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Piezoelectric materials have a piezoelectric effect that converts mechanical energy into electrical energy. In this
paper, the blades of the rotating wind turbine are simplified as flexible beams fixed on the rotating wheels, and
piezoelectric ceramics are added to the beams as sensors and actuators respectively to establish an analysis model
of the vibration behavior of the piezoelectric sandwich rotating wind turbine blades. Based on Newton’s second
law, different accelerations are added to the rotating wheel to obtain the differential equation of a vibration variable
coefficient. The fourth order Runge-Kutta method is used to solve variable coefficient differential equations.
The hypothetical modal method is applied to solve the displacement of the free end of the flexible beam. A
numerical simulation is also carried out to analyse the magnitude and change trend of the voltage output by adding
piezoelectric materials at different angular velocities. The results show that the greater the rotational angular
velocity, the greater the displacement of the free end of the flexible beam, and the greater the voltage due to the
piezoelectric effect of the piezoelectric material. When the rotation angular velocity reaches a stable value, the
displacement of the free end and the generated voltage will also reach a stable value.

1. INTRODUCTION

Piezoelectric materials are an important class of functional
materials that have a piezoelectric effect that converts mechan-
ical and electrical energy into each other. Wind turbine blades
are not rigid. Under the action of randomly flowing aero-
dynamics, the blades will also vibrate and elastically deform
while rotating. Therefore, as in previous studies, it cannot be
directly reduced to a static beam or plate to analyse its vibra-
tion. In this paper, the rotating wind turbine blade was simpli-
fied as a cantilever beam of an equal cross section connected
to the rotating wheel, and piezoelectric ceramics were added
above and below the beam. According to Newton’s second
law, the vibration flexible coefficient differential equation is
obtained by analyzing the force of the rotating flexible beam.
The fourth order Runge-Kutta method was used to solve the
vibration variable coefficient differential equation. The hypo-
thetical modal method was used to solve the free end displace-
ment of the beam due to aeroelasticity, and the characteristics
of the free end displacement are simulated and observed. Ap-
ply different angular velocities to the rotating wheel and ob-
serve whether the piezoelectric cantilever beam can convert
mechanical energy into electrical energy under the piezoelec-
tric material sensing effect, whether there is a voltage output,
and how the output voltage has varying characteristics.1–3 The
results show that the dynamic strain induced by the piezoelec-
tric ceramic layer in such a piezoelectric energy harvester will
produce an AC voltage output on the piezoelectric ceramic
layer.4 The greater the rotation angular velocity, the greater the
displacement of the free end and the greater the output voltage.
When the rotation angular velocity reaches a stable value, the

free-end displacement and output voltage also tend to stabilize.
To clearly represent the electrical output, Luet et al.5 used

the vibration mode shape obtained from the Euler-Bernoulli
beam theory and the piezoelectric constitutive relationship.
The output was linked to the mechanical mode shape. Ajitsari-
aet et al.6 proposed a bimorph piezoelectric cantilever model.
They tried to combine the static sensing / driving equation
(with constant radius of curvature and static tip force) with the
dynamic Euler-Bernoulli beam equation (where the curvature
The radius is variable. Under basic excitation, there is no tip
force).7

2. ROTATION ANALYSIS OF FLEXIBLE
BEAM BASED ON PIEZOELECTRIC
MATERIAL

Wind turbine blades are flexible components that move in
a large range. Under the conditions of relatively large wind
speeds, the rapidly rotating blades will affect the blade’s lateral
movement under the action of the blade’s axial tension or ax-
ial pressure, resulting in bending resistance. As the rigidity is
strengthened and weakened, and the frequency of lateral elas-
tic vibration becomes larger/smaller. This is the so-called ”dy-
namic rigidity” and ”dynamic weakening” phenomena.8 For
the wind turbine blades with piezoelectric materials added, the
sensing and actuating characteristics of the piezoelectric ma-
terials themselves will effectively reduce the influence of the
axial force on the bending rigidity and lateral vibration of the
blades. In this paper, the displacement of the cantilever beam
at the free end caused the piezoelectric material to produce a
sensing effect and the output voltage was obtained.
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Figure 1. Model of flexible beam connecting rotating wheel.

