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The turbine rotor system (TRS) is one important part of an underwater vehicle (UV). Its vibration and noise
characteristics can greatly affect the performance and service life of the UV. To study the influence of radial
clearance of supporting bearings on the vibrations of the whole TRS of the UV, a flexible dynamic model of the
TRS is established by using the finite element and multi-body methods. Vibrations of the TRS from the rigid and
flexible dynamic models under different bearing clearance conditions are analyzed. Note that the TRS with the
flexible body model can obtain more accurate vibrations than the rigid one. The maximum vibration amplitude
increases with the increment of bearing clearance. The bearing clearance of 5 µm to 20 µm is more reasonable for
controlling the system vibration. The smaller clearance of supporting bearings of the TRS can cause more stable
vibration responses. This paper can provide additional guidance for the accurate simulation analysis method of the
TRSs of the UVs.

1. INTRODUCTION

The turbine rotor system (TRS) is an important part of the
underwater vehicle (UV). Its vibration and noise characteris-
tics can greatly affect the performance and service life of the
UV.1 The nonlinear contact deformations of the supporting
bearing of the UV have great influence on the vibrations of
system,2 especially for the high operating speeds. Clearance
is one of the important influence factors of bearing nonlinear
characteristics, which must be produced by the manufacturing
processing.3 Therefore, it is important to study the influence of
a turbine supporting bearing clearance on the vibrations of the
TRS, which could help in controlling the vibrations of TRSs.

Many studies have been conducted on the rigid-flexible cou-
pling modelling methods of the TRS, and vibrations of the ro-
tor system caused by the clearance. Hu4 proposed a modelling
method consisting of a rub-impact rotor system and established
a relationship between the fault deformation and the periodic
signal based on the Fourier series. The fault characteristics of
chaos and bifurcation were analyzed. Sun5 established a tur-
bine bearing-rotor system model, in which the bearing clear-
ance and nonlinear stiffness factors were considered. Li et al.6

established the transient response equation of a TRS. The dy-
namic stiffness of supporting bearing and damping of the TRS
were considered. The equation was solved by a numerical
integration. The vibrations of a rotor system under different
speed conditions were analyzed. Song7 simplified the model

of a TRS based on the finite element (FE) method. By solving
the vibration equation, this work analyzed the vibrations of the
TRS under different acceleration modes.

Moreover, to understand the vibrations of rotor systems
caused by the clearance of the bearing, many studies were con-
ducted. Fredric and Ehrich8 discovered the bi-stable type phe-
nomenon. The rotor speed was near the critical speed. There
was a significant difference in the amplitude of the Bode di-
agram. This work explained the phenomenon by establishing
and solving an analytical model of the Jeffcott rotor. The re-
sults showed that the bi-stable type phenomenon was caused by
the bearing clearance. Tiwari et al.9 studied the balanced rigid
rotor system supported by deep groove ball bearings. They
used the numerical integration and harmonic balance methods
to solve the equations. They also analyzed the influence of the
bearing radial clearance on the rotor dynamics. Harsha et al.10

established a mathematical model of a rotor system, in which
the nonlinear factors such as the Hertzian contact force and
radial clearance were considered. A new calculation method
was adopted to analyze the influence of bearing clearance on
the dynamics of the balanced rotor system. Li11 established
a single-disk rotor model that addresses the bearing clearance
and internal damping caused by the axial sliding friction of
rolling elements. Based on the elastohydrodynamic lubrica-
tion theory, the coefficient expression of external damping of
bearing including the clearance was derived according to the
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bearing loads. Sang et al.12 established a one-dimensional
clearance-collision-friction model. They studied the dynamics
of a rotor supporting system under different assembly clear-
ances. Song et al.13 established a dynamic model of a can-
tilever rotor-bearing system considering the nonlinear Hertz
contact force, radial clearance, and other factors. They ana-
lyzed the influences of the rotor speed and bearing clearance
on the nonlinear dynamic characteristics of a rotor system. Li
et al.14 established the static model of a four-point contact
ball bearing to analyze influence of the clearance on the load
distribution of the bearing. Hu et al.15 studied the optimiza-
tion design problem of a bearing-rotor system. They improved
the optimization model and solution algorithm considering the
bearing clearance.

