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The Schwarz Primitive triply periodic minimal surface (P-TPMS) lattice structure is attracting more attention due
to its superior mechanical properties and unique topological configuration. In this study, a new periodic config-
uration is proposed in which the unit cell is formed by embedding the acoustic black hole (ABH) component in
the primary P-TPMS component. A semi-analytical method is developed to calculate the wave propagation prop-
erties of the proposed structure. The dynamical equilibriums of the primary P-TPMS and ABH components are
described by the finite element method and the WKB method respectively. By considering the compatibility at the
connections between the components and using the equivalent dynamic stiffness technique, dispersion analysis can
be implemented in the framework of the wave and finite element (WFE) method. Various numerical examples with
different number, type and connection position of the resonators are investigated. By comparing the calculation
results from the present semi-analytical method with that from the finite element method, the effectiveness of the
proposed method is validated. The influences of the number, type, and connection position of the resonators on the

bandgap properties are investigated.

NOMENCLATURE

P-TPMS  Schwarz Primitive Triply Periodic
Minimal Surfaces

ABH Acoustic Black Hole
WFE Wave and Finite Element
TPMS Triply Periodic Minimal Surface

1. INTRODUCTION

Lightweight, load-bearing and vibration reduction structures
are the eternal pursuit of various areas such as aerospace, auto-
motive, civil, and naval engineering.' Cellular materials have
been utilized frequently for these structures due to their re-
markable high stiffness to weight ratio and porous character-
istics.> Among them, triply periodic minimal surface (TPMS)
based structures are attracting more and more attention along
with the rapid development of additive manufacturing tech-
nology.> A wealth of research work has been carried out on
the performance of various aspects of the TPMS based struc-
tures.*14

The mechanical properties of different types of TMPS have
been investigated experimentally and numerically. However,
only a limited number of works can be found in the litera-
ture on the dynamic and wave propagation characters of TPMS
based structures.!>!®  Viet'” investigates the wave propaga-
tion characteristics of sheet and solid type triply periodic min-
imal surface structures, including the Gyroid, Primitive, Dia-
mond, and IWP lattices over a broad range of relative density
values. Viet and Zaki'® studies the free vibration and buck-
ling characteristics of functionally graded porous beam with
triply periodic minimal surfaces including Primitive, Diamond,

IWP, and Gyroid using Euler’s beam theory. Simsek'® cal-
culate the modal properties of additively manufactured TPMS
structures using five different modeling methods for a beam.
Yang?® investigate the acoustic properties of additively man-
ufactured TPMS-based structures. Elmadih?' predict the 1D
bandgaps of beam-like surface-based lattices and demonstrate
that TPMS lattice structures can induce mechanical bandgap
behavior which can be used for manipulating elastic wave.

The wave bandgap of repetitive TPMS structure comes from
the Bragg scattering mechanism, which is easy to achieve, and
usually has a large bandwidth.?> However, for the Bragg scat-
tering mechanism, the period of the structure repetitiveness
has the same order of magnitude as the propagation wave-
length, which means that a large system is required for the
low-frequency band gap. Instead, a local resonant band gap is
formed near the resonant frequency, which makes the unit cell
size much smaller than the wavelength corresponding to the
band gap.?® Locally resonant metamaterials usually consist of
a variety of materials. The discontinuous distribution of ma-
terials with different properties in complex spatial structures
brings great challenges to manufacturing. Therefore, single-
phase structures with subwavelength bandgaps are more prac-
tical in engineering practice and have attracted more and more
attention in recent years.?* In addition, Xiao® investigate the
propagation of flexural waves in a locally resonant thin plate
made of a two-dimensional periodic array of spring—mass res-
onators attached on a thin homogeneous plate. Miranda?® in-
vestigate the complex band structure and forced response of
flexural waves propagating in an elastic metamaterial thick
plate. In order to produce more significant band gap charac-
teristics compared with one resonator, structures with embed-
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ded multi-resonators was presented which can lead to multi-
ple resonant-type bandgaps with remarkable wave attenuation
capabilities.”’>° As an alternative, a thin plate structure peri-
odically attached with ABH beam resonators are proposed by
Ma,** and multiple band gaps are obtained due to the multi-
mode characteristic of ABHs. An ABH is a thin structure with
a thickness that tapers according to a power law with an expo-
nent greater than or equal to two. As the thickness diminishes,
the entering waves slow down and their amplitude grows to in-
finity as the thinnest portion of the ABH is approached. Since
the discovery of the ABH effect in 19883! and the damping-
layer treatment solution in 2004,32 a vast amount of research
has been conducted into ABHs and verifies the advantage of
ABHs in vibration reduction.’*-38

