Xa(t),
Xs(t) and I(t) in Eqs.(1) and (2) as

I (t) = i (ω) exp (jωt) ; (3a)

Xa (t) = xa (ω) exp (jωt) ; (3b)

Xs (t) = xs (ω) exp (jωt) ; (3c)

where i(ω), xa(ω) and xs(ω) were the complex amplitude of
the electric current, the proof-mass displacement and the base
displacement, respectively.

From Eq. (3a), the following equations can be obtained

İ (t) = jω · i (ω) exp (jωt) = jω · I (t) ; (4a)

Ẋa (t) = jω · xa (ω) exp (jωt) = va (ω) exp (jωt) ; (4b)

Ẍa (t) = −ω2 · xa (ω) exp (jωt) = aa (ω) exp (jωt) ; (4c)

Ẋs (t) = jω · xs (ω) exp (jωt) = vs (ω) exp (jωt) ; (4d)

where va (ω) = jω · xa (ω) and aa (ω) = −ω2 · xa (ω) were
the complex amplitude of the proof-mass velocity and accel-
eration, respectively. vs (ω) = jω · xs (ω) was the complex
amplitude of the base velocity.

For brevity, the frequency dependence of the complex am-
plitudes will be omitted in the remaining part of the paper. By
substituting Eqs. (3) and (4), into Eqs.(1) and (2), we got

Maaa + Ca (va − vs) +Ka (xa − xs) = Bl · i; (5)

jωLei+Rei = Vs −Bl · (va − vs) . (6)

From Fig.2, it can be found that Vs was the sum of the
proof-mass acceleration feedback voltage and an additional in-
put voltage Vin, such as

Vs = Vin + aa · gp; (7)

where gp was the positive or negative acceleration feedback.
Substituting Eq. (7) into Eq. (6), the current in Eq. (6) was

rewritten as

i =
Vin + aa · gp −Bl · (va − vs)

jωLe +Re
. (8)

Substituting Eq. (8) into Eq. (5), we got

Cavs +

(
Ka +

jω(Bl)
2

jωLe +Re

)
xs +

Bl

jωLe +Re
Vin

=

(
Ma−

Bl · gp
jωLe +Re

)
aa+

(
Ca+

(Bl)
2

jωLe +Re

)
va +Kaxa

= (Ma +Mv) aa +

(
Ca +

(Bl)
2

jωLe +Re

)
va +Kaxa;

(9)

Figure 3. Picture of the home-made IA (a) before assembly; (b) partly assem-
bly; (c) after assembly.

where Mv = − Bl·gp
jωLe+Re

.
From Eq. (9), it can be found that the term Mv influences

the IA proof mass, thus Mv was denoted as the virtual mass.23

According to Refs.,23, 24 the term jLe in Mv can be neglected be-
cause the coil inductance Le (0.34mH in this study) in IA was
normally sufficiently small,24 therefore the value of Le (about
0.21 at 100Hz) at low frequency was much smaller than Re

(4.4 in this study). Clearly, the IA’s natural frequency could be
shifted down by adding positive Mv when the negative acceler-
ation feedback was used.

From Eq. (9), the proof-mass acceleration was expressed as

aa = −ω2

(
Ca +

Ka

jω + (Bl)2

jωLe+Re

)
vs +

Bl
jωLe+Re

Vin

−ω2 (Ma +Mv) + jω
(
Ca +

(Bl)2

jωLe+Re

)
+Ka

.

(10)

From Eq. (10), the force generated by an IA, fa, was ex-
pressed as the sum of the component due to its input voltage
Vin, and that due to the imposed velocity on its base vs, we got

fa = Maaa = TaVin + Zavs; (11)

with

Ta =
−ω2Ma

Bl
jωLe+Re

−ω2 (Ma +Mv) + jω
(
Ca +

(Bl)2

jωLe+Re

)
+Ka

;

(12)

Za =
−ω2Ma

(
Ca +

Ka

jω + (Bl)2

jωLe+Re

)
−ω2 (Ma +Mv) + jω

(
Ca +

(Bl)2

jωLe+Re

)
+Ka

;

(13)

where Ta was the blocked force per unit input voltage and Za

was the IA’s undriven mechanical impedance.24

3. EXPERIMENTAL ASSESSMENT OF THE
IA WITH VIRTUAL MASS

As discussed in Section 2, the virtual mass based on a proof-
mass acceleration feedback loop can be used to shift the IA’s
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Figure 4. Schematic representation of the experimental setup to measure the blocked force response of the IA with acceleration feedback.

Table 1. The physical parameters of the low-cost home-made IA.

Parameter Symbol Value Unit
Proof mass Ma 82×10-3 kg
Support mass Mb 6.3×10-3 kg
Suspension stiffness Ka 39.1×103 N/m
Suspension damping coefficient Ca 1.2 Ns/m
Coil resistance Re 4.4
Coil inductance Le 0.34×10-3 H
Electromagnetic transduction coefficient Bl 4.8 N/A
Natural frequency fn 109.9 Hz

natural frequency. Before applying the proposed IA as con-
trol unit in active vibration control system, it was necessary to
examine the tuning ability of the IA’s natural frequency. A low-
cost home-made IA was used in this study, as shown in Fig. 3.
The physical parameters of this IA are presented in Table 1.