According to the previous analysis, there were many stud-
ies that were focused on vibrations of rotor systems. However,
the previous models were single rotor system models. Based
on the above literature review, there are few studies regard-
ing the vibration analysis of TRSs with different bearing clear-
ance conditions. Although there are few studies on vibration
analysis of the TRS that consider the clearance of supporting
bearings, they only used rigid dynamic models. Therefore, to
explore the influence of the radial clearance of the bearing on
vibrations of the TRS, this paper analyzes the differences of vi-
brations from the rigid and flexible dynamic models of a TRS
under different speed conditions. Based on the flexible dy-
namic model, the vibrations of a rotor system under different
clearance conditions are analyzed. This study can provide new
methods for analyzing vibrations of the TRS.

2. DYNAMIC MODELING OF THE TRS OF
THE UV

2.1. Rigid Body Model
2.1.1. Contact force model

Based on the Hertz theory, the relationship between the con-
tact force Fi and contact strain δi of the ith steel ball can be
expressed as:16–18

Fi = Knδ
3/2
i (i = 1, 2, · · · , Z); (1)

Kn =
KdKoil

Kd +Koil
; (2)

Kd =

(
32

9n3
δη

2Σρ

)
; Koil =

dFi

dhc
; (3)

where Kn (n = i, e) is the composite contact stiffness coeffi-
cient between the ball and two rings, which is composed of Kd

and Koil; Kd (d = i, e) is the bearing contact stiffness coeffi-
cient without lubrication; Koil is the oil film stiffness coeffi-
cient; nδ is the coefficient related to the principal curvature dif-
ference function F (ρ); η is the comprehensive elastic constant
of two contact objects; and Σρ is the principal curvature func-
tion of contact point. When the ball bearing is unloaded, there
is the radial clearance ur between the ball and rings. When the
bearing is loaded, the center of inner ring offset; and the ball is
contacted with the rings, which contributed to the elastic con-
tact deformation. The total contact deformation δi between ith

Figure 1. The geometric model of rotor system. (a) 3D entity diagram and (b)
cross section of the TRS.

Figure 2. A multi-body dynamic model of the TRS.

ball and two rings is given as:

δi = (δy cosΨi + δx sinΨi)−
1

2
ur; (4)

where ur is the initial radial clearance between the ball and
rings; δx and δy are the offsets of geometric center points of
inner ring along x and y directions; Ψi is the position angle of
the ith ball. The radial load direction is the zero position angle.

The contact force between the ith ball and rings is as fol-
lows:19, 20

Fj = Kn

{[
(δy cosΨi + δx sinΨi)−

1

2
ur

]
Hi

}1.5

; (5)

where Hi is the contact force judgement function; when the
ball and ring are in contact, Hi = 1; when the ball does not
contact with the ring, Hi = 0.

2.1.2. A multi-body dynamic model

The high-speed rotor system of turbine consists of one tur-
bine disc, one hollow shaft, one spline sleeve, one gear shaft,
and four deep groove ball bearings. The geometric model of
rotor system is shown in Fig. 1.

The multi-body dynamic model is developed in the commer-
cial software ADAMS. Due to the limitations of commercial
software, the influence of the bearing cage on the vibrations of
the rotor system is not studied in this paper. To simulate actual
working conditions, it is necessary to drive and impose con-
straints on the model. A rotary drive is set between the turbine
shaft and ground. The drive is expressed by the STEP function.
A torque constraint is applied at the end of the model to stabi-
lize the vibration of the rotor system. The multi-body dynamic
model of the TRS is shown in Fig. 2.
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2.2. A Rigid-Flexible Coupling Model
2.2.1. Theoretical algorithm

When the rotating speed of the TRS is a higher one, the in-
fluence of its deformation on the vibrations cannot be ignored.
Thus, a rigid-flexible coupling dynamic model must be estab-
lished. The rotor system has three main components, such as, a
rotating shaft, additional rotating components and a supporting
unit. In this model, in order to facilitate the study of vibrations
of a rotor system, only the rotating shaft is a flexible one. The
shaft is considered a shaft segment with a deformation capac-
ity and mass uniformity. The additional rotating components
are considered rigid discs, which have the same mass and ro-
tational inertia as the additional rotational components such
as turbines and gears. The supporting units are the bearings,
which are precision parts. The size of each part of the bearing
has a significant effect on vibrations of the bearing.

