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One of the main tasks in the research of a helicopter two-speed transmission system was to improve its dynamic
characteristics. For the low gear mode of the system, a dynamic model was established by using the lumped
parameter method, the method of Runge-Kutta was used to solve the nonlinear dynamic system equations. The
effect of the gear module on the dynamic transmission error, dynamic load of the gear pair and the dynamic windup
angle of a one-way clutch were studied. And the effect of the one-way clutch torsional stiffness on the dynamic
transmission error and dynamic load of the gear pair was also studied. The results show that: 1) the dynamic
transmission error of the gear pair decreases and the dynamic load of the gear pair increases with the increase of
the gear module at the lower range of excitation frequencies; 2) the dynamic windup angle of the one-way clutch
increases with an increase of the gear module. 3) the dynamic transmission error of the gear pair and the maximum
dynamic load increases with an increase of the one-way clutch torsional stiffness at the lower and medium range
of excitation frequencies. The above results can provide reference for the subsequent upgrade and improvement of
the two-speed transmission system.

1. INTRODUCTION

Helicopters have superior characteristics, including vertical
take-off and landing, hovering in the air, high mobility, and no
need for airport runways. With the development of the global
economy and defense technology, the demand for helicopters
has become more prominent. In order to improve the mobility
and fuel economy of helicopters, a two-speed transmission sys-
tem has been introduced in the helicopter’s transmission sys-
tem. Figure 1 shows the principle of the system structure. It is
observed that the coupling system consists of a one-way clutch,
friction clutch, and a spur gear pair. By controlling the engage-
ment and disengagement of the friction clutch, the one-way
clutch automatically disengages and engages, respectively, to
realize the two-speed transmission speed output. When the
friction clutch 6 is engaged, the output end speed of the one-
way clutch 3 is higher than the input end speed. Therefore,
the clutch automatically turns to the one-way state, which re-
sults in a high gear corresponding to the hovering state of the
helicopter. On the other hand, when friction clutch 6 is re-
leased, the one-way clutch 3 undergoes an automatic engage-
ment and the low-gear mode is achieved. The essence of this
mode is a coupling system composed of a two-stage gear trans-
mission and a one-way clutch, which corresponds to the heli-
copter cruise state. The present study is based on the coupling
system of this state.

Currently, the one-way clutch and gear transmission system

Figure 1. Schematic configuration of the helicopter two-speed transmission
system. 1 - Low speed input driving gear. 2 - Low speed input driven gear. 3 -
One-way clutch. 4 - Low speed output end driving gear. 5 - Low speed output
driven gear. 6 - Friction clutch.

are widely used in conventional helicopters and they have been
the subject of several research papers.

Considering the pure gear system, several in-depth studies
were carried out mainly from the aspects of system modeling,
dynamic equation solving, the dynamic characteristic analy-
sis, and dynamic optimization design. The system modeling
mainly adopts methods such as the lumped parameter method,
finite element method, bond graph method, and test method.
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Tuplin1 proposed the gear transmission system as an elastic
mechanical vibration model. Moreover, the lumped parame-
ter method was used to establish the mechanical model of the
gear transmission system to provide a foundation for the re-
search and analysis of the dynamics of the gear transmission
system. A certain theoretical basis gradually changes the anal-
ysis and research of the gear dynamic load from shock the-
ory to vibration theory. Sainte-Marie et al.,2 applied the fi-
nite element method (FEM) to investigate the correlation be-
tween the dynamic transmission error and dynamic meshing
load of spur gears and helical gears, and then verified the ob-
tained correlations through experiments. Moreover, Gradu et
al.,3 applied the finite element model to obtain the dynamic
response of the system with different planetary wheel spac-
ing. The dynamic equations are generally solved by numeri-
cal methods and harmonic balance methods. The commonly
used numerical integration methods include the central differ-
ence method, the Wilson-θ method, the Newmark-β method,
and the Runge-Kutta method. Kahraman and Singh4 estab-
lished a single-degree-of-freedom nonlinear gear model with
clearance and used numerical methods and harmonic balance
methods to simulate the system and understand its transmis-
sion characteristics. Chaari et al.,5 used an iterative method to
calculate the dynamic response of the planetary gear transmis-
sion system. Moreover, they studied the influence of the time-
varying meshing stiffness, eccentricity error, and tooth profile
modification on the dynamic response. Al-shyyab6 applied the
harmonic balance method to investigate the system response
and compared the results with that of the numerical integration
method.

The dynamic characteristics of the gear system include in-
herent characteristics, parameter stability, and dynamic re-
sponse.7 Moreover, inherent characteristics include natural
frequency and mode shape, which are the basic problems of
gear dynamics research. Therefore, these characteristics are
of great significance in the dynamic response of the system,
the generation and transmission of dynamic loads, and the vi-
bration behavior of the system.8, 9 By studying the parameter
stability of the gear transmission, the stable area of the system
operation can be determined, thus avoiding the instability of
the transmission system, and providing a basis for the system
design and vibration control. Sun Zhi-min10 used numerical in-
tegration to obtain the simple harmonic, non-harmonic single-
period, sub-harmonic, quasi-periodic, and chaotic steady-state
forced response under different parameter conditions. The
main purpose of investigating the dynamic response of the gear
transmission system is to reduce the transmission of the dy-
namic excitation and the vibration of each component in the
system, thereby increasing the service life and reducing system
noise and vibration. Non-linear factors that affect the dynamic
response of gears include: gear time-varying meshing stiffness,
tooth side clearance, bearing clearance and tooth surface fric-
tion. Nakamura11 studied gears with backlash. Moreover, Liu
et al.,12 analyzed the influence of bearing clearance and tooth
side clearance on the gear meshing force. Wang et al.,13 inves-
tigated the time-varying clearance caused by the gear eccen-
tricity and load changes and analyzed the influence of load and
gear eccentricity on the dynamic transmission error of the sys-

tem. Liu et al.,14 analyzed the effect of the gear meshing force
on the tooth surface wear and studied the effect of the tooth
surface wear on the dynamic transmission error of gear pairs.

