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The quasi-zero stiffness system has the characteristics of low dynamic stiffness and high static stiffness, which
can bring a better driving experience and lower road dynamic load at high speed on irregular roads. This paper
studies a type of interconnected quasi-zero stiffness air suspension system, which has two states, namely, the non-
interconnected quasi-zero stiffness air suspension and the interconnected quasi-zero stiffness air suspension, to
meet the performance requirements under different loads and vehicle speed. First, the mathematical model of the
nonlinear system is established based on the basic principles of fluid mechanics and thermodynamics. Then, the
stability of the equilibrium point is analyzed using the Lyapunov first method, where the quantitative analysis of
the attractive region of the system is conducted through the bifurcation diagram and phase diagram. By using the
Taylor series expansion, cell-mapping theory and domain map of attraction, the attractive region of the system is
quantitatively analyzed to obtain the parametric feasible domain under stable conditions. Finally, the performance
of the quasi-zero stiffness suspension system with the selected parameters under the stability constraint is verified
by simulation analysis and experiment. The results show that the system represented in this paper provides higher
suspension comfort and stability.

1. INTRODUCTION

The low-frequency vibration of 0.5 ∼ 5 Hz can reduce ve-
hicle comfort and affect passenger health.1, 2 Therefore, auto-
mobile designers have begun to focus on improving the per-
formance of springs and the reliability of the control system
for driving comfort and stability. The traditional coil springs
and passive dampers cannot achieve the higher performance re-
quirement of the low-frequency vibration isolation.2, 3 There-
fore, in the past few years, new suspension systems have
steadily been developed to meet customers’ higher require-
ment for vehicle comfort, along with maintaining high safety
requirements while improving performance and reducing sus-
pension costs, such as the teardrop-shaped spring4 and an air
spring with an auxiliary chamber.3 However, these designs
have the disadvantage of small load capacity or large size.3–5

The negative stiffness isolator with the negative stiffness
structure in parallel with the positive stiffness structure has the
useful characteristics of low dynamic stiffness and high static
stiffness, which effectively reduces the resonance frequency
and increases the vibration isolation range.6 Takeshi Mizuno
used active control technology to realize an analytic control
method of negative stiffness with linear actuators which could
achieve high stiffness against the direct disturbance of the iso-
lation.7 Daolin Xu developed and tested the quasi-zero stiff-
ness system experimental prototype based on the harmonic
balance method. Through a series of experimental studies,
the tuning technique which adapts to load change and ad-
justs quasi-zero stiffness performance in the practical appli-
cation was discussed.8 Zhifeng Hao and Qingjie Cao used
a numerical simulation to study a quasi-zero stiffness system
which revealed the complex nonlinear characteristic of the sys-
tem.9 Gianluca Gatti presented a k-shaped biomimetic nonlin-

ear spring and verified the superior energy storage and release
performance of the negative stiffness structure. The stability of
the four-spring structure under large deflection was also stud-
ied.10, 12 An optimized quasi-zero stiffness system with a cam
roller mechanism structure was proposed by Kan Ye to adapt to
different loads.11 Tu, L. et al., applied a magnetic spring with
negative stiffness to an automobile seat suspension to achieve
vibration reduction. The resonance frequency vibration during
the vertical excitation was reduced without affecting the bear-
ing capacity, and excellent low-frequency suppression perfor-
mance was obtained (the acceleration was reduced by 28.8%
under the random excitation).13 A translational-rotational cou-
pling quasi-zero stiffness isolator with cam-roller mechanism
has also been proposed by Kan Ye to provide high-static-low-
dynamic stiffness simultaneously in the translational and rota-
tional direction.14

Above all, most negative stiffness systems have non-
adjustable loads and less consideration is given to the multi-
attractors and bifurcation behaviour of quasi-zero stiffness
nonlinear systems which are not suitable for vehicle suspen-
sion. Also, Palomares, E. et al., proposed a negative stiffness
system (i.e. quasi-zero stiffness system) that was constructed
by coupled air actuators and an air spring and then compared
it to the passive system by experimental test and simulation
which showed a 58% reduction in the resonance frequency.15

Based on this idea, a kind of quasi-zero stiffness air suspen-
sion which can connect air actuators and an air spring has been
designed and the stability and parameter constraints under the
stability is analysed. This paper will consider the effects of
the interconnected state on the vehicle suspension which has
not been studied systematically in previous studies. The result
of the analysis will be verified by simulation and experiment
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Figure 1. The physical model of quasi-zero stiffness air suspension.

which will be useful for the utilization of a quasi-zero stiffness
structure in the vehicle suspension.