An infinite number of degrees of freedom of the rotating
shaft is expressed by the axis node, which is realized as dis-
cretization. The elastic deformation of a node element is ob-
tained by the linear superposition, which is as follows:21

[u] = Σai[Φ]i; (6)

where [u] is the displacement vector of each node; αi is the
modal factor; [Φ]i is the modal of element; x, y and z are the
generalized displacements of node; θx, θy and θz are the rota-
tion angles of node relative to the axis.

When the flexibility of a shaft is considered, the position of
each node in the shaft is constantly changing. The local refer-
ence coordinate system cannot accurately describe the position
of each node. We need to describe the position of each node
by establishing an elastic coordinate system. The position is
represented by the Cartesian coordinates x, y and z of nodes.
The orientation is represented by the section torsion angles θx,
θy and θz . The displacement vector is given as:22

[u] = [x y z θx θy θz]. (7)

For the flexibile shaft, we need to consider the effect of stiff-
ness. The modal coordinates are supposed as:

k = {k1, k2, · · · , kM}; (M is the modal number). (8)

The generalized coordinates of nodes are given as:

[u] = [x y z θx θy θz kj ]
T ; (9)

where j = 1, 2..., p and p represents modal order. The location
vector of ith node is expressed as:

ui = x+A(di +mik); (10)

where A is the transformation matrix of inertial reference sys-
tem; di represents the initial location of ith node; and mi is the
modal submatrix of ith node.

We can get the differential equations of motion of flexible
axial element, which is given as:

Müi + Cu̇i +Kui = F ; (11)

where M is the mass matrix; C is the damping matrix; K is the
stiffness matrix; F is the external load force; ü, u̇, u and u are
the vibration acceleration vector, vibration velocity vector and
vibration displacement vector of ith node in the rotor system.

Figure 3. The FE model of the TRS.

2.2.2. A rigid-flexible coupling model

Here, the modal linear superposition is used to express its
elastic deformation. It can realize the flexibility of the turbine
shaft. The modal information file of turbine shaft will be ob-
tained. The meshing of the FE model of the TRS is based on
the hexahedron dominant principle. The mesh size is set to be
3 mm. The number of elements and notes of the FE model
of the TRS are 10476 and 33488, respectively. The mesh di-
vided is shown in Fig. 3. A modal information file is produced
based on the software, which is used to establish the rigid part
of model. The rigid area in the FE model is shown in Fig. 3.
The mark points are setted as in the rigid area. In the rigid-
flexible coupling dynamic model, the driving and constraints
are applied as those in Fig. 2.

3. VIBRATION ANALYSIS OF THE TRS

3.1. Comparisons of Rigid and Flexible
Models

Here, five-speed conditions of 6000 r/min, 18000 r/min,
30000 r/min, 48000 r/min, and 60000 r/min are used to study
the vibrations from flexible models of the TRS, where the bear-
ing clearance is 5 µm. The differences between the vibrations
of rigid and flexible models of the TRS are analyzed.

The rotational speed is 6000 r/min. The comparative anal-
yses of vibrations of rigid and flexible models are plotted in
Fig. 4. The spectra show that the differences between the spec-
tra of rigid and flexible models are small. The spectrum in the
y direction has only one working frequency component (fs).
The spectrum in the z direction is dominated by fs. The ampli-
tudes of rigid and flexible models are 0.483 µm and 0.456 µm,
respectively. The difference is 0.027 µm, which is so small.
Moreover, the amplitude of peaks at 2fs and 3fs are small.

The rotational speed is 18000 r/min. The comparative anal-
yses of vibrations of rigid and flexible models are plotted in
Fig. 5. The spectra show that the differences between the spec-
tra of rigid and flexible models are small and almost coincides.
The vibration spectrum in the y direction has two frequency
components. One peak is fs. The amplitudes of rigid and flex-
ible models are 0.802 µm and 0.792 µm, respectively. Their
difference is 0.01 µm. Another peak is 2fs, which is obvious.
The amplitudes of rigid and flexible models are 0.218 µm and
0.207 µm, respectively. Their difference is 0.011 µm. The
frequency component in the z direction is the same as that in
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Figure 4. Comparison of vibrations of rigid and flexible models with a rotational speed of 6000 r/min. (a) Displacements in the y direction, (b) displacements in
the z direction, (c) spectra of (a), and (d) spectra of (b).

the y direction. One is fs and another is 2fs, which is weak.
The amplitudes of rigid and flexible models are 0.728 µm and
0.725 µm, respectively. Their difference is 0.003 µm, which is
quite small.