Inspired by the remarkable porosity of the TPMS based
structure and the multimode characteristic of the ABHs, a
new configuration of which the unit cell is formed by em-
bedding the ABH component in the primary P-TPMS compo-
nent, where the ABH component plays the role of dynamic
resonator, is proposed in this paper. The wave propagation
properties of the proposed structure are calculated based on the
dynamic equations of the unit cell. Up to now, various com-
putational methods, including numerical and analytical meth-
ods, have been developed for the dispersion analysis of locally-
resonant structures.’** By considering the complex geometry
of the primary TPMS component, the analytical solution is ob-
viously not applicable for the proposed configuration. As an
alternative, the wave and finite element (WFE) method.*46
can deal with periodic mediums with complex configuration
since the mass and stiffness matrices can be obtained utilizing
a commercial software package. However, the significant vari-
able cross-section characteristics of the ABH component lead
to a huge number of elements, which makes the WFE method
face high computational cost. In this paper, a semi-analytical
method is developed for the wave propagation analysis of the
proposed new structural configuration. In the present method,
the dynamic equation of the primary P-TPMS component is
established by using the finite element method, and the higher-
order WKB approach?® is utilized to describe the flexural wave
propagation within the ABH resonators. By considering the
displacement-force relationship at the connections, an eigen-
problem for the dispersion of the proposed configuration is es-
tablished based on the wave propagation theory. Several nu-
merical examples with different number, connection position
and type of the resonators are considered. The effectiveness of
the present semi-analytical method are validated by the WFE
method. The bandgap property of these example structures are
investigated.

2. GEOMETRY OF THE UNIT CELL AND
PROBLEM DESCRIPTION

As shown in Fig. 1, the unit cell of the proposed periodic
configuration was composed of the primary P-TPMS compo-
nent which played a bearing role and the ABH component that
was a dynamic resonator. For the sake of convenience, the
bottom of the P-TPMS component was sealed, and the ABH
component was connected to the P-TPMS component through
a stiff bar that could be modeled by a spring for simplicity.
The ABH component was constituted by two tapered beams,
as shown in Fig. 1(e). Although only one resonator is shown

@0

(a) iso view (b) front view

90

(c) top view (d) left view
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(e) ABH resonator

Figure 1. Configuration of the unit cell in different views: (a) iso view, (b)
front view, (c) top view and (d) left view; (¢) ABH component.

in Fig. 1 for clarity, the cases considering multiple resonators
can be managed by the present method with no more difficulty
and are investigated in the numerical examples.

As one kind of the TPMS structure, the P-TPMS is described
by the following equation:

op(x,y,2) = cos (0x) + cos (By) + cos (0z) =s; (1)

where 6 = %’r, A denotes the characteristic length of a unit

cell, ¢ p determined the pore type, x, y, z were spatial coor-
dinates, and s happened for the network phase of the TPMS
lattice. In the following analysis, the constant s was chosen as
0. Considering the complex surface, the dynamic problem of
the primary P-TPMS component cannot be described analyti-
cally. In this work, the primary P-TPMS component was gen-
erated by the software MSlattice developed by Al-Ketan and
Abu Al-Rub.*” And then the commercial software ABAQUS
was adopted to obtain the finite element model.