The remainder of this paper is organized as follows. In Sec-
tion 2, the mathematical models of quasi-zero stiffness air sus-
pension and interconnected quasi-zero stiffness air suspension
are established. In Section 3, the nonlinear characteristics of
the mathematical models are analyzed, and the random input
of road surface is designed. In Section 4, the vibration isola-
tion characteristics are analyzed through simulation and exper-
imentation according to the equilibrium stability constraint and
the attraction domain constraint. In Section 5, the performance
changes of interconnected quasi-zero stiffness air springs and
quasi-zero stiffness air springs compared with air springs are
summarized and conclusions are drawn.

2. QUASI-ZERO STIFFNESS SUSPENSION
PROPOSED

In this section, the mathematical model of quasi-zero stiff-
ness air suspension will be built and divided into two states:
connected and disconnected. Additionally, various parameter
values are provided. Next, the spring force and stiffness curve
of the quasi-zero stiffness system will be obtained via simula-
tion analysis.

The quasi-zero stiffness air suspension, as shown in Fig. 1,
consists of an air spring, two pairs of air actuators (i.e., four
90◦ spaced air actuators), a damper, a sprung mass and an un-
sprang mass. The four actuators are placed on each side of the
sprung mass Ms, which is located within a classical one de-
gree of freedom system formed by such sprung mass Ms and
a pneumatic spring. The air spring and air actuators are con-
nected through pipelines with solenoid valves to control the
connected state. Since the stiffness of the quasi-zero stiffness
air suspension system is determined by the vertical resultant
force of the actuators and the air spring, the performance of
the system is related to the structural and functional parame-
ters of the air spring and the air actuator.

2.1. Air Spring

The air spring can keep the natural frequency basically un-
changed under different loads and allow the actuator to remain
horizontal in its initial position under any load at the same time

which is suitable for overcoming the sensitivity of the quasi-
zero stiffness mechanism to loads. In this section, the 644 N air
spring from the Contitech Company is used. The spring force
consists of two parts. The first part depends on the change of
spring pressure, and the second part comes from the structural
damping force.

The spring force Fs is shown in Eq. (1):16

Fs =

[
Ps0

(
V0
Vs

)ns

− Pa
]
As −

δs
2πf

(żs − żu) ; (1)

where f is the excitation frequency, V0 is the initial volume of
the air spring, Vs is the measured volume of the air spring, Ps0
is the initial pressure of the air spring, Pa is the atmospheric
pressure, As is the effective area of air spring, ns is the gas
polytropic index, and δs is the structural damping coefficient.

2.2. Quasi-Zero Stiffness Suspension in the
Non-Interconnected State

The mathematical expression of suspension in the non-
interconnected state is a second-order differential equation that
includes the sprung mass (1/4 body mass) and the unsprung
mass. Its schematic diagram is shown in Fig. 1. The equiva-
lent stiffness of the tire is also considered, while tire damping
is ignored.

The specific expression is as follows:

Msz̈s =

[
Ps0

(
V0
Vs

)ns

− Pa
]
As −

δs
2πf

(żs − żu) +

Cs (żu − żs)−Msg + 4FPLA
zs − zu√

(zs − zu)2 + l20
;

(2)

Muz̈u = Kt(z0 − zu)−
[
Ps0

(
V0
Vs

)ns

− Pa
]
As +

δs
2πf

(żs − żu)− Cs (żu − żs)−

4FPLA
zs − zu√

(zs − zu)2 + l20
; (2a)

FPLA =

[
Ps0

(
Va0
Vas

)ns

− Pa
]
Ae;

Msg = [Ps0 − Pa]As; (2b)

where l0 is the initial distance between two connection points,
Cs is the suspension damping, Ms is the sprung mass, Mu is
the unsprung mass, Va0 is the initial volume of the actuator,
Vas is the actual volume of the actuator, and Ae is the effective
area of the actuator.

2.3. Quasi-Zero Stiffness Suspension in the
Interconnected State

In order to introduce the interconnection effect into the
model, a new interconnected quasi-zero stiffness air spring
model is introduced. Figure 2 illustrates the connected quasi-
zero stiffness air spring and the simplified diagram. In this

International Journal of Acoustics and Vibration, Vol. 26, No. 2, 2021 149



L. Chen, et al.: NONLINEAR ANALYSIS OF A QUASI-ZERO STIFFNESS AIR SUSPENSION BASED ON THE CELL-MAPPING METHOD

Figure 2. Interconnected quasi-zero stiffness air spring and the simplified
diagram.

mechanism the actuators are placed opposite each other, in
static conditions, they remain in a perpendicular direction to
mass relative displacement. The end of the actuator rod is con-
nected via a ball joint to the mass and another end is connected
in the same way to the vibrating frame. The actuators and the
pneumatic spring are connected via a pipeline controlled by a
solenoid valve.