Figure 2. Force diagram of beam micro-segment considering axial force.

2.1. Mathematical Modeling of Cantilever
Beam—Establish Differential Equation
of Vibration

The structure of the wind turbine blades and tower was sim-
plified as a flexible beam of an equal cross-section connected
to a rotating wheel with known rotation laws.4, 9, 10 Under nor-
mal operating conditions, the model established by connecting
the flexible cantilever beam to the rotating wheel is shown in
Fig. 1.

Perform a force analysis on the flexible beam under the
model and take a small section of the beam. The force analysis
diagram is shown in Fig. 2.

In Fig. 2, N , Q and M were expressed as axial force, shear
force and bending moment, respectively.

According to Newton’s second law, the force analysis was
performed along the y direction, and the differential equation
of motion as shown in Eq. (1) was obtained.

(ρAdx)apy = −N sinϕ+Q cosϕ

+ (N +
∂N

∂x
) sin(ϕ+

∂ϕ

∂x
dx)

− (Q+
∂Q

∂x
dx) cos(ϕ+

∂ϕ

∂x
dx); (1)

where, ρ was the density of the beam, A was the cross-
sectional area of the flexible beam, apy was the projection of
the absolute acceleration of the centroid P of the left side of

the selected beam micro-segment along the y-axis direction, ϕ
was the elastic corner of the left end of the beam micro-end
caused by bending deformation.

Since the displacement of P along the x-axis direction can
be ignored in bending deformation, the expression was ob-
tained as shown in Eq. (2).

apy =
∂2υ

∂t2
+ θ̈(r + x); (2)

where, θ̈(r + x) was expressed as tangential acceleration, θ
was the rotation angle of the rotating wheel, r was the wheel
radius, v(x, t) was the lateral displacement of point P . The
relationship between shear force Q and lateral displacement
v(x, t) is shown in Eq. (3).

Q = EI
∂3v

∂x3
; (3)

where, E was the elastic modulus and I was the moment of
inertia of the cross section of the beam. In the case of a small
deformation of the beam, the elastic angle ϕ of the elastic sur-
face of the beam was a small amount, so the relationship shown
in Eq. (4) is stored.

ϕ ≈ ∂υ

∂x
. (4)

Ignoring the second-order trace term of dx, Eq. (1) can be
simplified to obtain Eq. (5).

ρA

[
∂2υ

∂t2
+ θ̈(r + x)

]
= −EI ∂

4υ

∂x4
+
∂(Nϕ)

∂x
. (5)

In the case of small deformation of the beam, there is the
relationship of Eqs. (6) and (7).

N ≈ N ; (6)

N = ρA(l − x)θ̇2(r + l + x

2
). (7)

Combining the above equations, we can get Eq. (8).

EI
∂4υ

∂x4
+ ρA

{
∂2υ

∂t2

+θ̇2
[
(r + x)

∂υ

∂x
− 1

2
(l − x)(2r + l + x)

∂2υ

∂x2

]
+θ̈(r + x)

}
= 0. (8)

Since this was a linear partial differential equation with vari-
able coefficients, the approximate solution of the displacement
v(x, t) at the free end of the beam was solved using the as-
sumed modal method.11

The displacement of the free end of the beam can be ex-
pressed as Eq. (9).
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v(x, t) =

n∑
i=1

Yi(x)qi(t). (9)

Equation (9) where Yi(x) was the assumed modal function,
qi(t) was the corresponding generalized coordinate, and n was
the number of selected assumed modal functions. Here, the
modal function of the cantilever beam with an equal cross-
section was selected as the assumed modal function Yi(x), and
its expressions were Eqs. (10)–(12).