The ABH component consists of two parts, i.e. Part 1 and
Part 2, as shown in Fig. 2. Both parts were tapered beams.
For the sake of simplicity, only the flexural vibration along the
y direction is considered here. Other geometrical parameters
are also given in Fig. 2. The thickness function of Part 1 was
expressed as hy () = g1z + hgp, © = 0..1. The thickness
function of Part 2 was described as ho (z) = e2(l — 2)"* +hyp,
xr = 0..[, where ¢; = (hol;ilh“") with ¢ = 1, 2 was a scaling
factor, p; was the power of the taper that defined the gradient.
The local coordinate is considered here whose origin is located
at the left end of each part.

In this paper, wave propagation properties of the periodic
structure is calculated based on the dynamic equilibrium equa-
tion of its unit cell. Traditionally, the finite element model
of the unit cell can be established and then the classical WFE
method can be used to calculate the dispersion properties.
However, many elements and a consequently high computa-
tional burden will be induced by the ABH components due to
their significant characteristic of variable thickness. To make
efficient calculations, the dynamics of the ABH component is
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Figure 2. Geometry parameters of the ABH component.

described by using a general higher-order WKB approach’® in
this paper. The key step of the presented analysis framework is
how to address the dynamic coupling between the primary P-
TPMS component and the ABH components. To address this,
the equivalent dynamic stiffness technic is utilized.

3. SEMI-ANALYTICAL  SOLUTION
DISPERSION ANALYSIS

For the primary P-TPMS component, the dynamic equi-
librium equation was formulated in the frequency domain as
Dq = F, where q and F represent the displacement and force
respectively. D represents the dynamic stiffness matrix, and
was expressed as D = —w?M+K(1 + in), where M and
K were the mass and stiffness matrices, while 1 was the loss
factor and w was the angular frequency. By considering the
connected degrees of freedom between the primary P-TPMS
component and the ABH component, the dynamic equilibrium
equation can be written as:

D D, adp) F )
on ol (@)= (%)

D,
where the subscript “c” meant the connected degrees of free-
dom, and subscript “p” referred to the other degrees of freedom
of the primary P-TPMS component. The dynamic coupling re-
lationship between the primary P-TPMS component and the

ABH component can be expressed as:
keqqc:FL'; 3)

where k., was the equivalent dynamic stiffness provided by
the ABH component. The derivations for kg can refer to Ref-
erences.® The combination of Eq. (2) and Eq. (3) leads to:

FOR

Da,=F,: @)

where D= (Dpp+DpC (keq—Dcc)‘chp). Following the

classical procedure of the WFE method,** Eq. (4) can be
rewritten as:

]:311 ]:)IL ]:)IR dp,1 F,r
Dy Du Dir| 9z p=Fpr s o)
Dri Dr. Dgrr| \9p.R Fyr

where the subscript “I, L, R” indicated the degrees of free-
dom of internal region, left end and right end of the unit cell,
respectively. Consider the method developed by Zhong and

Williams,*® let & = {qp L } and ¥ = {qp L } and consider
Fpr dp,R

that there was no external force acting on the internal region of
the unit cell, and then Eq. (5) leads to:

{%ﬁ}zN% (6)

*FRR

®=LT, (7)

h N { 0 I }
where, = | = ~_ = ~ ~ o~ = ~ |,
DD 'Dy. — Dg, DriDy'Dig — Die
L — { 1 0
Dy - DLlDﬁlDlL D — DLIDHIDIR
bining the displacement compatibility condition and force
equilibrium condition at the coupling edge of two adjacent unit

] . By com-

7j—1
cellsjandj — 1,ie. &/ = { ap.R } and the Bloch the-

—F,.r
J Jj—1
ory, i.e. { . R } = )\{ Ap.r } , generalized eigen-
-F,r -For
value problem can be obtained as:
(LTIN+NTIJL)® = (A + A7) LTJLY; (8)
0 In —ikA . .
where, J = , A = e "2, 1,, was unit matrix, n

-I, O
was the total number of degree of freedom of the left and the
right coupling cross-section of the unit cell. The wave number
k can be obtained by solving this equation.