The expression of the interconnected 2-DOF suspension is
as follows:

Msz̈s = [Ps − Pa]As −
δs

2πf
(żs − żu) +

Cs (żu − żs)−Msg + 4FPLA
zs − zu√

(zs − zu)2 + l20
;

(3)

Muz̈u = Kt(z0 − zu)− [Ps − Pa]As +

δs
2πf

(żs − żu)− Cs (żu − żs)−

4FPLA
zs − zu√

(zs − zu)2 + l20
−Mug; (3a)

FPLA = [Pp − Pa]Ae. (3b)

By the dynamic adiabatic equation,

Ps = Ps0

(
V10
m10

)ns
(
m1

V1

)ns

; (4)

Pp = Ps0

(
V20
m20

)ns
(
m−m1

V2

)ns

. (4a)

Also,

m1 = m10 +

∫ t

0

ṁ1dt; (5)

V1 = V10 +As(zs − zu); (6)

V2 = V20 +Ae

(√
(zs − zu)2 + l20 − l0

)
; (6a)

where m10 is the initial air mass of the air spring, V10 is the
initial volume of the air spring, m is the initial air mass of the
system, and V20 is the initial volume of the actuator. In ac-
cordance with the literature, the mass velocity can be obtained

shown in Eq. (7):16, 17

ṁ1 =

Appu
√

1
RTu

2ns

ns−1

[(
pd
pu

) 2
ns −

(
pd
pu

)ns+1
ns

]
, pd

pu
> vcr;

Appu

√(
2

ns+1

) ns+1
ns−1 ns

RTu
, pd

pu
≤ vcr;

(7)
where Ap is the effective area of the pipeline, pu is the up-
stream gas pressure, pd is the downstream gas pressure, Tu is
the upstream gas temperature, vcr is a critical pressure ratio of
0.5282, and R is the ideal gas constant.

Due to the lag in pipe connection,

ṁ1(L, t) =

{
0, t < L/c;

e
−RtRT

2pd

L
c ṁ1

(
0, t− L

c

)
, t ≥ L/c;

(8)

where L is the length of connecting pipeline, T is the temper-
ature of the connection pipeline K, Rt is the damping coeffi-
cient of pipeline, and c is the speed of sound.

Again,

Rt =

{
32µ
D2 , Re < 2600;

0.1582 µ
D2Re, Re ≥ 2600;

(9)

where Re is the Reynolds number, µ is the kinematic viscosity
coefficient of air, and D is the diameter of the circular pipe.

Finally,

u = 4.8× 10−8 × (T − 273.15) + 1.71× 10−5; (10)

Re =
ρDV

µ
; (11)

where T is the air temperature in the pipeline, ρ is the air den-
sity in the pipeline, D is the diameter of the round tube, and V
is the average velocity of air.

3. SUSPENSION STABILITY AND
ATTRACTION DOMAIN

The interconnected and non-interconnected quasi-zero stiff-
ness air suspension is essentially a class of nonlinear vibration
differential equations. Qualitative and quantitative research on
this class of nonlinear vibration differential equations, includ-
ing equilibrium stability and equilibrium attraction domain,
has practical significance for the stability and safety in the ac-
tual use of this kind of suspension.18

3.1. Stability Analysis of the Quasi-Zero
Stiffness Air Suspension in the Non-
Interconnected State

The system could be simplified as a single mass quasi-zero
stiffness system, and according to Eq. (2), the simplified equa-
tion could be obtained.

Msz̈s =

[
Ps0

(
z0

zs + z0

)ns

− Ps0
]
As −

(
Cs +

δs
2πf

)
żs +

4FPLA
zs√
z2s + l20

; (12)
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FPLA =

[
Ps0

(
d0√

z2s + l20 − l0 + d0

)ns

− Pa

]
Ae. (12a)

Let us set c = Cs + δs
2πf , m = Ms, x = zs, y = dx

dt ,

y = ẋ = f1(x, y);

ẏ = − c
my +

{[
Ps0
(

z0
x+z0

)ns− Ps0
]
As

x +

4

[
Ps0

(
d0√

x2+l20−l0+d0

)ns

− Pa
]

Ae√
x2+l20

}
1
m ∗ x =

f2(x, y).
(13)

In the system, the velocity and acceleration are set to zero
and ns is the gas polytropic index, which can be regarded as
ns = 1 at the quasi-static state. If x = x

l0
, A = As

Ae
, p =

Ps0

Pa
, d = d0

l0
, z = z0

l0
, the restoring force of the system is

dimensionless,

F̃1 =

[
p

z

x+z
−p
]
A+4

[
p

d√
x2+1−1+d

−1

]
x√
x2+1

= 0.

