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A time-delayed vibration absorber (TDVA) is proposed to suppress the vertical vibration of a quarter-car model.
First, the mechanical model of the combined system with a linear TDVA is studied. Second, the vibration suppres-
sion effect of the linear TDVA at a fixed excitation frequency is experimentally verified when the passive absorber
totally loses efficacy. Third, based on the system acceleration response amplitude derived by the harmonic balance
method, the control parameters optimization of the nonlinear TDVA is carried out in a wide frequency band; the
numerical simulation of original vibration equations is conducted to determine the stability of the system. It is
concluded that the broadband vibration suppression effect of the nonlinear TDVA is obtained with optimal control
parameters. The numerical results validate the correctness of the theoretical ones.

1. INTRODUCTION
Along with social progress and rapid development of the

economy, vibration control of a vehicle is becoming a hot re-
search topic. Various passive, semi-active and active control
strategies are explored to improve driving comfort, handling
stability and road holding of the vehicle.1, 2 Among them, pas-
sive control strategies have been widely used with the advan-
tages of simplicity, low cost and zero energy consumption.3 As
far as active control of the vehicle, an actuation system is usu-
ally equipped to generate the desired force and an ideal control
effect can be achieved in a wide frequency range.4-6 Semi-
active strategies are regarded as compromises between passive
and active ones, which may reduce the energy consumption
while achieving acceptable vibration control effect.7–9 In the
past , with the development of computer technology, control
theory and advanced material, a great deal of effort has been
devoted to the study of active and semi-active vehicle vibration
reduction technologies, and fruitful achievements have been
made.

It is noted that time delay is inherent in active control. It de-
rives from the process of signal acquisition and transmission,
mathematical calculation and actuation.10 At first, time delay
is regarded as an adverse factor since it may weaken control ef-
fect, trigger bifurcations and chaos, and destabilize the system.
Delay compensation methods are proposed to eliminate the ef-
fect of time delay.11–13 With the intensive study of time delay
problems, researchers have found that time delay is not nec-
essarily negative. Proper time delay is effective in controlling
the self-excited vibration, suppressing chaos movement, and
reducing nonlinear resonant response, etc.14–16 Therefore, time
delay is intentionally introduced into an active control loop to
enhance the vibration control effect and the concept of time-
delayed feedback control (TDFC) emerges. Sun et al. pro-
posed a design methodology of variable time delay in TDFC
for a nonlinear isolation system.17 Taffo et al. investigated a 2-
DOFs nonlinear quarter-car model with TDFC and provided a
theoretical guidance for the design of vehicles with significant
vibration reduction.18 Yan et al. designed an optimal TDFC
to improve the performance of a vehicle suspension system.19

Taffo et al. focused on the effect of TDFC on the dynamic be-

havior of a quarter-car model under parametric excitation, and
conditions for onset of chaos resulting from heteroclinic bifur-
cation was derived.20 Wang et al. studied the influence of time
delay and feedback gain of TDFC on the performance of an
inerter-based suspension under harmonic, random and shock
excitations.21 Liu et al. completed a theoretical and experi-
mental study of TDFC using a flexible plate as the research
object.22

As a well-known application of TDFC, time-delayed vibra-
tion absorbers (TDVAs) have attracted considerable attention
in the field of active vibration control. The core idea of TD-
VAs is the introduction of an actuator via time-delayed state
feedback. Wang et al. explored the effects of TDVA on the
dynamic characteristics of a nonlinear multiple-layer metas-
tructure.23 The research results show that a single TDVA and
multiple TDVAs are effective in the anti-resonance range and
within a broad frequency band, respectively. Olgac et al. pro-
posed the concept of a delayed resonator (DR).24 With a DR
attached, the vibration of the primary system can be entirely
suppressed at a given frequency. The research group of Ol-
gac further carried out a series of extensions to the classical
DR, and designed dual frequency fixed DR(DFFDR), multiple-
frequency DR (MFDR) and distributed DR (DDR).25–27 Huan
et al. investigated a multi-objective optimal design of a TDVA
for a stochastically excited linear structure.28 Mohanty et al.
studied the nonlinear dynamics of a TDVA using a lead zir-
conate titanate (PZT) stack actuator and gave a clear idea as
to the response amplitude of the system and the operating fre-
quency band to minimize system vibration.29 Yan et al. pre-
sented a general and effective time-delay control parameter op-
timization solving method to improve the vibration reduction
effect of a nonlinear TDVA.30