The blocked force response of the IA was experimentally
measured when the actuator base was mounted on a rigid foun-
dation, it means that the base velocity vs = 0. From Eq. (11),
it can be found that blocked force response was Ta = fa

Vin
=

Maaa

Vin
for vs = 0. An experimental setup presented in Fig. 4

was used to measure the blocked force response Ta of the IA. A
CA-YD-186 accelerometer (with weight of 28g), which is at-
tached on the IA proof-mass, was used to sense the proof-mass
acceleration. A COINV dynamic signal analyzer was used to

create the excitation signal and acquire the frequency response
functions (FRFs) between input voltage and proof-mass accel-
erations. A simple switch circuit, by using OP07 Voltage Op-
erational Amplifier (by Analog Devices Inc.), was designed to
feedback the negative or positive acceleration signal. Then a
power amplifier with two input channels was used to input the
excitation signal and acceleration feedback signal. It means
that the sum of the acceleration signal and the excitation sig-
nal were used to drive the IA. The gain of each channel of
the power amplifier was independent tunable, as presented in
Fig. 4. By changing the gain of the acceleration feedback chan-
nel, the blocked force responses Ta, which equal to the mea-
sured acceleration signals multiplied the value of proof mass,
under different acceleration feedback gains was determined.
All measurements were performed at small input voltage level
so that the mechanical behavior of the IA is effectively linear.

Figures 5 and 6 show the measured and calculated blocked
force response of the IA under different feedback gains of the
acceleration signal, respectively. As presented in Fig. 5, be-
cause of the accelerometer mass, the IA’s natural frequency
without feedback control (gp = 0) was about 99.5Hz. When
a negative acceleration feedback gain gp was applied, the IA’s
natural frequency was able to move to a much lower frequency,
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Figure 5. The measured blocked force response of the IA with different gains
gp.

and the peak amplitudes of blocked force responses were de-
creased as negative gain increased. Alternatively, the IA’s natu-
ral frequency was moved to high frequency with positive gains.
From Figs. 5 and 6, it can also be found that the phases of the
blocked force responses shifted to 180◦ and the amplitudes fell
off below the natural frequency, as expected. Above the IA’s
natural frequency, the amplitudes and phases of the blocked
force responses were reasonably flat up.

The measured and numerical calculated open-loop fre-
quency response in Nyquist format, from IA voltage input to
signal output from the accelerometer on proof-mass, is also
shown in Fig. 7. From Fig. 7, it can be found that the ideal
IA was unconditionally stable with negative acceleration feed-
back gain because of the instability point (-1, 0) is excluded
from the loop. However, the measurement Nyquist plot indi-
cates the feedback loop is not unconditionally stable due to the
dynamic of the power amplifier. The natural frequency of the
IA used in this study was reduced from 99.5Hz to 40Hz when
the negative acceleration feedback gain gp was tuned from 0
to -3.5. The calculated and experimental results presented in
Figs. 5–7 confirm that the IA’s natural frequency can be re-
duced significantly by using negative proof-mass acceleration
feedback loop as virtual mass.

4. EXPERIMENTAL INVESTIGATION OF
VELOCITY FEEDBACK CONTROL

4.1. Experimental setup

In this section, with an example of an aluminium clamped-
clamped beam, the control performances of the proposed IA
with virtual mass as control actuator were investigated for a
velocity feedback control system. The basic idea is shown in
Fig.1 and the experimental setup is shown in Fig. 8. The IA
with virtual mass mounted near one clamped end was used to
control the beam vibration. The size and mass of beam were

Figure 6. The calculated blocked force response of the IA with different gains
gp.

Figure 7. The measured and calculated Nyquist plots for IA.

580 × 50 × 7 mm and 550g, respectively. The beam was excited
by a sweep-sine signal with frequency ranges from 0 – 800Hz
by using another IA near another clamped end. The mass of
the control IA including accelerometer on the proof-mass was
100g, which equals to 18.18% weight of the beam. Another
accelerometer was mounted at centre of control IA location
(on the bottom of the beam), its integrated output was used as
sensor signal in velocity feedback loop, as shown in Fig. 8.

4.2. Stability and control performance
According to Refs.,5, 6, 18, 24 the velocity feedback control

system was modelled in terms of the classic disturbance rejec-
tion feedback block diagram, as presented in Fig. 9. Since the
velocity feedback controller used in this study was not modal-
based, it means that the frequency response of the control loop
was sufficient to analyze the stability and the state-space model
is not needed. From Fig. 9, it can be found that the velocity at
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Figure 8. Experimental setup for velocity feedback control for a clamped-clamped beam by using the IA with virtual mass.

Figure 9. Block diagram of the velocity feedback control loop.

error sensor location can be expressed as

vs = VinGc + vd = −hvsGc + vd; (14)

where Vin = −hvs was the control voltage and h was the fixed
feedback control gain. Gc = vs

Vin
was the open-loop FRF be-

tween the error sensor velocity vs and the control input voltage
Vin. vd was the velocity at error sensor location due to primary
excitation source.