4. NUMERICAL EXAMPLES

In this section, the wave propagation properties of three
cases of example structures are investigated. For each case,
two types of resonators are considered, i.e. spring—mass res-
onator and ABH resonator, and each resonator has the same
mass. For all the cases, the total mass of the resonators was
kept unchanged. For the first case, only one resonator was
embedded in the primary P-TPMS component. The resonator
was connected to the bottom surface of the unit cell at three
nodes, respectively, i.e. nodes 3095, 3264 and 3268, through
a stiff bar which was modeled by a spring, as shown in Fig. 3,
and node 3264 was at the central of the bottom face of the
TPMS component. For the second case, the two resonators
were connected to nodes 3095 and 3264 of the primary P-
TPMS component. For the third case, the three resonators were
connected to the three nodes of the primary P-TPMS compo-
nent, respectively. The thickness of the primary P-TPMS com-
ponent was 3 mm. The geometrical parameters of the ABH
beam were: hg = 0.0025 m, hyp = 0.00025 m, [ = 0.2 m, and
w1 = po = 2. The material properties of the unit cell were:
density was 1200 and 2700 kg/m?, Young’s modulus was 2 and
70 GPa for the TPMS and ABH component, respectively, and
Poisson’s ratio is 0.3. For the first case, the spring—mass res-
onator consisted of a mass block with mass m = 0.0054 kg
and a linear spring with stiffness £ = 8746 N/m. Therefore,
for the second and third case, the masses of each mass block
were m = 0.0027 kg and m = 0.0018 kg, respectively. For
the ABH beam resonator, the widths of the tapered beam of
the second and third case were half and one-third of that of the
first case with width ¢ = 0.005 m, respectively. For clarity, the
geometric and material parameters used in the example struc-
ture are given again in Table 1. For all cases, the translational
degrees of freedom of the TPMS component in directions z
and z were constrained for simplicity. The WFE method*! was
used to validate the present method. The stiffness matrix and
mass matrix needed by the WFE method were extracted from
the finite element model established using ABAQUS. In the
finite element modelling, a total of 3128 linear quadrilateral
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(b) iso view

(a) top view

Figure 3. Schematic of connection positions of the resonators, (a) location of
the three nodes connected by resonators, (b) Case 1: the ABH component was
connected to the TPMS component at the central node of the bottom surface
through a spring.

Table 1. Geometric and material parameters used in the studied examples.

—primary P-TPMS
—-with spring-mass
- with ABH, WFE
- with ABH, present

i)

Re(kp)
o N &~ O ©o©
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Frequency (Hz)
(a) Real part of £,
0 [ I '.I ki T 1
L 1 4
27 b '
\E/ —10 r —primary P-TPMS
- —-with spring-mass
- with ABH, WFE
-15 «with ABH, present

50 100 150 200 250 300 350 400 450 500
Frequency (Hz)

elements of type S4R was used for the TPMS component, and
56000 linear hexahedral elements of type C3D8R was used for
each ABH component.

4.1. With One Resonator

The case of which the resonator is connected at node 3264
was considered firstly, as shown in Fig. 3(b). The first propa-
gational wave was investigated for the primary P-TPMS com-
ponent, the unit cell with spring—mass resonator and the unit
cell with ABH resonator, respectively. The real and imagi-
nary part of the wave number k, are given in Fig. 4(a) and
Fig. 4(b), respectively. As can be seen, for the unit cell with
ABH resonator, the results from the present semi-analytical
method agree well with the results from the WFE method. Fig-
ure 5 shows the dispersion results of the TPMS component em-
bedded with ABH resonator obtained by the present method
using different approximation order for the WKB description.
As can be seen, the results using third-order approximations
are convergent. Therefore, the results of the present method
calculated with third-order WKB approximation for the ABH
component are adopted in this paper.