(14)
Therefore, the variable scale equilibrium equation of the au-
tonomous system is,{

y = ẋ = f1(x, y) = 0;

ẏ = −cy + F̃1 = f2(x, y) = 0.
(15)

It is known that (x, y) = (0, 0) is a solution to this equation.
To verify its stability, the derivative of F̃1 at this point with
respect to x is solved,

∂(F̃1)

∂x
= −pA

z
+ 4p− 4. (16)

So, the differential equation near (x, y) = (0, 0) can be ex-
pressed as,[

ẋ
ẏ

]
=

[
0 1

−pAz + 4p− 4 −c

] [
x
y

]
= A1 ·

[
x
y

]
. (17)

The eigenvalues of A1 are calculated. On the basis of the Lya-
punov indirect method, when t = pA

z + 4p − 4 ≤ − c
2

4 , i.e.,

γ1,2 = −c
2 ∓

√
−t− c2

4 i, the eigenvalues are both on the left
side of the complex plane and the equilibrium point is stable.

When t > − c
2

4 , i.e., γ1,2 = −c
2 ∓

√
t+ c2

4 , the case needs

to be discussed: when −c
2

4 < t ≤ 0, the equilibrium point is
stable, otherwise, the equilibrium point is unstable. According
to the above analysis, when the dimensionless initial pressure
p is ≤ 4 in the case of A = 1.5 and z = 0.5, the equilibrium
point (0, 0) is stable. The different initial pressures p and the
initial positions d of the actuator piston are selected to study
the stability and suspension performance.18, 19

When t ≤ 0, that is, p ≤ 4, it can be seen from the above
judgment that (0, 0) is a stable point. If d = 0.1, there is only
one equilibrium point (x, y) = (0, 0) and it is a stable equi-
librium point. If d = 0.4, there are three equilibrium points,
which are node (0, 0), a saddle point and the third node from

negative to positive respectively on the x-axis.20, 21 According
to the Centre Manifold Theory, the saddle point can lead to
bifurcation of the system dynamics behaviour, which directly
affects the attraction domain of the stable point (0, 0), namely
the stable amplitude of the suspension system.

Therefore, the study of the attraction domain at the equi-
librium point (x, y) = (0, 0) is particularly important for the
stability of the actual suspension system. The domain of at-
traction is shown as follows:

DA =
{
x ∈ D |Ø(t;x), ∀t ≥ 0, lim

t→∞
Ø(t;x) = 0

}
. (18)

In this paper, the attractive domain boundary is a type of spe-
cial equilibrium point (saddle point), which is more suitable for
combining the central manifold theorem and the cell-mapping
method.

The array of equilibrium point is set as E, because the so-
lution of E is a hypersurface composed of the state variable
(x, y) and two parameters (p, d). So, the diagram cannot be
given directly in the three-dimensional space.

The velocity state variable y is discarded and the set of so-
lutions at the equilibrium position is gained.

E = {x | f(x, p, d) = 0, x ∈ R, p ∈ [1, 4), d ∈ [0, 1)} .
(19)

E in three-dimensional space is obtained by numerical
method in Fig. 4. Taylor series expansion at x = 0,23

F̃1 = pA

∞∑
n=0

(−n)nz−nxn +

4x

 pd

1−d

∞∑
n=0

Pn(0)xn

1−m
∞∑
n=0

Pn(0)xn
− pd+1−d

1−d

∞∑
n=0

Pn(0)xn

 ;

(20)

where Pn(x) = 1
zn+1n!

dn

dxn (x2 − 1)n is the Legendre polyno-
mial, and its few values are as follows: P0(0) = 1, P1(0) = 0,
P2(0) = − 1

2 , P3(0) = 0, P4(0) = 3
8 , P5(0) = 0, P6(0) =

− 5
16 . Based on bifurcation theory,24 when the velocity and ac-

celeration are equal to zero, the original differential equation
can be reduced to a polynomial of order 6. At the same time,
the bifurcation behaviour obtained is equivalent to the topology
of the original equation. The following equation can therefore
be obtained,22, 24, 26{
c1(p,A, z, d) = −pA

z
+ 4p− 4,

c2(p,A, z, d) =
2pA

z2
,

c3(p,A, z, d) = −6pA

z3
+ 12− 12p

d
− 12p,

c4(p,A, z, d) =
24pA

z4
,

c5(p,A, z, d) = −120pA

z5
+ 180p+

180p

d
+

120p

d2
− 180,

c6(p,A, z, d) =
720pA

z6

}
; (21)
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Figure 3. Phase diagram, restoring force and stiffness diagram of the non-interconnected suspension system for A = 1.5, z = 0.5, c = 1, and different values
of (p, d) parameters: (a) p = 5, d = 0.1; (b) p = 3, d = 0.1; (c) p = 3, d = 0.4.