Dynamic investigations of the pure one-way clutch system
mainly focus on the mechanical characteristics of the clutch
engagement process and the influence of the working type of
the diagonal brace on the dynamic characteristics. Xu and
Lowen15 established the nonlinear numerical analysis model
of the brace clutch and obtained the mathematical expressions
of the contact force and slip angle. Based on the theory of con-
tact mechanics, Chassapis and Lowen16 established a dynamic
model for analyzing the nonlinear stiffness of the clutch dur-
ing the engagement process and the transmission state. Centea
and Rahnejat17 investigated the influence of the clutch’s geo-
metrical size, inertia and the contact force between the wedge
and the raceway. Moreover, they established a nonlinear multi-
body dynamics model of the clutch and analyzed the torsional
vibration of the clutch. Yan Hong-zhi and Yang Bing18, 19

studied the engagement performance of the PCE clutch during
wedging and its contact characteristics under different work-
ing conditions. Moreover, they used the Marc method to es-
tablish a mathematical model and perform a numerical simu-
lation. Accordingly, they obtained the wedge and clutch of the
PCE clutch in the transmission state, the contact stress of the
raceway, and the simulation of the distribution law of the con-
tact stress along the axial direction of the diagonal brace. Wu
Kai et al.20, 21 designed the diagonal brace clutch with three
different profile wedges, including the Archimedes profile, a
logarithmic curve and a circular arc, and established a dynamic
simulation analysis model. Then, the diagonal brace block pro-
file was proposed accordingly. It was found that the clutch
with a logarithmic profile had a better working performance
in comparison with the two other profiles. Niranjan Hiremath
and D.Malikarjuna Reddy22, 23 through comparative analysis,
reveal that acoustic technology can detect bearing failure more
effectively than vibration technology and further investigated
the effect for system friction and vibration of TiN and AlCrN
based PVD coatings.

An integrated system is composed of a one-way clutch and
a pair of spur gear transmission pairs. It should be indicated
that this system is more complex than a simple clutch or gear
system. Considering the dynamic behavior of this system,
the coupling nonlinearity between the one-way clutch and the
characteristics of the gear transmission pair was studied. Inves-
tigation of the nonlinear dynamic characteristics of such sys-
tems can theoretically explain the nonlinear dynamic behav-
iors of systems, and obtain general dynamic design methods
for them. Meanwhile, it can also be applied to theoretically
analyze the nonlinear dynamic characteristics of complex in-
tegrated systems. Although this type of system is widely used
in diverse applications, there are few studies of the nonlinear
characteristics of the one-way clutch-single pair gear transmis-
sion systems. Gill-Jeong Cheon24 studied the integration of a
one-way clutch and spur gear transmission pairs with nonlin-
ear dynamic characteristics. First, a three degrees-of-freedom
torsional dynamic model of the system was established, and
numerical integration was used to simulate and solve the prob-
lem. The study found that compared to a pure gear transmis-
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Figure 2. Sketch of the two-stage gear transmission system model with one-
way clutch.

sion system, the one-way clutch can effectively reduce tor-
sional vibration. Moreover, it was found that the system ob-
tained a typical non-linear behavior such as jumping charac-
teristics. However, the system modeling did not consider the
influence of the lateral vibration of the one-way clutch system
and the coupling influence of nonlinear factors such as bearing
contact stiffness, damping, and clearance. Based on the model
provided by Gill-Jeong Cheon, Wang Peng25 further consid-
ered the influence of the gear transmission pair tooth frequency
error. Using the variable step length Gill numerical algorithm,
the bifurcation characteristics of the system with the excitation
frequency and the path to chaos were used. The path and pa-
rameter influence law was discussed. Mallikarjuna Reddy, et
al.,26 verified the accuracy of the mathematical model of vehi-
cle ride comfort by MATLAB.

The abovementioned analysis shows that although some re-
search has been established on the one-way clutch, gear trans-
mission system and the coupling system combining the two
in the early stage, the influence of the intermediate connect-
ing shaft and gear module parameters on the system has yet
to be studied. Therefore, in the present study, a five-degrees-
of-freedom nonlinear dynamic model, including gear meshing
stiffness, meshing damping, clutch torsional stiffness, torsional
damping, intermediate connecting shaft torsional stiffness, tor-
sional damping, and gear static transmission error was pro-
posed. Moreover, the Runge-Kutta method was used to solve
this nonlinear system. The research results provide references
for the dynamic design and control of such transmission sys-
tems for technicians and engineering designers.