The rotational speed is 30000 r/min. The comparative anal-
yses of vibrations of rigid and flexible models are plotted in
Fig. 6. The spectra show that, in the y direction, the spectra
of rigid and flexible models are quite different. The main fre-
quencies are both fs. But 1/2fs of the flexible model is more
obvious. The amplitude is 0.529 µm. The amplitude of peak
at 1/2fs of the rigid model is smaller. The amplitude is 0.529
µm. The frequency components in the z direction are different
from those in the y direction. The differences in the spectra
of rigid and flexible models are small. The main frequency is
1/2fs. fs is more obvious, but the high frequencies are small.

The rotational speed is 48000 r/min. The comparative anal-
yses of vibrations of rigid and flexible models are plotted in
Fig. 7. The spectra show that the differences between the spec-
tra of rigid and flexible models are small and almost coincides.
The main frequency in the y direction is fs. The amplitudes of
rigid and flexible models are 0.674 µm and 1.016 µm, respec-
tively. The differences is 0.011 µm, which is very small. There
are many low-frequency components. The frequency compo-
nents in the z direction are the same as those in the y direction.
The main frequency is fs. There are many low-frequency com-
ponents.

The rotational speed is 60000 r/min. The comparative analy-

Table 1. Amplitude comparison of rigid and flexible models in the y and z
directions.

Rotational y directions (µm) z directions (µm)
speed (r/min) Rigid Flexible Difference Rigid Flexible Difference

6000 0.48 0.49 0.01 1.00 1.05 0.05
18000 0.88 0.91 0.03 1.51 1.58 0.07
30000 1.80 2.51 0.71 3.53 4.24 0.71
48000 1.79 2.73 0.94 2.76 3.49 0.73
60000 1.10 7.95 6.85 1.02 8.37 7.35

sis of vibrations of rigid and flexible models is shown in Fig. 8.
The spectra of rigid and flexible models are quite different. In
the y direction, the main frequency of the flexible model is
402.8 Hz. fs is obvious; and its amplitude is 1.084 µm. The
main frequency of the rigid model is fs; and it amplitude is
0.575 µm. The number of frequency components is small. The
frequency components in the z direction are similar to that in
the y direction. The main frequency of the flexible model is
402.8 Hz. fs and is obvious; and its amplitude is 1.086 µm.
The main frequency of the rigid model is fs; and its amplitude
is 0.504 µm. The number of frequency components is small.

The relative differences in amplitude of the model in y and
z directions at different speeds are plotted in Table. 1. At
the speeds of 6000 r/min and 18000 r/min, the amplitude dif-
ferences between rigid and flexible models of the TRS are
0.01 µm and 0.03 µm in the y direction; The amplitude dif-
ferences in the z direction are 0.05 µm and 0.07 µm. The dif-
ferences are very small; and the curve almost overlap. There-
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Figure 5. Comparison of vibrations of rigid and flexible models with a rotational speed of 18000 r/min. (a) Displacements in the y direction, (b) displacements
in the z direction, (c) spectra in the y direction, and (d) spectra in the z direction.
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Figure 6. Comparison of vibrations of rigid and flexible models with a rotational speed of 30000 r/min. (a) Displacements in the y direction, (b) displacements
in the z direction, (c) spectra in the y direction, and (d) spectra in the z direction.
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Figure 7. Comparison of vibrations of rigid and flexible models with a rotational speed of 48000 r/min. (a) Displacements in the y direction, (b) displacements
in the z direction, (c) spectra of (a), and (d) spectra of (b).