The band gap results given in Fig. 4 are presented more
clearer in Table 2. For the primary P-TPMS component, there
exists two band gaps below 500 Hz. The two band gaps are
(198.0 Hz-202.6 Hz) and (412.4 Hz—413.3 Hz). For the unit
cell consists of the primary P-TPMS component and spring—
mass resonator, three band gaps appear below 500 Hz, i.e.
(152.7 Hz-155.0 Hz), (255.1 Hz-257.7 Hz) and (412.4 Hz-
413.3 Hz). It can be seen that compared to the primary P-
TPMS component, the unit cell with an extra spring—mass res-
onator has one more band gap, which comes from the dynamic
vibration absorber effect, because the natural frequency of the
isolated spring—mass system is 202.6 Hz and coincided with
one of the natural frequency of the primary P-TPMS com-

TPMS component | ABH component | Mass—block .
Young’s modulus, £ 2 GPa 70 GPa \ (b) Imagmary part of ki”
Density, p 1200 kg/m? 2700 kg/m? \
Poisson’s ratio, v 0.3 0.3 \ Figure 4. Real and imaginary part of the wave number k;, of the first propa-
Thickness, h 0.003 m ho = 1/400 m, \ gational wave of different unit cells.
hip = 1/4000 m
Connected nodes Beam width ¢ Mass m
Case 1 3264 1/200 m 0.0054 kg 8 Z 0—orde} WKB '
Case 2 3095, 3264 1/400 m 0.0027 kg --1-order WKB |
Case 3 3095, 3264, 3268 1/600 m 0.0018 kg —2_order WKB
++-3-order WKB |

179 180 181 182 183 184 185 186
Frequency (Hz)

Figure 5. Real part of the wave number k;, of the first propagational wave
of the TPMS component embedded with ABH resonator obtained using the
present method with different approximation order for the WKB theory.

ponent. The correspongding modal shapes of the primary
TPMS component and the TPMS component connected with
spring—mass resonator are given in Fig. 6. For the unit cell
with ABH resonator, five band gaps appear below 500 Hz,
ie. (121.4 Hz-121.8 Hz), (181.2 Hz-183.9 Hz), (255.9 Hz-
257.4 Hz), (369.9 Hz-370.2 Hz) and (412.4 Hz—413.3 Hz). Al-
though the ABH resonator has the same mass with the spring—
mass resonator, the unit cell with ABH resonator has two
more band gaps than that with the spring—mass resonator be-
low 500 Hz, due to the multimode characteristic of the tapered
beam. In addition, total bandwidth of the band gaps increases
from 5.6 Hz of the primary P-TPMS component to 5.8 Hz of
the unit cell with resonators. Based on the above calculation
results, it can be seen that all the above unit cells have the band
gap (412.4 Hz—413.3 Hz), which means that, connecting a sin-
gle resonator at the central node of the bottom surface of the
primary P-TPMS component does not change this band gap.
This is because the resonator is located at the node lines of
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() (b) (©

Figure 6. Modal shape of the unit cell obtained using ABAQUS, (a) the pri-
mary TPMS component, the natural frequency is 202.6 Hz; (b) TPMS com-
ponent embedded with the spring—mass resonator, the natural frequency is
154.7 Hz; (c) TPMS component embedded with spring—mass resonator, the
natural frequency is 257.0 Hz. The spring—mass system with the same natural
frequency is connected at the maximum displacement location of the modal
shape at 202.6 Hz of the primary TPMS component, and the new built-up sys-
tem eliminates the natural mode of the primary component at 202.6 Hz, but
produces two new natural modes, one on the left and right sides of 202.6 Hz,
i.e. 154.7 Hz and 257.0 Hz.

o8 09 9 by

(2)411.5Hz (b)411.8 Hz (c)411.5Hz (d)411.8 Hz

Figure 7. The natural frequencies and corrsponding modal shapes of the pri-
mary TPMS component and the TPMS component connected by a ABH com-
ponent at the node lines. The addition of the ABH component does not af-
fect the natural modes of the primary TPMS componnet at these two natural
frequenies.