2. MATHEMATICAL MODEL

Figure 2 illustrates the two-stage gear transmission system
with a one-way clutch. It is observed that the system is com-
posed of gear 1, gear 2, one-way clutch, gear 3, and gear 4
in a series. Gear 1 meshes with gear 2 to form a gear pair.
Moreover, gear 3 meshes with gear 4 to form a gear pair.

It was assumed that the gears of the system are all involute
spur gears without modification. Therefore, the torsion and
bending deformation of the input shaft and output shaft were
ignored. Moreover, according to the schematics of the sys-
tem model, the lumped parameter method and Newton’s law
were used. The motion differential equation of the system was

mathematically expressed as the following:

I1θ̈1 + C12(Rb1θ̇1 −Rb2θ̇2 − ė12(t))Rb1

+k12(t)f(Rb1θ1−Rb2θ2−e12(t))Rb1−TD=0

I2θ̈2 + C12(Rb1θ̇1 −Rb2θ̇2 − ė12(t))Rb2

+k12(t)f(Rb1θ1−Rb2θ2−e12(t))Rb2

+Cα1(θ̇2 − θ̇1) + kα1(θ2 − θc1)=0

Ic1θ̈c1 − Cα1(θ̇2 − θ̇1)− kα1(θ2 − θc1)+TC =0

Ic2θ̈c2 + Cα2(θ̇c2 − θ̇3) + kα2(θc2 − θ3)−TC =0

I3θ̈3 + C34(Rb3θ̇3 −Rb4θ̇4 − ė34(t))Rb3

+k34(t)f(Rb3θ3−Rb4θ4−e34(t))Rb3

−Cα2(θ̇2 − θ̇3)− kα2(θc2 − θ3)=0

I4θ̈4 + C34(Rb3θ̇3 −Rb4θ̇4 − ė34(t))Rb4

+k34(t)f(Rb3θ3−Rb4θ4−e34(t))Rb4+TL=0

;

(1)
where e12(34)(t) represents the comprehensive tooth frequency
error of the meshing gears, and it uses the meshing tooth fre-
quency ωi(i = 1, 2) as the periodic function of the chang-
ing frequency: e12(34)(t) = eai cos(ωit + φhi)(i = 1, 2).
Moreover, TD, TL, and TC denote the driving torque acting
on gear 1, the load torque output by gear 4 and the torque
of the one-way clutch, respectively. Furthermore, f(xi) =
xi − bi, xi > bi

0, xi ≤ bi
xi + bi, xi < bi

, C12(34) = 2ξ
1(2)

√√√√ k0
r2
b1(3)
I1(3)

+
r2
b2(4)
I2(4)

repre-

sent the nonlinear function of the meshing force of the gear
pair with backlash and the damping coefficient of the gears
meshing respectively. ζ1(2) represent the gear pair with the
meshing damping ratio of the gear pair.
Rbi, Ii, and θi(i = 1.2.3.4) represents the base circle radius,

the moment of inertia and torsional displacement of gears 1, 2,
3, and 4, respectively.
Ici and θci(i = 1.2) represents the moment of inertia and

torsional displacement of the primary and driven ends of the
one-way clutch, respectively.
Cαi and kαi(i = 1.2) represent the damping coefficient and

the torsional stiffness of the intermediate connecting shaft, re-
spectively.
Kc and Cc denote the torsional stiffness of the overrunning

clutch and the torsional damping of the overrunning the clutch,
respectively. Moreover, bi(i = 1, 2) represents half of the
backlash of the two pairs of meshing gears.
k12(34)(t) represents the time-varying stiffness of the

gear pairs, refer to the studies of,1, 25 expressed in Fourier
series:k12(34)((t)) = k01(2) +

∑n
i=1 khi cos(iω1(2)t − φi),

k01(2)/ktp = ε, khi/ktp =
√

2− 2 cos(2πi(ε− 1))/πi, i =

α tan((1− cos(2πi(ε− 1)))/(sin(2πi(ε− 1)))).
Where k01(2) and khi represent the average meshing stiff-

ness of the gears and the amplitude of the i-th harmonic, re-
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spectively. Moreover, φi and ε are the phase angle of the i-th
harmonic and the coincidence degree of the gear, respectively.
By the first five harmonics, a more proficient accuracy can be
obtained. Therefore, i = 5;ω1(2) is the meshing tooth fre-
quency of the two pairs of gears.

According to Newton’s second law, refer to the studies
of,15, 25 a one-way clutch model is established as follows:

TC = Kcfc(θc1−θc2)a+Ccḟc(θc1−θc2)bfc(θc1−θc2)c; (2)

where coefficients a, b, and c are the parameters introduced to
the piecewise nonlinear clutch model. a = 1, b = 1, and c =

0 are commonly used in the piecewise linear clutch models.
Kc and Cc represent the torsional stiffness and damping of the
one-way clutch, respectively. Cc = 2Zc

√
(KcIc), zc represent

the damping ratio of the one-way clutch. Moreover, fc(x) ={
x, ẋ > 0

0, ẋ < 0
, fc represent the nonlinear function of the one-

way clutch.
The displacements of gear 1, gear 2, the one-way clutch,

gear 3, and gear 4 are defined on the meshing line as x1, x2,
xc1, xc2, x3, and x4, respectively. The abovementioned dis-
placements are equal to x1 = Rb1θ1, x2 = Rb2θ2, xc1 =