Yi(x) =

cos(βix)− cosh(βix) + γi(sin(βix)− sinh(βix)); (10)

β1l = 1.875, β2l = 4.694, βil ≈ (i− 0.5)π,

(i = 3, . . . , n); (11)

γi = −cos(βil) + cosh(βil)

sin(βil) + sinh(βil)
, (i = 1, 2..., n). (12)

Substitute the free end displacement expression of the beam
into the beam’s lateral elastic vibration differential equation,
multiply both sides of the equation by Yj(x)(j = 1, 2, ..., n),
and then take a definite integral along the length of the beam
(the orthogonality of the modal function was considered during
integration) to obtain the expression for Eq. (13).

mj q̈j(t) + (kj − θ̇2mj)qj(t)− θ̇2
n∑
i=1

bji + cj θ̈ = 0

(j = 1, 2, ..., n). (13)

The differential equation was a variable coefficient differen-
tial equation, and the coefficient expressions in the equation
are Eqs. (14)–(17).

mj = ρA

∫ l

0

[Yj(x)]
2
dx; (14)

kj =

∫ l

0

EIYj(x)Yj
4(x)dx; (15)

bji = ρA

∫ l

0

[(l − x)(2r + l + x)Y
′′

i (x)]dx; (16)

cj = ρA

∫ l

0

(r + x)Yj(x)dx. (17)

Both the generalized coordinate qj(0) and the generalized
velocity q̇j(0) at the initial moment were determined according
to the initial state of the flexible beam v(x, 0) and v̇(x, 0), the
expressions are Eqs. (18) and (19).

qj(0) =
ρA

m

∫ l

0

Yj(x)v(x, 0)dx; (18)

Figure 3. Cantilever beam model with piezoelectric plate added.

q̇j(0) =
ρA

m

∫ l

0

Yj(x)v̇(x, 0)dx. (19)

Within a certain timeframe, the angular velocity of the ro-
tating wheel gradually increased with time. When the rota-
tional wheel reached stability, the angular velocity of the ro-
tating wheel was a certain value that would not change with
time.

2.2. Cantilever Beam Model With
Piezoelectric Material Added—Dynamic
Analysis of Sensing Characteristics of
Piezoelectric Cantilever Beam

We pasted a pair of piezoelectric plates on the upper and
lower surfaces of the cantilever beam as sensors and actua-
tors, respectively. The length and thickness of the piezoelec-
tric plates were Lp and tp, and x1 and x2 were the distance
from the piezoelectric plate to the rotating wheel. As shown in
Fig. 3.

According to the analysis of the approximate differential
equation of the deflection axis under the small deformation of
the symmetric bending of the beam in material mechanics, we
can obtain Eqs. (20) and (21).

T1(x, t) =
pEp
ρ

; (20)

1

ρ
=
∂2ν(x, t)

∂2x
; (21)

where, T1 was the stress on the beam along the x-axis, unit:
N/m2, ρ was the radius of curvature of the bending deforma-
tion, unit: m, Ep was the elastic modulus of the piezoelectric
sheet, unit: Pa.

In this model, ignoring the influence of the adhesive layer
of the piezoelectric sheet on the vibration characteristics of the
cantilever beam, the stress of the piezoelectric sheet was the
stress of the cantilever beam. Therefore, the expression of the
positive piezoelectric effect is Eq. (22).

D = dT ; (22)

where,D was electrical displacement, dwas piezoelectric con-
stant strain matrix, T was stress.
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Therefore, the electrical displacement under the positive
piezoelectric effect is shown in Eq. (23).

D3 = ε33E3 + d31T1. (23)

In piezoelectric materials as sensors, the electric field
strength E3 = 0, so in the z-axis direction, the electrical dis-
placement is as shown in Eq. (24).

D3(x, t) = d31T1(x, t) = pd31Ep
∂2ν(x, t)

∂2x
; (24)

According to the theory of natural mode expansion, the mo-
tion deflection p of the beam can be expressed by the linear
combination of its natural mode {Yi} as shown in Eq. (25).

p = p(Lb, t) =

n∑
i=1

Yi(Lb)qi(t) = YLq; (25)

Therefore, the electrical displacement is expressed as
Eq. (26).

D3 =
h

2
Epd31

n∑
i=1

Y
′′

i (Lb)qi(t). (26)

Since the width of the piezoelectric plate was the same as
the width of the cantilever beam, the coordinates of the left
and right ends of the piezoelectric plate on the x-axis were x1
and x2. The amount of charge on the piezoelectric material
surface can be expressed as Eqs. (27) and (28).