Figure 4. The set of equilibrium x about the parameters p ∈ [1, 4) and d ∈ [0, 1) for A = 1.5, z = 0.5: (a) left view; (b) top view; (c) right view.

F̃1 =

6∑
n=1

cnx
n. (21a)

The basic idea of cell mapping is to discretize the system
into many finitely sized units (cells) through a mapping rela-
tion, thus forming a discrete cell space and replacing the state
space with the cell space. In this way, the transfer process
of the continuous state of the system is correspondingly trans-
formed into that of discrete cells, and the transfer relationship

between cells represents the transfer relationship of the origi-
nal system state.25, 27

According to the principle of cell mapping algorithm, the
system is discretized into{

xk+1 = ykt+ xk;

yk+1 = [F̃1(xk)− cyk]t+ yk.
(22)

Partition primitive cell Z = (Z1, Z2, . . . , ZN ) gives the in-
equality, (Zk−1/2)hk ≤ (xk, pk, dk) < (Zk+1/2)hk, where
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Figure 5. Phase diagram, restoring force and stiffness diagram of the suspension system for A = 1.5, z = 0.5, c = 1, and different values of (p, d) parameters:
(a) p = 3, d = 0.1; (b) p = 1, d = 0.1.

Figure 6. The set of equilibrium x about the variables p ∈ [1, 4) and d ∈ [0, 1) for A = 1.5, z = 0.5: (a) left view; (b) top view; (c) right view.

hk represents the distance between cells. The original cell was
taken as the initial condition, and the following judgment cri-
teria were designed. After r-step iterations, the actual dynamic
behaviour was judged according to the following criteria:

A. The regression of the initial cell indicates that the result
of the system evolution process is the periodic cell, indi-
cating the stable periodic oscillation of the suspension.

B. The final cell belongs to the r-step attraction domain of
the trap cell (cell outside the feasible domain), which in-
dicates suspension instability.

C. The result is mapped to the primitive cell corresponding

to the stable point (0, 0), indicating that the suspension is
stable at the required stable point.

D. The cell needs r steps to map the primitive cell and ex-
clude the (0, 0) cell, so the suspension balances at a non-
(0, 0) point in the feasible region.

3.2. Stability Analysis of the Quasi-Zero
Stiffness Air Suspension in the
Interconnected State

Under the condition of interconnection, ns is the gas poly-
tropic index, which could be regarded as ns = 1 at the quasi-
static state. If x = x

l0
, A = As

Ae
, p = Ps0

Pa
, d = d0

l0
, z = z0

l0
, the
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restoring force of the system is dimensionless,

F̃2 = pA

[
Az + 4d

A(x+ z) + 4
[
d− 1 +

√
1 + x2

] − 1

]
+

4

[
p

Az + 4d

A(x+ z) + 4
[
d− 1 +

√
1 + x2

] − 1

]
x√

x2 + 1
.

(23)

The F̃2 at equilibrium (0, 0) to the partial derivative of x is
solved,

∂(F̃2)

∂x
= 4p− A2p

4d+Az
− 4. (24)

So, the suspension system near (x, y) = (0, 0) can be ex-
pressed as,[

ẋ
ẏ

]
=

[
0 1

4p− A2p
4d+Az − 4 −c

] [
x
y

]
= A2 ·

[
x
y

]
. (25)

From the above equation, it can be seen that the suspension
system’s equilibrium state at (0, 0) in a connected state is not
only related to the structural parameters A and z, but also re-
lated to variable parameters p and d. The eigenvalue of the
matrix A2 is found to determine the stability by the Lyapunov
indirect method. When t = 4p − A2p

4d+Az − 4 ≤ − c
2

4 , i.e.,

γ1,2 = − c
2 ∓

√
−t− c2

4 i, the eigen values are both on the left
of the complex plane, so the equilibrium point is stable; when

t > − c
2

4 , γ1,2 = − c
2 ∓

√
t+ c2

4 , the results can be discussed

as follows: when− c
2

4 < t ≤ 0, the equilibrium point is stable,
and when t > 0, the equilibrium point is unstable. According
to the above analysis, when p is ≤ 1 + 9

64d+3 in the case of
A = 1.5 and z = 0.5, the system is stable at (0, 0). Therefore,
it can be proven that the initial pressure p of the interconnec-
tion and the initial position d of the negative stiffness actuator
piston jointly determines the stability of the system at the equi-
librium point.