Rb2θc1, xc2 = Rb3θc2, x3 = Rb3θ3 and x4 = Rb4θ4, re-
spectively. Considering the transformation of the equation of
motion, the transformation results are as follows:

m1ẍ1 + c12(ẋ1 − ẋ2 − ė12(t))

+k12(t)f(x1 − x2 − e12(t))− FD = 0

m2ẍ2 + c12(ẋ1 − ẋ2 − ė12(t))

+k12(t)f(x1 − x2 − e12(t))

+ cα1

R2
b2

(ẋ2 − ẋc1) + kα1

R2
b2

(x2 − xc1) = 0

mc1ẍc1 − cα1

R2
b2

(ẋ2 − ẋc1)− kα1

R2
b2

(x2 − xc1)

+Fc1 = 0

mc2ẍc2 + cα1

R2
b3

(ẋc2 − ẋ3)− kα2

R2
b3

(xc2 − x3)

+Fc2 = 0

m3ẍ3 + c34(ẋ3 − ẋ4 − ė34(t))

−k34(t)f(x3 − x4 − e34(t))

− cα1

R2
b3

(ẋc2 − ẋ3)− kα2

R2
b3

(xc2 − x3) = 0

m4ẍ4 + c34(ẋ3 − ẋ4 − ė34(t))

+k34(t)f(x3 − x4 − e34(t)) + FL = 0

; (3)

where, m1, m2, mc1, mc2, m3, and m4 represent the equiva-
lent masses of gear 1, gear 2, one-way clutch active end, one-
way clutch driven end, gear 3 and gear 4 on the meshing line,
namely m = I/R2, respectively. F = T/R means equivalent
force; c12(34) = C12(34).

The meaning of the gear pair transmission error is the er-
ror between the actual position and the theoretical position of

the driven wheel when the gear is meshing. The actual trans-
mission error of gear transmission is composed of static trans-
mission error e12(34)(t) and dynamic transmission error (DTE)
xi − xi+1 = Rbiθi − Rb(i+1)θ(i+1). The static transmission
error is affected by factors such as manufacturing, installation,
etc. The dynamic transmission error is affected by factors such
as dynamic load, time-varying meshing stiffness, etc. The gear
pair transmission error q is mathematically expressed as fol-
lows: 

q1 = x1 − x2 − e12(t)

q2 = x3 − x4 − e34(t)

q3 = x2 − xc1
q4 = xc2 − x3
qc = xc1 − xc2

; (4)

where q1, q2, q3, q4, and qc represent the relative correlations
between gear 1 with gear 2, gear 3 with gear 4, gear 2 with
a one-way clutch active end, one-way clutch driven end with
gear 3, and one-way clutch active end with one-way clutch
driven end displacement, respectively.

Performing an algebraic transformation with the Eq. (3)
yields: 

q̈1 + c12q̇1
M1

+ k12(t)f(q1)
M1

− FD
m1

− cα1q̇3
m2R2

b2
− kα1q3

m2R2
b2

= −ë12(t)

q̈2 + c34q̇3
M2

+ k34(t)f(q2)
M2

− FL
m4

− cα2q̇4
m3R2

b3
− kα2q4

m3R2
b3

= −ë34(t)

q̈3 − c12q̇1
m2
− k12(t)f(q1)

m2
− Fc1

mc1

+ cα1q̇3
M2.c1R2

b2
+ kα1q3

M2.c1R2
b2

= 0

q̈4 − c34q̇2
m3
− k34(t)f(q2)

m3
− Fc2

mc2

+ cα2q̇4
Mc2.3R2

b3
+ kα2q4

Mc2.3R2
b3

= 0

q̈c − cα1q̇3
mc1R2

b2
− kα1q3

mc1R2
b2
− cα2q̇4

mc2R2
b3

− kα2q4
mc2R2

b3
+ Fc1

mc1
+ Fc2

mc2
= 0

; (5)

where M1 = m1m2/(m1 + m2) is the equivalent mass of
the first pair of gear pairs; M2 = m3m4/(m3 + m4) is the
equivalent mass of the second pair of gear pairs; M2.c1 =

m2mc1/(m2 + mc1) is the equivalent mass of gear 2 and the
active end of the one-way clutch; Mc2.3 = mc2m3/(mc2 +

m3) is the equivalent mass of the driven end of the one-way
clutch and gear 3; The dimensionless time scale τ = tωn and
the displacement scale bc is described as follows:

q1 = bcδ1

q2 = bcδ2

q3 = bcδ3

q4 = bcδ4

qc = bcδc

. (6)

Performing algebraic transformation with the Eq. (5), the fol-
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lowing equation is obtained:

δ̈1 + 2 c12δ̇1
2M1ωn

+ k12(τ)f(δ1)
M1ω2

n
− FD

bcm1ω2
n

−2
cα1

δ̇3
2m2R2

b2ωn
− kα1

δ 3
m2R

2
b2ω

2
n = −ë12(τ)

δ̈2 + 2 c34δ̇2
2M2ωn

+ k34(τ)f(δ2)
M2ω2

n
− FL

bcm4ω2
n

−2
cα2

δ̇4
2m3R2

b3ωn
− kα2

δ 4
m3R

2
b3ω

2
n = −ë34(τ)