Displacement (m)
[y
o
o

i~ - Primary TPMS lattice!
'—TPMS embedded with ABH

50 100 150 200 250 300 350 400 450 500
Frequency (Hz)

Figure 8. Magnitude of the displacement of the two periodic structure formed
by periodically arraying 11 unit cells consist of the primary TPMS and TPMS
componnet embedded with one ABH resonator, respectively.

the two natural modal shapes of the TPMS componet corre-
spongding to natural frequencies 411.5 and 411.8 Hz, as can
be seen from Fig. 7, which gives the associated modal shapes.
Now considered two periodic structures formed by periodi-
cally arraying the primary TPMS unit cell and TPMS com-
ponnet embedded with one ABH resonator, respectively. The
number of the unit cell for the two structures is 11. Unit point
forces are applied uniformly at one end of the periodic struc-
ture. And the displacement of one node at the other end of
the periodic structure is calculated. Figure 8 shows the magni-
tude of the displacement of the two periodic structure. As can
be seen, the vibration reduction effect shown in the figure is
consistent with the band gap results given in Table 2 obtained
based on the unit cell.

—at node 3264
-atnode 3095 |
- atnode 3268 |

Re(kp)

3

250 300 350
Frequency (Hz)

O L J
50 100 150 200 400 450 500

(a) Real part of £,

0 I i
| I
5 | i !
&
~= —at node 3264
\é/ -10 - -+at node 3095 1
— = at node 3268
-15
50 100 150 200 250 300 350 400 450 500

Frequency (Hz)

(b) Imaginary part of k,

Figure 9. Real and imaginary part of the wave number k£, of the first propaga-
tional wave of the unit cell with ABH resonator connected at different nodes.

By changing the parameters of the ABH resonator, five ad-
ditional cases are considered to investigated the band gap prop-
erty, and the total width of the band gaps is given in Table 3.
As can be seen, the stiffness and mass properties of the ABH
resonator significantly influenced the band gap properties. The
influence of the position of connection was then investigated.
Figure 9 gives the wave number of the first propagational wave
of the unit cell with ABH resonator connected at different
nodes. As can be seen, for these three cases, although they
have similar band gaps at some frequencies, their wave propa-
gation characteristics were very different at most frequencies.
For the two cases of which the resonator was connected at
nodes 3095 and 3268, the first three band gaps agree well.
This was because the two nodes were symmetric in rotation,
as shown in Fig. 3(a). It can also be noted that the band gap
(412.4 Hz—413.3 Hz) disappeared in the case of which the res-
onator is connected at node 3268, because the resonator of this
case breaks up the natural mode of the primary TPMS compo-
nent at 411.8 Hz, as can be seen from Fig. 10 and Fig. 7(a, b).

4.2. With Two Resonators

Consider the case of which the two resonators are connected
to the primary P-TPMS component at nodes 3264 and 3095.
The real and imaginary part of the wave number k,, of the first
propagational wave are given in Fig. 11(a) and Fig. 11(b), re-
spectively. As can be seen, for the unit cell with ABH res-
onator, the results from the present method agree well with
the result from the WFE method. Clearer results of the band
gaps are given in Table 4. For the unit cell with spring—
mass resonators, three band gaps appear below 500 Hz, i.e.
(186.8 Hz-189.9 Hz), (310.4 Hz-311.8 Hz) and (411.8 Hz~
413.3 Hz). Compared with the case with one spring—mass res-
onator with the same total mass, although the number of band
gaps is the same, the total bandwidth of band gaps is increased
from 5.8 Hz to 6.0 Hz, and the first two band gaps move to
the right along the frequency axis because that the mass of
each mass block is decreased from 0.0054 kg to 0.0027 kg
with the spring stiffness unchanged. For the unit cell with
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Table 2. Bandgap results of the wave number k), of the first propagational wave of different unit cells.

<150 Hz 150-200 Hz 200-300 Hz 300-400 Hz 400-500 Hz
8 —Re |
e
=6
=4
7,
200
primary P-TPMS / / Frequency (Hz) /
8 —Re, . =Rel —Re
e Im 15 H e Im
=6 = =
=4 = =
0 / [
150 152 154 156 254 256 258 260 411 412 413 414 415
with spring-mass resonator / Frequency (z) Frequency (Hz) / Frequency (Hz)
8 —Re e —Re
Tm 15 e Tm
j?\ jf\ j{ 10
180 182 184 186 254 256 258 260 211 412 413 414 415
with ABH resonator Frequency (Hz) Frequency (Hz) Frequency (Hz)

Table 3. Bandgap results of the wave number &, of the first propagational
wave with different ABH configurations.