Comparing Fig. 5 and Fig. 3, it is shown that under the same
initial conditions (p = 3, d = 0.1), the stable node evolves
into a saddle point, i.e., the local stability evolves into insta-
bility when the quasi-zero stiffness suspension system trans-
fers from a non-interconnected to an interconnected state. So,
the research on the variation of the domain of attraction has a
practical significance for air suspension control and parameter
optimization.

The three-dimensional representation of its solution space is
also obtained by a numerical method in Fig. 6. Taylor series
expansion at x = 0,

F̃2 = pA


(Az+4d)

∞∑
n=0

Pn(0)xn

(Ax+Az+4d−4)

∞∑
n=0

Pn(0)xn+4

− 1

+

4x

∞∑
n=0

Pn(0)xn

p
(Az+4d)

∞∑
n=0

Pn(0)xn

(Ax+Az+4d−4)

∞∑
n=0

Pn(0)xn+4

− 1

.
(26)

(a)

(b)

Figure 7. For A = 1.5, z = 0.5: (a) the set of variable parameter p and d
under different attraction domain x for the non-interconnected quasi-zero stiff-
ness air suspension; (b) the feasible domain of p and d when x ∈ (−0.1, 0.1).

(a)

(b)

Figure 8. For A = 1.5, z = 0.5: (a) the set of variable parameter p and d
under different attraction domain x for the interconnected suspension; (b) the
feasible domain of p and d when x ∈ (−0.1, 0.1).
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Figure 9. For A = 1.5, z = 0.5, the feasible domain of parameter p and
d when attraction domain x ∈ (−0.1, 0.1) is the area bounded by the blue
dotted line and the coordinate axis.

According to the bifurcation theory, when the velocity and
acceleration of the original differential equation is equal to
zero, it can be reduced to a polynomial of order 6, which guar-
antees that the higher order terms of more than 6 times can be
omitted theoretically, and the bifurcation behaviour obtained is
equivalent to the original equation topologically. The follow-
ing topological equivalent formula is obtained:

{
c1(p,A, z, d) = − pA2

4d+Az
+ 4p− 4,

c2(p,A, z, d) =
2pA3

(4d+Az)2
− 12pA

4d+Az
,

c3(p,A, z, d) =
48pA2

(4d+Az)2
− 48p

4d+Az
− 12p−

6pA4

(4d+Az)3
+ 12,

c4(p,A, z, d) =
24pA5

(4d+Az)4
− 240pA3

(4d+Az)3
+

60Ap

4d+Az
+

480pA

(4d+Az)2
,

c5(p,A, z, d) = 180p− 180− 120pA6

(4d+Az)5
+

1440pA4

(4d+Az)4
− 4320pA2

(4d+Az)3
−

360pA2

(4d+Az)2
+

1920p

(4d+Az)2
+

720p

4d+Az
,

c6(p,A, z, d) =
720pA7

(4d+Az)6
+

10080pA5

(4d+Az)5
+

40320pA3

(4d+Az)4
+

2520pA3

(4d+Az)3
−

40320pA

(4d+Az)3
− 10080Ap

(4d+Az)2
− 1260Ap

4d+Az

}
;

(27)

F̃2 =

6∑
n=1

cnx
n. (27a)

Figure 10. For A = 1.5, z = 0.5, d = 0.01, p = 2.1: (a) attraction
domain diagram, (b) bifurcation diagram, (c) recovery force diagram, (d) stiff-
ness diagram.
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Table 1.