δ̈3 − 2 c12δ̇1
2m2ωn

− k12(τ)f(δ1)
m2ω2

n
− Fc1

bcmc1ω2
n

+2
cα1 δ̇3

2M2.c1R2
b2ωn

+ kα1

δ 3
M2.c1R

2
b2ω

2
n = 0

δ̈4 − 2 c34δ̇4
2m3ωn

− k34(τ)f(δ2)
m3ω2

n
− Fc2

bcmc2ω2
n

+2
cα2

δ̇4
2Mc2.3R2

b3ωn
− kα2

δ 4
Mc2.3R

2
b3ω

2
n = 0

δ̈c − 2
cα1

δ̇3
2mc1R2

b2ωn
− kα1

(δ3)

mc1R2
b2ω

2
n
− 2

cα2
δ̇4

2mc2R2
b3ωn

−kα2

δ 4
mc2R

2
b3ω

2
n + Fc1

bcmc1ω2
n

+ Fc2
bcmc2ω2

n
= 0

; (7)

where: k12(34)(τ) = k01(2) +
∑n
i=1 khi cos(iωh1(2) − Øhi);

e12(34)(τ) = eai
bc

cos(ωhi(τ) − Øhi); ωh1 = ω1

ωn
;ωh2 =

ω2

; ωn =
√

K01

M1
; f(δ) =


δi − b̄i, δi > b̄i

0, |δi|≤ b̄i
δi + b̄i, δi < −b̄i

b̄i = bi
bc

(i =

1, 2); The one-way clutch model can be transformed into the
following form:

Fc1 =
Kcb

a
c

Ra+1
b2

fc(δc)
a +

Ccb
b+c
c ωbn

Rb+c+1
b2

ḟc(δc)
bfc(δc)

c;

Fc2 =
Kcb

a
c

Ra+1
b3

fc(δc)
a +

Ccb
b+c
c ωbn

Rb+c+1
b3

ḟc(δc)
bfc(δc)

c.

(8)

Replacing the transformed one-way clutch model into
Eq. (7), the system dimensionless equation is obtained as fol-
lows: 

δ̈1 + 2ξ11δ̇1 + κ11f(δ1)− 2ξ12δ̇3 − κ12δ3
−PD = ë12(τ)

δ̈2 + 2ξ21δ̇2 + κ21f(δ2)− 2ξ22δ̇4 − κ22δ4
−PL = ë34(τ)

δ̈3 − 2ξ31δ̇1 − κ31f(δ1) + 2ξ32δ̇3 + κ32δ3

−2ξ33ḟc(δc)
bfc(δc)

c − κ33fc(δc)a = 0

δ̈4 − 2ξ41δ̇2 − κ41f(δ2) + 2ξ42δ̇4 + κ42δ4

−2ξ43ḟc(δc)
bfc(δc)

c − κ43fc(δc)a = 0

δ̈c − 2ξ51δ̇3 − κ51δ3 − 2ξ52δ̇4 − κ52δ4
+2ξ33ḟc(δc)

bfc(δc)
c + κ33fc(δc)

a

+2ξ43ḟc(δc)
bfc(δc)

c + κ43fc(δc)
a = 0

. (9)

Where: ξ11 = c12
2M1ωn

; ξ12 = cα1

2R2
b2m2ωn

;κ11 =
k12(τ)
M1ω2

n
;κ12 = kα1

R2
b2m2ω2

n
; ξ21 = c34

2M2ωn
; ξ22 =

cα2

2R2
b3m3ωn

;κ21 = k34(τ)
M21ω2

n
;κ22 = kα2

R2
b3m3ω2

n
; ξ31 =

c12
2m2ωn

; ξ32 = cα1

2R2
b2M2.c1ωn

; ξ33 =
ccb

b+c+1
c ωb−2

n

2Rb+c+1
b2 mc1

;κ31 =

k12(τ)
m2ω2

n
;κ32 = kα1

R2
b2M2.c1ω2

n
;κ33 =

kcb
a−1
c

Ra+1
b2 mc1ω2

n

; ξ41 =

c34
2m3ωn

; ξ42 = cα2

2R2
b3Mc2.3ωn

; ξ43 =
ccb

b+c+1
c ωb−2

n

2Rb+c+1
b3 mc2

;κ41 =

k34(τ)
m3ω2

n
;κ42 = kα2

R2
b3Mc2.3ω2

n
;κ43 =

kcb
a−1
c

Ra+1
b3 mc2ω2

n

; ξ51 =

cα1

2R2
b2mc1ωn

; ξ52 = cα2

2R2
b3mc2ωn

;κ51 = kα1

R2
b2mc1ω

2
n

;κ52 =
kα2

R2
b3mc2ω

2
n

;PD = FD
bcm1ω2

n
;PL = FL

bcm4ω2
n
. By processing

Eq. (9), the system dimensionless equation can be transformed
into the following equation:

δ̈1 = −ë12(τ)− 2ξ11δ̇1 − κ11f(δ1)

+2ξ12δ̇3 + κ12δ3 + PD

δ̈2 = −ë34(τ)− 2ξ21δ̇1 − κ21f(δ2)