In this paper, the linear and the nonlinear TDVAs are sep-
arately integrated into a quarter-car model. Both the inherent
and the intentional time delays are taken into account in the
model of the TDVA. The main research objectives are twofold.
The first is to complete the experimental study to verify that
the linear TDVA is effective in suppressing the vertical vibra-
tion of the quarter-car model. The second is to optimize the
control parameters to improve the vibration suppression effect
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Figure 1. Quarter-car model with a linear TDVA.

of the nonlinear TDVA in a wide frequency range.
The present paper is organized as follows. In Section 2, the

mechanical model of a quarter-car attached with a linear TDVA
is established and experiments are carried out to illustrate the
effectiveness of the linear TDVA when the passive absorber
fails completely. In Section 3, the optimization of time de-
lay and feedback gain coefficient is discussed to enhance the
broadband vibration suppression effect of the nonlinear TDVA.
In Section 4, conclusions are drawn and extensions are made.

2. MODEL OF A QUARTER-CAR WITH A
LINEAR TDVA

2.1. Mechanical Model
Considering that vertical vibration of the vehicle body is the

main factor affecting the ride comfort of the vehicle and ne-
glecting the pitch and the roll motion of the vehicle body, the
quarter-car model with a linear TDVA attached is presented in
Fig. 1.31 The absorber mass is represented in m1 and m2, and
the vehicle body mass, respectively. The stiffness and damping
coefficient of the linear TDVA are k1 and c1. . The suspension
stiffness and damping coefficient are k2 and c2. The displace-
ment of the absorber mass and the body mass are x1 and x2,
respectively. The road displacement excitation is xd and de-
scribed by a simple harmonic function xd = x0 sin(ωt). The
time-delayed feedback control force is u = gẍ1(t − τ). The
feedback gain coefficient is g. The τ is the sum of the inher-
ent time delay τ1 and the intentional time delay τ2. The value
of τ1 is unknown and needs to be identified for the designed
feedback control loop. The value of τ2 can be changed in the
controller. The g and τ2 are regarded as the control parameters
of the linear TDVA. When g = 0 kg, the linear TDVA degrades
into a passive vibration absorber.

According to Newton’s second law, the dynamical equations
of the combined system are:

m1ẍ1 + k1(x1 − x2) + c1(ẋ1 − ẋ2) + gẍ1(t− τ) = 0; (1)

m2ẍ2 + k2(x2 − xd) + c2(ẋ2−
ẋd) + k1(ẋ2 − ẋ1)− gẍ1(t− τ) = 0. (2)

The solutions of Eqs. (1) - (2) are supposed to be:

x1 = a1 sin(ωt) + b1 cos(ωt); (3)

x2 = a2 sin(ωt) + b2 cos(ωt). (4)

By substituting Eqs. (3) - (4) into Eqs. (1) - (2) and extract-
ing the coefficients of and from both sides of the equations,
one has:

{a1, b1, a2, b2, }T = D−1F ; (5)

in which D and F are given by Eqs. (6) and (7), respectively -
see the top of the next page.

Then, the acceleration amplitudes G1 and G2 of the absorber
and the body are calculated to be:

G1 = ω2
√

a21 + b21; (8)

G2 = ω2
√

a22 + b22. (9)

2.2. Experiments

2.2.1. Experimental setup

The photo of the experimental structure is shown in Fig. 2.
A primary mass 2 is supported on a fixed base 1 by two primary
springs 9. A servo motor 3 is fixed on the primary mass. An
absorber mass 5 is connected to the primary mass by two sec-
ondary springs 7. A cover plate 6 is connected to the base by
four guide bars 13. Two linear bearings 4 are installed on the
absorber mass to ensure that the primary mass and the absorber
mass vibrate only in the vertical direction. The upper and the
lower ends of the tension spring 11 are respectively linked to
the hook 10 and the motor shaft sleeve 8 by a steel wire rope
12. The schematic of the TDFC experiment is illustrated in
Fig. 3. The experimental system consists of three parts: exci-
tation, signal acquisition and processing, and actuation.