From Eq. (14), it can be found that the responses at the error
sensor location with feedback control loop was expressed as

vs =
vd

(1 + hGc)
. (15)

The objective of the controller in this study was to minimize
the velocity at sensor location under certain stability margin.
Notice that the practical sensor–actuator pair is not perfectly
dual and collocated,4, 9 it means that the velocity feedback con-
trol loop in this study is not unconditionally stable. Further-
more, the open-loop FRF Gc can be modified under different

virtual masses (or negative acceleration feedback gains). The
open-loop FRFs Gc, between the voltage input to the control
IA and the integrated beam-accelerometer outputs under dif-
ferent virtual masses were first discussed. The measured Bode
and Nyquist plots of the open-loop FRFs are shown in Figs. 10
and 11, respectively.

The effect of adding the virtual mass on the IA’s natural fre-
quency and the stability of the system can be found in both
Bode and Nyquist plots. The first natural frequency of the
beam (100Hz) was arranged to be closed to the natural fre-
quency of the passive IA (99.5Hz, without virtual mass). No-
tice that the passive IA acted as a tuned vibration absorber
at this situation,23, 24 the mode splitting phenomenon can be
found in Fig. 10. For open-loop FRF without virtual mass case,
the peak at 77.5Hz was associated with the lowest mode of the
coupled IA-beam structure and has a 180◦ phase shift in this
case. It means that the control gain was very limited because
a significant circle on the left-hand side of the Nyquist plot
appears, as presented by the solid line in Fig. 11. However,
when the proof-mass acceleration feedback loop was closed
with feedback gains of 0.5 and 3, the control IA’s natural fre-
quency was reduced to 80Hz and 47.5Hz, respectively. Then
the peak associated with the lowest mode was changed to 70Hz
and 47.5Hz, respectively. The circles on the left hand side
of the Nyquist plot were reduced significantly when the con-
trol IA’s natural frequency was reduced. Much higher velocity
feedback gains were used. It means that the control system
successfully attenuated the structural vibration when the vir-
tual mass (proof-mass acceleration feedback loop) was intro-
duced in the control IA.

The velocity responses measured at the control location of
the beam, normalized to the input voltage of the primary ex-
citation IA are presented in Fig. 12. From Fig. 12, it can be

450 International Journal of Acoustics and Vibration, Vol. 25, No. 3, 2020



Q. Mao, et al.: INERTIAL ACTUATOR WITH VIRTUAL MASS FOR ACTIVE VIBRATION CONTROL

Figure 10. Bode plots of of the open-loop FRFs under different proof-mass
acceleration feedback gains.

Figure 11. Nyquist plots of of the open-loop FRFs under different proof-mass
acceleration feedback gains.

found that the passive IA acted as a tuned vibration absorber
on the beam. The first mode of the beam was split into two
new resonances at about 77.5 Hz and 120 Hz after mounting
the passive IA without any feedback action, as presented by
the dotted line in Fig. 12. Furthermore, the amplitudes of the
2nd and 3rd modes were also slightly reduced.

Then the control IA’s natural frequency was shifted down to
80Hz by using proof-mass acceleration feedback with gain gp

=0.5. In this case, when the velocity feedback control loop was
closed with the maximum stable gain, a peak with large ampli-
tude at 70Hz appeared, as presented by the dot-dashed line in
Fig. 12. The reduction of vibration was very limited, where it
can even become worse than that of passive case around 70Hz.

Finally, the control IA’s natural frequency was moved to
47.5Hz by using proof-mass acceleration feedback with gain
gp = 3. In this case, when the velocity feedback gain ap-
proached the stability limit, about 8dB vibration reduction was

Figure 12. Measured velocity FRF at the error sensor location of the beam
before and after control.

achieved for the first two modes at the error sensor location,
the amplitude of the 3rd mode was also reduced 3.5dB, as pre-
sented by the dashed line in Fig. 12. However, at 47.5Hz, there
was also some control enhancement of the vibration, due to the
positive feedback in this frequency region caused by the phase
response of the control IA.

5. CONCLUSIONS

In this paper, an IA with proof-mass acceleration feedback is
used as a control unit for velocity feedback control approach. It
is shown that the proof-mass acceleration feedback loop can be
seen as a virtual mass, the effect of the virtual mass is to reduce
the IA’s natural frequency. The virtual mass of the IA proposed
in this study uses simple acceleration control technology, and
it is easy to implement because there is no need of the changes
in IA physical design.

With an example of a clamped-clamped beam, the velocity
feedback control experiments are performed to check the con-
trol performance of the proposed IA with virtual mass. When
the IA’s natural frequency is shifted from 80Hz to 47.5Hz, the
stability of the velocity feedback loop and control performance
can be improved significantly. It means that the IA with appro-
priate proof-mass acceleration feedback gain can provide bet-
ter control performance, because the IA’s natural frequency is
shifted to much lower frequency.
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