+2ξ22δ̇4 + κ22δ4 + PL

δ̈3 = 2ξ31δ̇1 + κ31f(δ1)− 2ξ32δ̇3 − κ32δ3
+2ξ33ḟc(δc)

bfc(δc)
c − κ33fc(δc)a

δ̈4 = 2ξ41δ̇2 + κ41f(δ2)− 2ξ42δ̇4 − κ42δ4
+2ξ43ḟc(δc)

bfc(δc)
c + κ43fc(δc)

a

δ̈c = 2ξ51δ̇3 + κ51δ3 + 2ξ52δ̇4 − κ52δ4
−2ξ33ḟc(δc)

bfc(δc)
c − κ33fc(δc)a

−2ξ43ḟc(δc)
bfc(δc)

c − κ43fc(δc)a

(10)

3. PARAMETRIC STUDY

The composition of the gear is 20CrMnTi. The composi-
tion of the clutch wedge and inner/outer ring are GCr15 and
18CrNi4A. According to the calculation formula and the mate-
rial parameters of the selected parts. Table 1 presents the main
parameters of the system. The module of the gear module and
the torsional stiffness of the clutch are used as the control pa-
rameters to study the influence of the gear module and torsional
stiffness on the dynamic transmission error and meshing force
of the system. Moreover, the effect of structural parameters of
the gear on the dynamic slip angle of the one-way clutch is also
studied.

The vibration characteristics of the system are described by
the (DTE) and the ODTE (Oscillating DTE). According to the
study of,25 the DTE is given in the form of root mean square
and the following equation is obtained:

RMS of DTE =

√∑N
i=1(DTEi)2

N
; (11)

ODTE =

√∑N
i=1(DTEi+1 −DTEi)2

N
. (12)

In order to study the maximum meshing force that the gear
can bear during the working process as the excitation fre-
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quency changes, the dynamic load factor Kv
25 is used as fol-

lows:

Kv =
Fdmax
Fn

=

max
i=1,n

(kixi + ciẋ)

Fn
; (13)

where: kixi and ci ẋi represent the stiffness and damping
terms of the load, respectively. Moreover, Fn is the torque
transmitted by the gear pair (or clutch).

3.1. The Influence of Different Gear Modules
on the Gear Transmission Error

In this section, the effect of different gear modules of the
gear pair 1 and 2 within the range of 2, 2.5, 3, 4, 5, 6, and 8 on
gear transmission error is investigated. It should be indicated
that other parameters are kept as standard values.

Figure 3 shows that during acceleration and deceleration,
the dynamic error response curve of the gear pair 1 shows
non-linear characteristics such as jumps. During the acceler-
ation process, in the low-frequency band, when the module
is smaller the dynamic transmission error of the gear, pair 1
will fluctuate nonlinearly as the excitation frequency increases.
When the module is larger, the change is not obvious and the
excitation frequency is within 0.59 ≤ ωh ≤ 0.94. It is worth
noting that the dynamic transmission error of pair 1 shows a
linear increasing trend. Moreover, under the same excitation
frequency, the smaller the module, the greater the dynamic
transmission error. When the excitation frequency is within
0.98 ≤ ωh ≤ 1.16, 1.47 ≤ ωh ≤ 2.5, the gear pair 1 is dy-
namic and the transmission error is not affected by the module.
During the deceleration process, the dynamic error response
curve in the low-frequency range shows a non-linear change
as the excitation frequency increases. It should be noted that
the smaller the module, the more obvious the change, and it is
not affected by the module in the high-frequency band. Com-
pared with the acceleration process, the biggest difference is
that the amplitude of the dynamic transmission error of the sys-
tem is significantly smaller. In the low-frequency band, the dy-
namic transmission error of the system during the deceleration
process under the same excitation frequency is larger, and the
high-frequency range is consistent with the acceleration pro-
cess. Since the dynamic behavior of the system during accel-
eration and deceleration is relatively similar, the present study
mainly focused on the acceleration process.

Figure 4 shows that in the low-frequency band when the ex-
citation frequency is within 0.1 ≤ ωh ≤ 0.59, the gear pair 1
shows an obvious jumping phenomenon. When the module is
smaller, the phenomenon is more obvious. When the excitation
frequency is within 0.59 ≤ ωh ≤ 0.94, and as the excitation
frequency increases, the jumping phenomenon of the gear pair
1 shows an increasing trend. Moreover, under the same exci-
tation frequency, when the module is smaller, the vibration is
greater. In the high-frequency band, the module has little effect
on the vibration phenomenon of the gear pair 1.

Figure 5 shows that during acceleration, the gear dynamic
load decreases monotonously when 0.1 ≤ ωh ≤ 0.11. In-
creasing the module increases the gear dynamic load when
0.59 ≤ ωh ≤ 0.98 and the excitation frequency correspond-
ing to the peak dynamic load will be higher. Furthermore, in

Figure 3. Root mean square value of the dynamic transmission error of gear
pair 1 with different gear module:(a) DTE and (b) zoomed area of (a).

the excitation frequency range of 0.98 ≤ ωh ≤ 2.03, as the
module increases, the gear pair 1 shows an obvious non-linear
jumping phenomenon. As the module increases, the dynamic
load increases too. When 2.03 ≤ ωh ≤ 2.5, the module has
little effect on the dynamic load of the gear.