Q(x, t) =

∫ x2

x1

D3(x, t)bdx =∫ x2

x1

hEpd31
2

b

n∑
i=1

Yi
′′
(x)qi(t)dx; (27)

Q(x, t) =
hEpd31

2
b
[
Y

′
(x2)− Y

′
(x1)

]
qi(t). (28)

Therefore, the voltage generated on the two surfaces of the
piezoelectric sensor can be expressed as Eq. (29).

US(x, t) =
Q(x, t)

CP
=

hEpd31
2CP

b
[
Y

′
(x2)− Y

′
(x1)

]
qi(t); (29)

where, Cp was the capacitance of the piezoelectric sheet,
which was a known quantity and its unit was farad.

3. DISPLACEMENT RESPONSE OF FREE
END OF FLEXIBLE BEAM

Select a set of parameters and use the rotating flexible beam
model with the piezoelectric material added above for simula-
tion research. The specific parameters of the flexible cantilever
are shown in Table 1.

Table 1. Material parameters of flexible beam.

Parameter Numerical value

Rotating wheel radius (m) 0.55

Flexible beam length (m) 0.9

Beam cross-sectional area (m2) 3.18·10-5

Moment of inertia (m4) 2.65·10-12

Density (kg·m-3) 7866

Elastic Modulus (N·m-2) 2.01·1011
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Figure 4. Rotation wheel rotation angle and angular acceleration with time.

For the piezoelectric sheet, its parameters were: elastic
modulus Ep = 6.3 × 1010 Pa, piezoelectric constant d31 =

−1.2 × 10−10 C/N, piezo thickness tp = 0.0003 m, width of
flexible beam b = 0.1 m.

The initial lateral displacement and lateral velocity of the
flexible beam were both 0, and the angular velocity equation
of the rotating wheel is Eq. (30).

θ̇ =

{
ω0

T t−
ω0

2π sin( 2πT t) 0 ≤ t ≤ T
ω0 t ≥ T

. (30)

In the Eq. (30), the number of modal functions was taken to
be 2 during the solution process using the hypothetical modal
method. In addition, it can be seen from Fig. 4 that when T =

7.5 s, the angular velocity of the rotating wheel reached the
peak value; T = 15 s, when t = T in the formula, the angular
velocity of the rotating wheel reached the steady state angular
velocity.

The rotation angular speed of the rotating wheel was 10 rad/s
and 15 rad/s.

When the rotational angular velocity was 10 rad/s, the curve
of the generalized displacement and velocity of the free end of
the beam with time at j = 1 is shown in Fig. 5.

The curve of the generalized displacement and velocity of
the free end of the beam with time at j = 2 is shown in Fig. 6.

The curve of the vibration displacement of the free end of
the beam with time is shown in Fig. 7.
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Figure 5. When j = 1, the displacement and velocity of the free end of the
flexible beam.
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Figure 6. When j = 2, the generalized displacement and velocity of the free
end of the flexible beam.
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Figure 7. Vibration displacement of free end of flexible beam.
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Figure 8. When j = 1, the generalized displacement and velocity of the free
end of the flexible beam.

When the rotating angular velocity of the rotating wheel was
10 rad/s, the fourth order Runge Kuta was used to solve the
differential equation of the vibration variable coefficient of the
established flexible beam. It can be seen from Figs. 5 and 6
that when j = 1 and j = 2, the difference coefficient and
the change trend of the generalized displacement and the rate
of change of the generalized displacement obtained by solving
the differential coefficient differential equation was small; in
5 s – 10 s between, the free end speed of the flexible beam
at j = 1 was larger than the value and rate of change when
j = 2; the inflection point of the speed change at j = 1 ap-
pears earlier than when j = 2. It can be seen from Fig. 7 that
the displacement output from the free end of the flexible beam
would not occur until t = 3.5 s. When the time was 15 s, the
displacement of the flexible beam reached a stable value.

When the rotational angular velocity was 15 rad/s, the gen-
eralized displacement and velocity of the beam at j = 1 with
time was obtained as shown in Fig. 8.

The curve of the generalized displacement and velocity of
the free end of the beam with time at j = 2 is shown in Fig. 9.