Case | ho (m) | hyp (m) | £ (m) [ I (m) | p (kg/m3) Band width (Hz)
0 1/400 | 1/4000 | 1/200 | 1/5 2700 5.8
1 1/100 | 1/1000 | 1/100 | 1/1 2700 5.6
2 1/50 1/500 | 1/50 | 1/1 2700 5.2
3 1725 17250 | 1725 | 1/1 2700 5.1
4 1/50 1/500 | 1/50 | 1/5 2700 7.1
5 1/400 | 1/4000 | 1/200 | 1/5 7800 6.2

two ABH resonators, five band gaps appear below 500 Hz,
ie. (127.5 Hz-127.9 Hz), (186.8 Hz-190.4 Hz), (277.0 Hz-
277.6 Hz), (411.8 Hz—413.3 Hz) and (415.0 Hz—415.4 Hz).
Compared with the case with one ABH resonator with the same
mass, although the number of band gaps is the same, the total
bandwidth of band gaps is increased significantly from 5.8 Hz
to 6.9 Hz. Compared with the case with two spring—mass res-
onators with the same total mass, the number and total band-
width of band gaps of the case with two ABH resonators are
increased significantly.

4.3. With Three Resonators

Consider the case of which the three resonators are con-
nected to the primary P-TPMS component at nodes 3264, 3268
and 3095. The real and imaginary part of the wave number
kp of the first propagational wave are given in Fig. 12(a) and
Fig. 12(b), respectively. As can be seen, for the unit cell with
ABH resonator, the results from the present method agree well
with the result from the WFE method. Clearer results of the
band gaps are given in Table 5. For the unit cell with spring—
mass resonators, three band gaps appear below 500 Hz, i.e.
(224.0 Hz-227.6 Hz), (328.7 Hz-329.2 Hz) and (444.7 Hz—
446.2 Hz). Compared with the case with two spring—mass res-
onators with the same total mass, although the number of band
gaps is the same, the total bandwidth of band gaps is decreased
from 6.0 Hz to 5.6 Hz. For the unit cell with three ABH res-
onators, nine band gaps appear below 500 Hz, i.e. (129.5 Hz—
129.8 Hz), (188.7 Hz-192.5 Hz), (272.5 Hz-272.51 Hz),
(284.9 Hz-285.3 Hz), (395.0 Hz-395.1 Hz), (396.7 Hz-
397.1Hz), (447.2 Hz—447.5 Hz), (462.7 Hz—462.8 Hz) and

(a) connected at node 3095, 411.8 Hz

(b) connected at node 3268, 411.5 Hz

Figure 10. The natural frequencies and corrsponding modal shapes of the
TPMS component connected by a ABH component at node (a) 3095 and (b)
3268. The addition of the ABH component at node 3268 broke up the natural
mode of the primary TPMS component at 411.8 Hz.

(471.6 Hz-471.8 Hz). Compared with the case with two ABH
resonators with the same total mass, the number of band gaps
was increased from 5 to 9, however, the total bandwidth of
band gaps was decreased significantly from 6.9 Hz to 5.6 Hz.
Compared with the case with three spring—mass resonators
with the same total mass, the number of band gaps of the case
with three ABH resonators increases significantly, however,
the total bandwidth is unchanged.
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Table 4. Bandgap results of the wave number k), of the first propagational wave of different unit cells.

<150 Hz 150-200 Hz 200-300 Hz 300—400 Hz 400-500 Hz
195 200 205 410 412 414 416
primary P-TPMS / / Frequency (Hz) / Frequency (Hz)
8 —Re 8 —Re
6
4
2
184 186 188 190 192 308 310 312 314 410 412 414 416
with spring-mass resonators / Frequency (Hz) Frequency (Hz)
8 8
6 6
- 4 ~ 4 -
EH 2 g, &
0 0 / 0 0
126 127 128 129 184 188 190 192 274 276 278 280 410 412 414 416 418
with ABH resonators Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)

Table 5. Bandgap results of the wave number £ of the first propagational wave of the unit cells of the primary TPMS component and the TPMS component

with spring—mass resonator.