Figure 6 shows that the dynamic transmission error response
curve of the gear pair 2 which has obvious non-linear charac-
teristics such as jumps. During the acceleration process, when
the excitation frequency is within 0.32 ≤ ωh ≤ 1.05, the dy-
namic transmission error of the gear pair 2 presents a fluctuat-
ing nonlinear change as the excitation frequency increases and
there is an obvious jump phenomenon. However, the influence
of the module on its peak value is not obvious. In the mid-
to-high frequency band, the larger the module, the smaller the
dynamic transmission error of the gear pair 2. Moreover, the fl
changes with an increase in the excitation frequency which re-
sults in the greater the dynamic transmission error of gear pair
2.

Figure 7 shows that in the low-frequency band, an obvious
jump phenomenon is observed when the excitation frequency
is 0.32 ≤ ωh ≤ 1.01. In the high-frequency band, as the
excitation frequency increases, the curve change trend is the
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Figure 4. Root mean square error value of dynamic transmission error of gear
pair 1 with different gear module:(a) ODTE and (b) zoomed area of (a).

Figure 5. Dynamic load coefficient of gear pair 1 with different gear module.

Figure 6. Root mean square value of dynamic transmission error of gear pair
2 with different gear module:(a) DTE and (b) zoomed area of (a).

same. The influence of the module on the variation of ODTE
can be ignored.

Figure 8 illustrates that in the low-frequency range of 0.1 ≤
ωh ≤ 0.11, the dynamic load presents a monotonous decreas-
ing trend. Within the range of 0.31 ≤ ωh ≤ 0.44 and of
0.7 ≤ ωh ≤ 1.08, when the module increases, the dynamic
load becomes unstable and the maximum dynamic load in-
creases. Within the range of 1.08 ≤ ωh ≤ 2.5, if the module
increases, the dynamic load increases.

3.2. The Influence of Different Gear Modules
on the Input and Output Difference of
the One-Way Clutch

The dynamic characteristics of the one-way clutch are usu-
ally evaluated by the dynamic windup angle. When the one-
way clutch works normally, the outer ring will rotate at a cer-
tain angle more than the inner ring assembly to achieve a syn-
chronous movement. This angle difference is the windup an-
gle. The dynamic windup angle refers to the instantaneous
angle difference between the outer ring and the inner ring as-
sembly when the clutch is engaged.

Figure 9 illustrates that during the acceleration process,
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Figure 7. Root mean square error value of dynamic transmission error of gear
pair 2 with different gear module:(a) ODTE and (b) zoomed area of (a).

Figure 8. Dynamic load coefficient of gear pair 2 with different gear module.

Figure 9. Root mean square value of the dynamic windup angle of the one-
way clutch with different gear module.

when the gear module is small (m = 2, 2.5, 3, and4 in this
study), the excitation frequency has little effect on the dynamic
windup angle. Within the range of 0.1 ≤ ωh ≤ 0.48, the dy-
namic windup angle presents a monotonous decreasing trend
and maintains a constant value in the forward. The gear mod-
ule has a greater influence on the dynamic windup angle. If
the gear module increases, the dynamic windup angle also in-
creases. When the gear module is larger (m=5, 6, and 8 in
this study), as the excitation frequency increases, the dynamic
windup angle fluctuates. Moreover, the greater the gear mod-
ule, the greater the fluctuation. During the deceleration pro-
cess, the excitation frequency has little effect on the dynamic
windup angle and maintains a constant value. It should be
noted that the gear module has the same effect on the clutch
dynamic windup angle as the acceleration process.

Figure 10 shows that during the acceleration process, when
the excitation frequency is within the range of 0.1 ≤ ωh ≤
0.44, the dynamic windup angle changes in a monotonous de-
creasing trend. The smaller the module, the greater the mag-
nitude of the change. Within the range of 0.45 ≤ ωh ≤ 1.41,
when m = 5, 6 the clutch dynamic windup angle shows ob-
vious jumps as the excitation frequency increases. When the
excitation frequency is in the range of 1.82 ≤ ωh, the clutch
dynamic windup angle has little influence on the gear module
keeping and maintaining stability.

3.3. The Influence of Different Clutch
Torsional Stiffnesses on the Gear
Dynamic Error

The gear module of 5 and other parameters of the system
are consistent with Table 1. When the stiffness of the one-way
clutch changes within the range of 0.1 to 10 multiples, it can
cover the selection range of the rigidity of the commonly used
materials of the one-way clutch.

Figure 11 shows that during the acceleration process, the
dynamic transmission error of the gear pair 1 has an obvious
jump phenomenon. In the frequency band of 0.1 ≤ ωh ≤ 0.28,
the clutch torsional stiffness does not have an obvious in-
fluence on dynamic transmission error. Within the range of
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Figure 10. Root mean square error value of the dynamic windup angle of the
one-way clutch with different gear module.

Table 1. System assembly attributes.

Parameter name Parameter code Parameter value
Gear

Gear teeth

z1 65
z2 80
z3 95
z4 110

Pressure angle α 20◦

Contact ratio
ε1 1.8113
ε1 1.8547

Meshing damping ζ1, ζ2 0.05
One-way clutch

Damping ratio of active
zc 0.026

end and driven end

0.29 ≤ ωh ≤ 0.54, the dynamic transmission error response
curve shows small fluctuations. The excitation frequency is
within the range of 0.55 ≤ ωh ≤ 0.88 and 1.07 ≤ ωh ≤ 1.46,
when the increase of the excitation frequency that the dynamic
transmission error of gear pair 1 changes significantly and in
the same excitation frequency if the greater the torsional stiff-
ness results in the smaller the peak value of the dynamic trans-
mission error. In the high-frequency band when the torsional
stiffness of the clutch of 5 and 10 multiples, the dynamic trans-
mission error of gear pair 1 appears to fluctuate nonlinearly
with the increase of excitation frequency.