Excitation: As shown in Fig. 4, the base of the experimental
structure is fixed on a vibration table, which vibrates vertically
under the drive of an amplifier. The vibration form is set as
simple harmonic vibration with adjustable frequency and am-
plitude.

Signal acquisition and processing: Three acceleration sen-
sors are used to measure the acceleration signals of the base,
primary mass and absorber mass, respectively. The three ac-
celeration signals then enter the VR9500 signal acquisition in-
strument, where the acceleration data are recorded and then
enter the signal conditioning instrument. In the signal condi-
tioning instrument, the functions of low-pass filtering, signal
amplification and voltage lifting are implemented to improve
the signal-to-noise ratio.

Actuation: First, the processed signal goes into Euro404
motion controller, which communicates with a computer.
The time-delayed feedback control instruction is written in
Euro404 motion controller and then transferred to the servo
controller. Second, the shaft of the servo motor rotates under
the drive of the servo controller. Third, the low end of the ten-
sion spring moves vertically as a consequence of the rotation
of the motor shaft and applies the control force.
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D =


k1 −m1ω

2 cos(ωτ) −c1ω
2 − gω2 sin(ωτ) −k1 c1ω

c1ω
2 + gω2 sin(ωτ) k1 −m1ω

2 cos(ωt) −c1ω −k1
−k1 + gω2 cos(ωτ) c1ω + gω2 sin(ωτ) k1 + k2 −m2ω

2 −c1ω − c2ω
−c1ω − gω2 sin(ωτ) −k1 + gω2 cos(ωτ) c1ω + c2ω k1 + k2 −m2ω

2

 ; (6)

F = [0, 0, k2, x0, c2x0ω]
T . (7)

Figure 2. Photo of the experimental structure, (1 base, 2 primary mass, 3
servo motor, 4 linear bearing, 5 absorber mass, 6 cover plate, 7 secondary
spring, 8 motor shaft sleeve, 9 primary spring, 10 hook, 11 tension spring, 12
steel wire rope, 13 guide bar).

Figure 3. Schematic of TDFC experiment.

2.2.2. Physical parameters identification

As a premise, the physical parameters values of the com-
bined system need to be identified. Letting xd = 0 m and
applying a sinusoidal excitation force f sin(ωt) to the primary
mass, the dynamical equations of the system without TDFC
are:

m1ẍ1 + k1(x1 − x2) + c1(ẋ1 − ẋ2) = 0; (10)

m2ẍ2+k2x2+ c2ẋ2+k1(x2−x1)+ c1(ẋ2− ẋ1) = 0. (11)

The solutions of Eqs. (10) - (11) are assumed to be:

x1 = X1e
jωt;x2 = X2e

jωt; (12)

where X1 and X2 are complex.
Substituting Eq. (12) into Eqs. (10) and (11) gives:[

X1

X2

]
=

f

∆(ω)

[
k1 + jc1ω

k1 −m1ω
2 + jc1ω

]
; (13)

in which ∆(ω) = (k1 − m1ω
2 + jc1ω)(k1Kk2 − m2ω

2 +
jc1ω + jc2ω)− (k1 + jc1ω)

2.

Figure 4. Installation of the experiment structure.

Table 1. Physical parameters of the system.

Parameter Value Parameter Value Parameter Value
m1 (kg) 0.3 k1 (Nm−1) 2229.77 c1 (Nsm−1) 2.29
m2 (kg) 3.5 k2 (Nm−1) 9366.75 c2 (Nsm−1) 45.22

We define H1 and H2 to be the acceleration transfer func-
tions of the absorber and the primary system, namely, the ratio
of the amplitude of the acceleration response and that of the
excitation force. Hence, the theoretical expressions of H1 and
H2 are:

H1 =
ω2|X1|

f
;
ω2|X2|

f
. (14)

Applying a hammer excitation to the primary mass, the ac-
celeration transfer function-frequency curves of the system are
recorded. Based on Eq. (14) and the least-squares method,
the values of the physical parameters are identified and listed
in Table 1. Fig. 5 shows the comparison of the experimental
and the theoretical results of the acceleration transfer function-
frequency curves, where Ω = ω/(2π) denotes the frequency
of the excitation force.