fore, at low speeds, the vibrations of rigid and flexible mod-
els are relatively small; The amplitude differences between
the rigid and flexible models of the TRS at the high speeds
of 30000 r/min and 48000 r/min in the y direction is 0.71 µm
and 0.94 µm; The amplitude differences in the z direction are
0.71 µm and 0.73 µm. There is a difference; and the differ-
ence can not be neglected. At the speed of 60000 r/min, the
deformation of the flexible model increases, which leads to the
amplitude increasing greatly. In the y direction, the maximum
amplitude difference is 6.85 µm; In the z direction, the ampli-
tude difference is 7.35 µm. In the case of low speed, the main
frequencies in the y and z directions are fs, the component is
single. The amplitude of the rigid model is larger than that of
the flexible model. When the rotation speed is gradually in-
creased, the spectra in y and z directions will appear 1/2fs,
and with complex low-frequency components. The amplitude
of the flexible model will be larger than that of the rigid model
under the same frequency component. The flexible model will
also have frequency components that are not available in rigid
ones. The deformations of the bearing and shaft will contribute
to the rotor system imbalance including the mass imbalance,
force imbalance, and dynamic imbalance, which may generate
the frequency components that are not available in rigid ones.
In the engineering practice, the rotating speed of the TRS of the
UV is so high that the deformation of turbine shaft cannot be
ignored. Therefore, the TRS with a flexible turbine shaft can
better reflect the vibrations of rotor systems in actual working
conditions.

3.2. Influence of the Clearance on the
Vibrations of the TRS

Taking in account of the influence of the bearing clearance
on the vibrations of the TRS, the working speed of the TRS is
defined as 60000 r/min. The clearance conditions are 10 µm,
15 µm, 20 µm, 25 µm and 30 µm. The differences between
the amplitude time-domain displacements and spectra of the
flexible model of the TRS in the y and z directions under dif-
ferent clearance conditions are studied. The time-domain vi-
brations and their spectra from the flexible model under differ-
ent clearance conditions are plotted in Fig. 10. In Figs. 10(a)
and (b), when the bearing clearance are 5 µm, 10 µm, 15 µm,
20 µm, and 30 µm, the maximum amplitudes of the TRS in
the y direction are 17.33 µm, 18.45 µm, 20.38 µm, 23.32 µm,
and 31.17 µm. The maximum amplitudes in the z direction
are 4.17 µm, 17.00 µm, 19.55 µm, 21.66 µm, and 27.70 µm.
When the clearance gradually increases, the maximum vibra-
tion amplitude of the TRS also gradually increases. When the
clearance is less than or equal to 20 µm, the maximum am-
plitude differences between the clearances in the y and z di-
rections are 2.94 µm and 2.11 µm. The amplitude changes
slightly. When the clearance is greater than 20 µm, the maxi-
mum amplitude differences among the clearance cases that are
setted in the y and z directions are 7.85 µm and 6.04 µm. The
amplitude increases significantly. Based on the previous re-
search, an optimization scheme for supporting bearing clear-
ance of the TRS is proposed. It is recommended that the clear-
ance of the supporting bearing of the TRS should be controlled
from 5 to 20 µm to reduce vibration levels and fatigue damage.
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Figure 8. Comparison of vibrations of rigid and flexible models with a rotational speed of 60000 r/min. (a) Displacements in the y direction, (b) displacements
in the z direction, (c) spectra in the y direction, and (d) spectra in the z direction.

In Figs. 10(c) and (d), when the bearing clearance are 5 µm,
10 µm, 15 µm, 20 µm, and 30 µm respectively, the RMS val-
ues of amplitude of the TRS in the y direction are 9.95 and
11.99, 14.06, 16.50 and 21.40, respectively. The RMS values
of amplitude in the z direction are 4.76, 10.17, 12.65, 14.66,
and 18.76, respectively. The RMS values of amplitude increase
with the increment of the bearing clearance. The smaller clear-
ance of supporting bearings of the TRS can cause more sta-
ble vibrations of the rotor system. The spectra are plotted in
Figs. 10(e) and (f). Figure 10(e) gives the spectra of the TRS in
the y direction. The peaks at 1/2fs and its main frequency are
observed. The amplitude at fs is small. In the low-frequency
components range, the frequencies corresponding to the bear-
ing clearance of 5 µm, 10 µm, 15 µm, 20 µm and 30 µm in
the y direction are 544.4 Hz, 537.1 Hz, 528.6 Hz, 529.8 Hz,
and 521.1 Hz, respectively. Figure 10(f) gives the spectra of
the TRS in the z direction. It can be seen that it is similar to
the frequency distribution in the y direction. There is 1/2fs;
and its main frequency is 1/2fs. The amplitude at fs is weak.
The corresponding frequencies in the z direction are 402.8 Hz,
490.7 Hz, 484.6 Hz, 472.4 Hz, and 456.5 Hz. In Fig. 10(g), the
bearing clearances are 5 µm, 10 µm, 15 µm, 20 µm, and 30 µm
from the left to right sides. The axis track appears as multi-
ple overlapping and stable circles, and the radius of the circle
increases with the increased bearing clearances. The smaller
clearance of supporting bearings can lead to a more stable axis
rotation.