Figure 12 shows that in the low-frequency band, the tor-
sional stiffness has little effect on the gear pair 1. When the
excitation frequency is within the range of 0.58 ≤ ωh ≤ 0.88,
an obvious jump phenomenon is observed. The clutch tor-
sional stiffness affects the gear pair noise and vibration notice-
ably. Moreover, the increment of the torsional stiffness of the
clutch can suppress the vibration of the gear pair and reduce
the noise emitted by the gear pair during operation. At the fre-
quency jump (ωh = 0.85), the greater the torsional stiffness,
the smaller the peak.

Figure 13 shows that in the low-frequency range, reducing
the torsional stiffness of the one-way clutch can reduce the
maximum dynamic load of the gear pair 1. Moreover, at the
frequency jump ωh = 0.87, as the torsional stiffness increases,

Figure 11. Root mean square value of the dynamic transmission error of gear
pair 1 with different torsional stiffness of the one-way clutch :(a) DTE and (b)
zoomed area of (a).

the dynamic load increases. At the excitation frequency within
the range of 0.99 ≤ ωh ≤ 2, the system shows an obvi-
ous chaotic response and the greater the torsional stiffness, the
greater the dynamic load. Furthermore, in the high-frequency
range, the maximum dynamic load is not affected by the tor-
sional stiffness of the one-way clutch.

Figure 14 shows that in the frequency band ωh = 0.44 and
0.65 ≤ ωh ≤ 0.80, an obvious jumping phenomenon is ob-
served. In the high-frequency band, when the torsional stiff-
ness is 0.1 multiple, the dynamic transmission error fluctuation
amplitude of the gear pair 2 is significantly reduced.

Figure 15 shows that in the low-frequency band, especially
at ωh = 0.44, an obvious jumping phenomenon is observed.
When the torsional stiffness is 1, the peak value is the high-
est. Moreover, when the torsional stiffness value is 0.1, 5, and
10 multiples, the peak value can be effectively suppressed. In
the frequency range of 0.61 ≤ ωh ≤ 1.5, the vibration and
noise of the gear pair 2 during operation will show unstable
fluctuations and nonlinear changes as the excitation frequency
increases. When the torsional stiffness value is 5 and 10 mul-
tiples, the magnitude and peak value of small fluctuations can
be effectively reduced.
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Figure 12. Root mean square error value of the dynamic transmission error of
gear pair 1 with different torsional stiffness of the one-way clutch :(a) ODTE
and (b) zoomed area of (a).

Figure 13. Dynamic load coefficient of gear pair 1 with different torsional
stiffness of the one-way clutch.

Figure 14. Root mean square value of dynamic transmission error of gear
pair 2 with different torsional stiffness of the one-way clutch :(a) DTE and (b)
zoomed area of (a).

Figure 16 shows that in the low-frequency range, reducing
the torsional stiffness of the one-way clutch can reduce the
maximum dynamic load of the gear pair 2. At the frequency
jump (ωh = 0.45), the maximum dynamic load can be con-
trolled by reducing the torsional stiffness. In the frequency
range of 0.72 ≤ ωh ≤ 1.13, the system shows an obvious
chaotic response. Moreover, the higher the torsional stiffness,
the greater the dynamic load. In the high-frequency range, the
maximum dynamic load is not affected by the torsional stiff-
ness of the one-way clutch.

4. CONCLUSIONS

In the present study, a nonlinear dynamic model of a two-
stage gear transmission system with a one-way clutch was es-
tablished. Moreover, the influence of structural parameters
such as gear module and clutch torsional stiffness on the dy-
namic performance of the system was investigated. The fol-
lowing conclusions were drawn from this study:

1. In order to make the gear pair of the system have a rel-
atively good dynamic performance during operation and
at the same time reduce the dynamic transmission error
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Figure 15. Root mean square value of dynamic transmission error of gear
pair 2 with different torsional stiffness of the one-way clutch :(a) DTE and (b)
zoomed area of (a).

Figure 16. Dynamic load coefficient of gear pair 2 with different torsional
stiffness of the one-way clutch.

and dynamic load of the gear pair, it is more appropriate
to select a larger value for the gear module in the fre-
quency band of ωh ≤ 1. Within the frequency band of
1 ≤ ωh ≤ 2, selecting a smaller gear module can effec-
tively reduce the dynamic load of the gear pair. On the
other hand, in the frequency band of ωh ≤ 2, the dynamic
transmission error and dynamic load were hardly affected
by the gear module.

2. In order to make the one-way clutch have a good dynamic
performance during the system operation and reduce the
dynamic windup angle of the one-way clutch, a smaller
value for the gear module should be selected.

3. It was found that in the low and middle-frequency bands,
a larger torsional stiffness of the one-way clutch can sup-
press the vibration and noise generated by the gear pair
during operation. Meanwhile, a smaller dynamic trans-
mission error was obtained. In the high and ultra-high
frequency bands, the one-way clutch had little effect on
the torsional stiffness. In order to obtain a lower dynamic
load, the torsional stiffness of the one-way clutch should
not be too high.
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