<150 Hz 150-200 Hz 200-300 Hz 300-400 Hz 400-500 Hz
H
a0 a2 a4 a4t
primary P-TPMS / / Frequency (Hz) / Frequency (Hz)
8
6 =
£
=* =
7, g
gi 124 226 22!5"" 328 329 HU 444 446" 448
with spﬁng_mass resonators / / Frequency (Hz) Frequency (Hz) Frequency (Hz)

Table 6. Bandgap results of the wave number &, of the first propagational wave of the unit cell with ABH resonators.

<150 Hz 150-200 Hz 200-300 Hz 300-400 Hz 400-500 Hz
8 —Re 8 —Re 8 —Re
T e “Im
= =6 = 6 = 6 =
£ E £ E £
- - 4 -4 - 4 -
1 5 1 r 5 1
& g . £ > ] g &
0 1 0 A‘/ 0 0 =
129 1295 130 1305 186 188 190 192 194 272.45 2725 27255 395 395.05 395.1 447 44755 448
Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz) Frequency (Hz)
8 —Re 8 —Re 8 —Re
eTm T wIm
= 6 = 6 =
E E E
= 4 = 4 =
E , r z, / =
0 0 . . :
284 285 286 3966 3968 397 3972 4626 462.8 463
Frequency (Hz) Frequency (Hz) Frequency (Hz)
8 —_
weIm

Re(k,), [Im(k,)

Frequency (Hz)

284

International Journal of Acoustics and Vibration, Vol. 28, No. 3, 2023



Y. Ma, et al.: SEMI-ANALYTICAL SOLUTIONS FOR WAVE PROPAGATION OF PERIODICALLY REPETITIVE SCHWARZ PRIMITIVE TRIPLY...

e
R

—primary P-TPMS

—-with spring-mass

= with ABH, WFE

-+ with ABH, present
J

Re(k,)
o N Lo (o) e e]

|

1

1

i

i

A

Il
i
!
i

150 200 250 300

50 100 350 400 450 500
Frequency (Hz)
(a) Real part of k,
07 1 m
i
—~ 5 | Y
& i
F -10 —primary P-TPMS

—-with spring-mass
- with ABH, WFE
-15 + - with ABH, present

50 100 150 200 250 300 350 400 450 500
Frequency (Hz)

(b) Imaginary part of k,,

Figure 11. Real and imaginary part of the wave number k;, of the first propa-
gational wave of different unit cells.
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Figure 12. Real and imaginary part of the wave number k;, of the first propa-
gational wave of different unit cells.

5. CONCLUSIONS

Inspired by the porosity of TPMS structure and the applica-
tion of ABH structure in vibration reduction, a periodic struc-
ture with ABH component embedded in P-TPMS component
is proposed. A semi-analytical method is developed for the
wave propagation analysis of the proposed periodic structure
based on the WFE method and the WKB method. Various
numerical examples are investigated. For each case with res-
onators, the total mass of the resonators is kept the same. The
main conclusions obtained in these examples are briefly sum-
marized in the following.

Compared with the bandgap properties of the primary P-
TPMS component, more band gaps can be obtained by adding
resonators to the primary component. The ABH resonator can
provide more band gaps than the spring—mass resonator due
to the multimode character of the tapered beam. The total

bandwidth of the band gaps is significantly influenced by the
connection position of the resonators. For the case with two
ABH resonators considered in this paper, the total bandwidth
of band gaps is significantly larger than that of the case with
mass—spring resonators and the primary component. However,
for the case with three ABH resonators considered in this pa-
per, the total bandwidth of band gaps is smaller than that of
the cases with fewer resonators and is the same with that of
the primary component. Therefore, the number and width of
bandgap can be significantly improved by reasonable design of
the position and number of the ABH resonators.

It should be noted that the semi-analytical method devel-
oped in this paper originated from the need to calculate the
wave propagation characteristics of the TPMS structure. How-
ever, the proposed method is universal, and it can be directly
applied to other complex configurations connected with ABH
resonators that are difficult to describe with analytical solu-
tions.
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