4. MODAL VALIDATION

To verify the accuracy of the proposed flexible body model
of the TRS, the critical speed of the TRS from the proposed
FE method is compared with that from the experimental re-
sults given in References.23 The intersection of the straight
line (ω=Ω) and the curve in Fig. 11 are the critical speed cor-
responding to the vortex. There is a positive whirl curve in
Fig. 11, which does not intersect the straight line (ω=Ω). The
reason is that when the turbine disk is whirling in the forward
direction, the stiffness of the turbine shaft increases under the
action of the gyroscopic moment. Therefore, as the rotation
angular velocity increases, the forward whirl frequency also
increases sharply, which can cause the intersection not being
observed. On the contrary, the stiffness of the turbine shaft
decreases, which contributes to the intersection points. Ac-
cording to Campbell diagrams in Fig. 11, the first and second
critical speeds are 4116.5 rad/s and 15567 rad/s. The first crit-
ical speed from the experiment in References23 is 4297 rad/s.
The difference of the first crictial speed from the simulation
and experiment is 3.88%, which can give some validation for
the proposed flexible model. The difference between the simu-
lation and experiment maybe caused by the supported stiffness
of rotor system. The bearing outer ring of the model is con-
sidered as a fixed part, but there is a small deformation of the
bearing outer ring in an actual working condition, which has
the influence on the support stiffness of the rotor system.
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Figure 9. Displacement comparisons of rigid and flexible models in (a) y and
(b) z directions.

5. CONCLUSIONS

This paper establishes the rigid and flexible models of the
TRS of the UV in order to study the influence of the bearing
radial clearance on the vibrations of the TRS. Some following
conclusions can be drawn:

(1) At the speed conditions of 6000 r/min and 18000 r/min,
the impact of the rigid and flexible turbine shaft on the vibra-
tions of the TRS was very small. The maximum amplitude
difference was 0.07 µm. The vibration amplitude and curve
waveform were similar to each other, and the frequency com-
ponents of rigid and flexible turbine shafts in the y and z di-
rections were the same. The main frequency was fs and the
frequency component was single. At the speed conditions of
30000 r/min, 48000 r/min, and 60000 r/min, the effects of the
rigid and flexible turbine shaft on the vibrations of the TRS
was quite different. The maximum amplitude difference was
0.94 µm. The frequency components of rigid and flexible tur-
bine shafts in the y and z directions was different. There was
1/2fs and complex low-frequency components in the y and
z directions. the TRS with the flexible turbine shaft obtained
more accurate vibrations than the rigid one.

(2) The maximum displacement and RMS of amplitudes in
the y and z directions of the TRS of the UV increased with
increased clearance. They increased sharply after the clearance
conditions of 20 µm. Therefore, the clearance of supporting
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Figure 10. Time-domain vibrations and their spectra from flexible model un-
der different clearance conditions. (a) Displacements in the y direction, (b)
displacements in the z direction, (c) RMS value of displacements in the y di-
rection, (d) RMS value of displacements in the z direction, (e) spectra in the y
direction, (f) spectra in the z direction, and (g) axis track response.

bearing of the TRS of the UV should be controlled from 5 to
20 µm.

(3) At the clearance conditions of 5 µm, 10 µm, 15 µm,
20 µm, and 30 µm, the frequency distributions of vibrations in
the y and z directions was similar. There was 1/2fs; and the
main frequency was 1/2fs. The amplitude at fs was small.

(4) The axis track appeared as multiple overlapping and sta-
ble circles, and the circular area increased with increased clear-
ance. The smaller clearance of the supporting bearings can
lead to a more stable axis rotation.
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Figure 11. Campbell diagram of the rotor system from the proposed FE
model.
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