The curve of the vibration displacement of the free end of
the beam with time is shown in Fig. 10.

When the rotational angular velocity of the rotating wheel
was 15 rad/s, as can be seen from Figs. 8 and 9, when j = 1

and j = 2, the solution for the variable coefficient differential
equation was to obtain the generalized displacement and the
rate of change of the generalized displacement. The difference
between the value and the change trend was obvious. When
j = 1, the absolute value of the generalized displacement ob-
tained by the solution was greater than the result obtained when
j = 2; and when j = 1, the generalized displacement change
rate at the free end of the flexible beam was greater than j = 2;
between 5 s and 10 s, the free end speed of the flexible beam
at j = 1 was smaller than the value and rate of change when
j = 2; the inflection point where the speed changed greatly
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Figure 9. When j = 2, the generalized displacement and velocity of the free
end of the flexible beam.
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Figure 10. Vibration displacement of free end of flexible beam.

when j = 1 s appeared earlier than when j = 2. It can be seen
from Fig. 10 that the displacement output from the free end of
the flexible beam only occurred when t = 3.5 s. After 10 s,
the displacement of the flexible beam reached a stable value.

When the rotating wheels have different angular velocities,
as the angular velocity increased, the absolute value of the dis-
placement at the free end of the flexible beam also increased;
when the rotational angular velocity reached a stable value, the
displacement at the free end also reached a stable value.

4. THE OUTPUT VOLTAGE OF THE FREE
END OF THE PIEZOELECTRIC FLEXIBLE
BEAM

In the previous section, the output displacement of the free
end of the flexible beam added with piezoelectric material dur-
ing rotation had been obtained. According to the derived volt-
age output formula (29), the output value of the voltage will be
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Figure 11. When the angular velocity is 10 rad/s, the voltage output by the
flexible beam.
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Figure 12. When the angular velocity is 15 rad/s, the voltage output by the
flexible beam.

determined.
In the calculation process, let x2 = 0.5 and x1 = 0.4.

Therefore, the output voltage was the amount of change in the
modal function. We still chose two different angular veloci-
ties of 10 rad/s and 15 rad/s for the rotating wheel. The output
voltage of the flexible beam with piezoelectric material added
at different speeds was simulated and calculated.

When the angular velocity was 10 rad/s, the voltage value
output by the rotating flexible beam is shown in Fig. 11.

When the angular velocity was 15 rad/s, the voltage value
output by the rotating flexible beam is shown in Fig. 12.

It can be seen from the curve of the output voltage value
of the free end of the piezoelectric flexible beam obtained
from different rotational angular velocities with time, that is,
Figs. 11 and 12. When the angular velocity increased, due to
the positive piezoelectricity of the piezoelectric material, the
voltage generated by the effect also increased. When the angu-

54 International Journal of Acoustics and Vibration, Vol. 26, No. 1, 2021



B. Jing, et al.: VIBRATION ANALYSIS OF ROTATING WIND TURBINE BLADES BASED ON PIEZOELECTRIC MATERIALS

lar velocities were 10 rad/s and 15 rad/s, respectively, the out-
put voltage was more than doubled. When the rotating wheel
reached a stable rotation, the voltage output by the piezoelec-
tric material maintained a stable value.

5. CONCLUSIONS

(1) The fourth order Runge-Kutta method can be used to
solve the differential equation of the elastic vibration variable
coefficient of the flexible beam.

(2) During the rotation of the flexible beam, due to external
loads such as air, air and its own “dynamic stiffening”, the free
end will be displaced. As the rotational angular velocity of the
rotating wheel becomes larger, the displacement at the free end
of the flexible beam also becomes larger. When the rotational
angular velocity reaches a stable value, the displacement at the
free end will also reach a stable value.

(3) Paste the piezoelectric material on the upper and lower
surfaces of the cantilever flexible beam at the specified posi-
tion. During the rotation process, a small voltage will be gen-
erated due to the piezoelectric effect of the piezoelectric ma-
terial. Within a certain timeframe, the generated voltage be-
comes larger as the rotating angular velocity of the rotating
wheel increases. When t is 15 s, the rotating angular velocity
and voltage value tend to stabilize.
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