According to the stability analysis in reference,23 the sta-
bility zoning diagram of the system is shown in Fig. 6. The
system is stable when the values of g and τ locate in region I,
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(a)

(b)

Figure 5. Acceleration transfer function-frequency curves of the system
without TDFC: (a) absorber and (b) primary system, red dots are experimental
results; black line is theoretical result.

Figure 6. Stability zoning diagram.

while unstable when the values of g and τ locate in region II.

2.2.3. Identification of inherent time delay

The identification process of the inherent time delay τ1 ex-
isting in the designed feedback control loop is as follows.

First, a hammer excitation is applied to the primary mass
and an acceleration sensor is used to monitor the response of
the absorber mass.

Second, the acceleration signal of the absorber mass is di-

(a)

(b)

Figure 7. Acceleration signals of channels 1 and 2:(a) partial time history,
(b) zoom of (a).

vided into two branches. One branch enters channel 1 of the
signal acquisition instrument. The other branch goes succes-
sively into the signal conditioning instrument and Euro404 mo-
tion controller. In Euro404 motion controller, a feedback con-
trol command without the intentional time delay is written and
then transmitted into the servo controller.

Third, the shaft of the servo motor begins to rotate under
the drive of the servo controller. The tangential acceleration
signal of the servo motor shaft is measured by a three-phase
acceleration sensor and then transmitted into channel 2 of the
signal acquisition instrument.

As thus, τ1 is considered as the time lag between the signals
of channels 1 and 2. Fig. 7 (a) shows the acceleration signals
of channels 1 and 2. Fig. 7 (b) is zoom of Fig. 7 (a). The
time points when the peaks, troughs, zero-crossings and initial
signal values of channels 1 and 2 occur are shown in Fig. 7 (b)
and Table 2. The value of τ1 is calculated to be 6.35 ms. The
experiment is repeated twice and the values of τ1 are identified
to be 6.34 ms and 6.35 ms, respectively. The average value of
τ1 is 6.35 ms.

2.2.4. Experimental study of the vibration suppres-
sion effect

From Fig. 5, the two resonant frequencies of the combined
system are approximately 8 Hz and 14 Hz. The anti-resonant
frequency of the combined system is 13.5 Hz, which closes
to the second resonant frequency. It means that the passive
vibration absorber is fully effective for Ω = 13.5 Hz, while it
fails completely for Ω = 8 Hz and 14 Hz. Whether the TDVA
could bring a better vibration suppression effect for Ω = 8 Hz
is our major concern here.
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Table 2. Identification of τ1.

peak trough zero-crossing initial signal value
chl ch2 chl ch2 chl ch2 chl ch2

time points (s) 7.61735 7.62370 7.61931 7.62566 7.61394 7.62028 7.61247 7.61882
time lag (ms) 6.35 6.35 6.34 6.35

Fig. 8 shows the measured displacement amplitude x0 of the
base excitation and the corresponding system acceleration am-
plitudes G1 and G2 for Ω = 8 Hz. The total sampling time
is 2.5 minutes. For 0 ≤ t < 1 min, the TDFC is deactivated,
that is, g = 0 kg. For 1 min≤ t ≤ 2.5 min, the TDFC with
g = 0.14 kg and τ = 0.026 s is activated. From Fig. 8 (a),
the displacement amplitude of the base excitation remains at
0.25 mm after an initial transient. From Figs. 8 (b) and 8 (c),
G1 reduces from 3.70 ms−2 to 3.41 ms−2 and G2 reduces
from 2.47 −2 to 2.25 −2. It is noted that the introduction of
the TDFC improves the vibration suppression effect of the ab-
sorber. The theoretical result of G1 given by Eq. (8) is 3.86 −2

for g = 0 kg and 3.53 −2 for g = 0.14 kg, τ = 0.026 s. The
theoretical result of G2 given by Eq. (9) is 2.55 −2 for g = 0 kg
and 2.30 −2 for g = 0.14 kg, τ = 0.026 s. Therefore, the ex-
perimental results agree with the theoretical ones. Fig. 9 shows
the numerical simulation of system acceleration responses for
x0 = 0.25 mm and Ω = 8 Hz. It should be pointed out that
that the TDVA with g = 0.14 kg and τ = 0.026 s does not sig-
nificantly improve the vibration suppression effect. Hence, the
optimization of the control parameters will be considered to
maximize the vibration suppression effect of TDVA in Section
3.