The attraction The stiffness
domain for x at stable point

The disconnected
0.043 2

quasi-zero suspension
The connected

0.013 (↓ 70%) 1.8 (↓ 10%)
quasi-zero suspension

3.3. Analysis of Characteristics of
Interconnected and Non-Interconnected
Quasi-Zero Stiffness Air Suspension

The suspension is expected to be stable at workspace
∓50 mm which is the common working space of suspension
and is equivalent to dimensionless {x| − 0.1 < x < 0.1} ∈
DA{x}, where DA{x} is the attracting domain. According to
the general suspension parameters, the A and z is determined.
The following Fig. 7 of the attraction domain is produced from
cell mapping for the non-interconnected quasi-zero stiffness
air suspension. The fitting curve of the boundary for the set p
and d is as follows:

p = −29.3880d5 + 85.9157d4 − 94.8521d3 + 49.1185d2 −
12.0310d+ 3.9000. (28)

In the similar way, the feasible region of p and d for the in-
terconnected suspension can be obtained, as shown in Fig. 8.
The fitting curve of the boundary for the set p and d is as fol-
lows:

p = −23.7156d5 + 68.9313d4 − 75.8102d3 + 39.4597d2 −
10.0663d+ 2.2000. (29)

According to the above analysis, the stability of the quasi-
zero stiffness air suspension in the switchable connected state
with the same initial air pressure of the air spring and actuators
at static equilibrium should meet the following constraints as
shown in the Fig. 9.

p ≤ −29.3880d5 + 85.9157d4 − 94.8521d3 +

49.1185d2 − 12.0310d+ 3.9000;

p ≤ −23.7156d5 + 68.9313d4 − 75.8102d3 +

39.4597d2 − 10.0663d+ 2.2000;

p > 1.

(30)

When d = 0.01, pressure p = 2.1 can be found from the
constraint conditions, p ≤ 2.1496. The quasi-zero effect and
the attraction domain of connected and disconnected equations
can be obtained as follows in Fig. 10.

From the above analysis, it is shown that from the discon-
nected quasi-zero system to the connected quasi-zero system,
the attraction region decreases, the stiffness changes are gen-
tler, and the nonlinear characteristics are enhanced.

3.4. Random Road Excitation
Random roads can be determined in terms of a roughness co-

efficientGq which is defined in Table 2 for typical road classes
according to ISO/TC108.

Urban road surface and high-speed road section are selected
as the main simulation environments, which is sensitive for

Table 2.

The road level A B C D
Gq(n0)(∗10−6) 16 64 256 1024

(a)

(b)

Figure 11. Time domain diagram and frequency domain diagram of road sur-
face input.

comfort, so pavement roughness and driving speed are selected
as a grade C pavement of 20 m/s (72 km/h). The pavement
expression is shown in Eq. (31) and Fig. 11:

Ż0(t) + 2πf0Z0(t) = 2πn0

√
Gq(n0)u(t)w(t); (31)

where n0 represents the spatial frequency of 0.1 m−1. The
minimum boundary frequency of f0 is 0.0628 Hz. u(t) is the
speed in m/s; w(t) is white noise.28

4. RESULTS

Based on the Eq. (13), due to ∂f1
x + ∂f2

x = − c
m , the Bendix-

son Criterion determines that when mc 6= 0, there is no peri-
odic closed orbit in the system, i.e. there is no stable periodic
oscillation of the sprung mass in the above suspension system
when damping exists.19

To verify the validity of the parameters selected in this pa-
per, random road input was used to compare the smoothness
and maneuverability of the disconnected quasi-zero stiffness
air suspension and the connected quasi-zero stiffness air sus-
pension with the passive air suspension. The initial parameters
are shown in Table 3.

The simulation results of the air spring model are shown
in Fig. 12. The stiffness varies from 43 to 100 kN/m when
the suspension deflects from −40 to 50 mm. The stiffness at
equilibrium position is about 68150 N/m.

The power spectral density (PSD), time response of vehi-
cle acceleration, suspension dynamic deflection and tire dy-
namic load were calculated. The simulation results are shown
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Table 3. Initial parameters.

Sprung mass 892.7 kg
Suspension Unspring mass 415 kg
parameters Tire stiffness 650 kN/m

Damper damping 9900 Ns/m
Radial effective area 0.04 m2

Spring
Absolute pressure 0.32 MPa

parameters
Spring height 250 mm

Structural damping coefficient 2000 Ns/m
The volume 13 l

Position of piston 5 mm

Actuator
The piston radius 100 mm

parameters
Absolute pressure 0.32 MPa

Distance between two connection points 500 mm
Number of air actuators 4 units

Pipe diameter 0.1 m
The speed of sound 334 m/s

The length of the pipe 1 m

Others
Adiabatic gas index 1.4

Atmospheric pressure 0.1013 MPa
Air density 1.23 kg/m3

Road excitation frequency 10 Hz
Structural damping coefficient 2000 N/m

in Fig. 13. According to the selected parameters of stability
analysis, p = 2.1, i.e., the initial pressure was 2.1 atmospheres,
and d = 0.01, i.e., the initial position of the actuator piston
was 5 mm. The power spectral density was analyzed in the
5-second time domain and 15 Hz frequency domain.