3. PARAMETER OPTIMIZATION OF THE
NONLINEAR TDVA

3.1. Modelling
Previous studies have shown that the vibration control effect

may be enhanced and the frequency band of vibration reduc-
tion may be broadened by properly introducing the nonlinear
elements into TDVAs. Inspired by this result, a spring with cu-
bic nonlinearity is added into the liner TDVA and the control
parameters optimization are further discussed to improve the
vibration suppression effect of the nonlinear TDVA.

The dynamical equations of the nonlinear system are:

m1ẍ1 + c1(ẋ1 − ẋ2) + k1(x1 − x2)+

δ(x1 − x2)
3 + gẍ1(t− τ) = 0; (15)

m2ẍ2 + c1(ẋ1 − ẋ2)− k1(x1 − x2)− δ(x1 − x2)
3+

c2(ẋ2 − ẋd) + k2(x2 − xd)− gẍ1(t− τ) = 0; (16)

where δ1 is the nonlinear stiffness coefficient of the TDVA and
the other physical parameters have the same meaning and val-
ues as before.

According to the harmonic balance method, the solutions of
Eqs. (15) and (16) are written as:

x1 = r1 sin(ωt) + r2 cos(ωt); (17)

x2 = r3 sin(ωt) + r4 cos(ωt). (18)

Substituting Eqs. (17) - (18) into Eqs. (15) - (16) and col-
lecting the like terms, we have:

U1 sin(ωt) + V1 cos(ωt) = 0; (19)

(a)

(b)

(c)

Figure 8. Measured excitation and response acceleration amplitudes: (a)
base, (b) absorber and (c) primary system.

U2 sin(ωt) + V2cos(ωt) = 0; (20)

where the expressions of U1, V1, U2 and V2 refer to Appendix
A.

Letting U1 = V1 = U2 = V2 = 0, the values of r1, r2, r3
and r4 can be numerically solved. The acceleration amplitude
Q1 and Q2 of the nonlinear TDVA and the primary system are:

Q1 = ω2
√

r21 + r22; (21)

Q2 = ω2
√

r23 + r24. (22)
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(a)

(b)

Figure 9. Numerical simulation of system acceleration responses: (a) ab-
sorber and (b) primary system.

For different δ1, Fig. 10 shows the theoretical solution
(TS) and numerical solution (NS) of the system acceleration
amplitude-frequency curves, where x0 = 0.003 m. It is noted
that the numerical solutions are in good agreement with the
theoretical ones. The frequency band of vibration reduction
becomes wider as increasing δ1.

3.2. Control Parameter Optimization

To improve the vibration suppression effect of the nonlin-
ear TDVA, the control parameter optimization is discussed in
this section. The time delay τ and feedback gain coefficient
g are the parameters to be optimized. Minimum primary sys-
tem acceleration amplitude is the optimization objective. The
optimization process is as follows.

Step 1: The value ranges of the parameters Ω, g and τ are
determined as Ω ∈ [5 Hz, 18 Hz], g ∈ [−0.3 kg, 0 kg) ∪
(0 kg, 0.3 kg] and τ ∈ (0, 0.25 s].

Step 2: The parameters Ω, g and τ are respectively dis-
cretized at intervals of 0.5 Hz, 0.001 kg and 0.001 s, re-
spectively. Discrete values Ωi(i = 1, 2, · · · , 27), gk(k =
1, 2, · · · , 600) and τl(l = 1, 2, · · · , 250) are obtained. 1.5 ×
105 sets (gk, τl) of control parameters are thus recorded.

Step 3: For Ω = Ω1, each set of control parameters are
successively substituted into Eqs. (21) - (22), and values of the
primary system acceleration amplitude are calculated. Among
them, Minimum value Q2min1 is chosen and the corresponding
values of control parameters are regarded as the optimal values
indicated as gop1 and τop1.

(a)

(b)

Figure 10. System acceleration amplitude-frequency curves: (a) passive
nonlinear absorber and (b) primary system.

Step 4: Numerical simulation of Eqs. (15) - (16) are carried
out to verify the stability of the system. If the system is stable,
Q2min1, gop1 and τop1 for Ω = Ω1 are outputted. Otherwise,
the three values are removed and the above process is repeated
until the system is stable.

Step 5: By repeating Steps 3 and 4, the optimal values of
control parameters for other discrete frequency points are ob-
tained.

The optimization results for σ1 = 8.86106 Nm−3 are shown
in Appendix B. The system acceleration amplitude-frequency
curves with and without the optimal control parameters are
presented in Fig. 11. Clearly, for 9.5 Hz< Ω < 17.5 Hz, the
acceleration amplitude of the primary system significantly de-
creases while that of the absorber increases when the optimal
parameters are introduced. Then the vibration energy is trans-
ferred from the primary system to the absorber and the vibra-
tion control effect of the absorber is improved by optimizing
the control parameters. Fig. 12 illustrates the numerical sim-
ulation of system acceleration responses for Ω = 17 Hz and
x0 = 0.003 m. From Fig. 12, the acceleration amplitude of the
primary system is reduced by 50 %, while that of the absorber
is increased by 196 %. The numerical result is in agreement
with the corresponding theoretical result shown in Appendix
B.

4. CONCLUSION AND EXTENSIONS

An active vibration control of the quarter-car model via the
linear and the nonlinear TDVA is respectively presented. The
conclusions and extensions are summarized as follows.
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(a)

(b)

Figure 11. System acceleration amplitude-frequency curves when σ1 =
8.86106 Nm−3: (a) absorber and (b) primary system.

1. The value of the inherent time delay in the designed feed-
back control loop was identified to be 6.35 ms by the
hammer test. The linear TDVA with g = 0.14 kg and
τ = 0.026 s decreased the acceleration amplitude of the
primary system by about 10 %.

2. The vibration suppression effect of the nonlinear TDVA
was improved by the control parameters optimization. Es-
pecially, for Ω = 17 Hz, the nonlinear TDVA with opti-
mal control parameters decreased the acceleration ampli-
tude of the primary system by 50 %. In addition, energy
transfer between the nonlinear absorber and the primary
system occurred at some excitation frequencies.

3. To maximize the vibration control effect, the control pa-
rameters of the linear TDVA were expected to be opti-
mized. Moreover, the effectiveness of the optimized lin-
ear and nonlinear TDVA will be verified in further exper-
iments.
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APPENDIX A
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APPENDIX B

Table 3. Physical parameters of the system.

Ω (Hz) gop (kg) τop (s) Q1(g=0) (ms−2) Q2(g=0) (ms−2) Q1(g=gop),τ=τop (ms−2) Q2(g=gop),τ=τop (ms−2)
5 0.070 0.094 5.62 4.88 5.42 4.87

5.5 0.120 0.082 8.08 6.79 7.57 6.75
6 0.081 0.071 11.85 9.60 11.13 9.53

6.5 -0.060 0.128 17.86 13.92 17.16 13.79
7 -0.082 0.111 27.40 20.54 26.19 20.08

7.5 -0.040 0.094 39.39 28.45 38.98 27.91
8 0.071 0.142 44.77 30.86 44.96 29.51

8.5 0.050 0.127 41.01 26.46 42.21 25.57
9 -0.061 0.060 36.17 21.58 38.57 20.64

9.5 -0.090 0.055 32.99 18.04 37.63 16.67
10 -0.110 0.051 31.33 15.54 38.57 13.80

10.5 0.121 0.047 30.84 13.70 41.07 11.64
11 -0.140 0.045 31.31 12.27 46.19 9.52

11.5 -0.150 0.042 32.67 11.07 53.08 7.70
12 -0.151 0.040 34.96 10.00 60.18 6.13

12.5 -0.120 0.039 38.27 9.00 62.40 5.54
13 -0.101 0.037 42.77 8.03 67.45 4.70

13.5 -0.072 0.035 48.61 7.09 70.36 4.28
14 -0.070 0.034 55.85 6.27 80.29 3.66

14.5 -0.039 0.099 64.44 5.79 82.16 2.95
15 0.025 0.062 74.23 5.97 88.10 3.72

15.5 0.018 0.058 84.93 7.04 97.74 4.18
16 -0.010 0.145 96.11 9.01 105.92 5.19

16.5 0.011 0.040 106.65 11.94 114.95 7.13
17 0.060 0.030 30.44 14.54 90.06 7.25

17.5 0.034 0.230 23.38 13.79 16.79 13.17
18 0.030 0.230 19.16 13.29 15.31 12.81
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