Combined with the analysis in Fig. 10, the dynamic stiffness
of the disconnected quasi-zero stiffness air suspension near the
equilibrium point is reduced by nearly 60% relative to the air
spring, the root mean square (RMS) of the body acceleration
(0.3763) is reduced by about 16%, and the dynamic load of the
wheel (2.8983) is reduced by about 13%, it also brings about a
negative impact of approximately 56% increase in the dynamic
deflection of the suspension (0.0078).

Compared with the disconnected quasi-zero stiffness air sus-
pension, the stiffness of the connected quasi-zero stiffness air
suspension is more gentle and smaller in the suspension travel,
therefore, the suspension dynamic deflection (0.0079) relative
to the air spring has increased nearly 58%, but the body ac-
celeration (0.3387) is optimized by nearly 24% and the wheel
dynamic load (2.4662) is reduced by nearly 26%.

Above all, the connected system was more superior to the
disconnected system in terms of comfort and wheel dynamic
load with about 10% lower body acceleration and 15% lower
dynamic tire load which are specifically shown in the Fig. 14.

A single-channel experimental bench was built, and sam-
pling time was selected as 5e−6 second to obtain sampling
points with an interval of 0.2 Hz. By calculating the ratio of the
spring mass acceleration to the input acceleration, the trans-
missibility is expressed in the frequency domain as follows in
the Fig. 15.

The simulation and experimental results show similar
trends, and the error between them is less than 13%. The
resonance frequency of the interconnected quasi-zero stiff-
ness suspension is approximately 1 Hz, which is clearly lower
than the resonance frequency of the air suspension (about
1.8 Hz). The transmissibility of the natural frequency of
the connected quasi-zero stiffness suspension (4.166) also de-
creased by about 58% compared with that of the air suspension
(9.604).

(a)

(b)

(c)

Figure 12. (a) Spring force (simulation), (b) spring force (experiment),
(c) stiffness diagram for excitation frequency 10 Hz, amplitude −40 ∼
+50 mm, initial absolute pressure 0.32 MPa.

International Journal of Acoustics and Vibration, Vol. 26, No. 2, 2021 157



L. Chen, et al.: NONLINEAR ANALYSIS OF A QUASI-ZERO STIFFNESS AIR SUSPENSION BASED ON THE CELL-MAPPING METHOD

(a)

(b)

(c)

Figure 13. (a) Body acceleration (ACC), (b) suspension deflection (SWS), and (c) dynamic tire load (DTL) of air suspension, disconnected quasi-zero stiffness
air spring and connected quasi-zero stiffness in time domain and frequency domain.

5. CONCLUSIONS

The main purpose of this paper was to study a quasi-zero
stiffness air suspension with two states. The influence of the
initial pressure and the initial position of the actuator piston
on the stability of the equilibrium point and the attraction re-
gion of the equilibrium point was studied, under the premise of
determining the air spring height, the effective area of the air
spring and the distance between the two nodes of the actuator.
The following conclusions were drawn.

1. In the disconnected quasi-zero stiffness air suspension,
the stability of the equilibrium point was determined by
initial pressure, relative area, and initial height, indepen-
dent of the initial position of the piston. In the con-
nected quasi-zero stiffness air suspension, the stability of
the equilibrium point was determined by initial pressure,

relative area, initial height and piston position.

2. The Bendixson Criterion determines that periodic vibra-
tion of the sprung mass will not occur to the studied sys-
tem except for the lack of damping.

3. When the initial height z and effective area A of the air
spring was determined and the suspension maximum de-
flection was limited under 50 mm with the mode switch-
ing from the disconnected to the connected under stabil-
ity constraints, the feasible region combined with initial
pressure and initial piston position was reduced by about
60%. The maximum workable initial pressure was also
reduced from 4 atmospheres to 2.1 atmospheres.

4. Under the C level road input, the suspension deflection of
the connected quasi-zero stiffness suspension had nearly
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Figure 14. Comparison of the body acceleration, suspension deflection, and
dynamic tire load between disconnected air spring and connected quasi-zero
stiffness air spring.

similar degradation over the air suspension in comparison
with that of the disconnected quasi-zero stiffness suspen-
sion, but the body acceleration and dynamic tire load of
the connected system improved nearly twice as much as
that of disconnected system.

In general, the connected quasi-zero stiffness air suspension re-
duces the parameter feasible region of p and d under the stabil-
ity constraint and improved the attenuation effect of the system
to the road acceleration and the dynamic load of the wheels.
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