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The torsional vibrations of the propulsion shaft system in unmanned underwater vehicles (UUVs) could signif-
icantly affect the system’s fatigue life and acoustic stealth performance. Therefore, it is important to study the
torsional vibrations of the propulsion shaft system. This paper establishes a dynamic model of a propulsion shaft
system in the unmanned vehicles. The model demonstrates the effects of the torsional stiffness of the shafts and
the flexible coupling. The vibrations of the propulsion shaft system are calculated by a commercial software. The
effects of the torsional stiffness of the flexible coupling and the rotational speed on the torsional vibrations are
analyzed. This work could provide some theoretical foundation for the design and torsional vibration optimization
of the propulsion shaft system in UUVs.

1. INTRODUCTION

The propulsion shaft system is the main source of vibration
and noise in unmanned underwater vehicles (UUVs), which
has a great influence on their fatigue life and reliability. The
torsional vibrations of the propulsion shaft system can be ef-
fectively reduced by utilizing a flexible coupling with appro-
priate torsional stiffness, then the system’s natural frequency
would be also lowered. Furthermore, the free and forced vi-
brations of the system would be affected by the torsional stiff-
ness of the shafts, which should be considered in the modeling
process. It is essential to study and optimize the torsional vi-
brations of the propulsion shaft system in UUVs.

There have been many studies that demonstrate the dynamic
modeling methods of the shaft-bearing systems (SBSs). Huang
et al.1 presented a dynamics model of a SBS based on the fre-
quency response function-based substructuring (FBS) method
that incorporates a real propeller. The results showed that the
propeller flexibility should be considered for the vibro-acoustic
analysis. Chu et al.2 established a dynamic model of a shaft
system based on the transfer matrix method. The shaft was
defined as a series of continuous mass. The effects of rota-
tional speeds and static thrusts on the longitudinal vibrations
were investigated. Liew et al.3 presented a nonlinear rotor
bearing system by a transient solution technique. Its versatility
was evaluated by analyzing the flexible SBS with the hydrody-
namic and deep-groove ball bearings. Li et al.4 established
a dynamic model of a SBS with the load, elastic deforma-
tion and hydrodynamic film. The effects of the fan and pulley
unbalances on the vibrations of the system were investigated.
Huang et al.5 presented a dynamic model of a SBS by using
a round Euler-Bernoulli beam. The effect of a bearing type
on the instability of a spindle system and rotational speed was
studied. Arun et al.6 established a dynamic model of the SBS
based on the finite element (FE) rotor model. The accuracy
of FE method for a simple SBS was demonstrated. Han and

Chu7 presented a dynamic model of SBS based upon the en-
ergy theorem and Lagrange’s principle. The effects of rolling
motion, pitching and yawing motions and damping were stud-
ied. Mohammad et al.8 established a high-speed rotor model
by using the 3-dimensional finite element model (3D FEM)
and 1D beam model. The results indicated that the 1D beam
model could be used for rotor dynamic analysis with some ac-
ceptable accuracy. Brouwer et al.9 established a flexible shaft
model with a full 3D elastic formulation by using the explicit
FE method. The simulation and the experimental results were
similar. Thus, the flexible dynamic model is more accurate by
considering the deformation of the shafts. The calculation ef-
ficiency of modal superposition is high since the influence of
high-frequency modes was ignored.10 Therefore, the modal
superposition method should be combined with the finite ele-
ment method to obtain the ideal accuracy and efficiency.

The current torsional vibration analysis mainly studied the
natural frequencies and the forced vibrations of the SBSs. Drab
et al.11 established a multi-body dynamics model of crankshaft
by using the Buckens frame. The coupled vibration speed re-
sponse laws at the resonance speed points and the vibration
response law of the shaft system were studied. Some studies
applied the FE method to investigate the natural frequencies
of SBSs. Ma et al.12 presented a multiple dynamics model
of a SBS with the blade-tip rubbing by using the Timoshenko
beam. The effects of rotational speed, stagger angle and cas-
ing stiffness were analyzed. Liu et al.13 presented a dynamic
model for a shaft system of reciprocating compressor based
on the modal superposition method. The maximum torsional
angle of the lumped-mass model of the SBS under a cyclic
excitation load was analyzed. Huang et al.14 presented a sim-
plified lumped-mass model of a SBS and obtained the theo-
retical solution to validate the dynamic model. The effects of
rotational speed and loading condition were investigated. The
studies showed that the calculation model of torsional vibra-
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Figure 1. Schematic diagram of a flexible shaft system.

tions for SBSs could be classified as the lumped-mass model
and the continuous distribution model. In the lumped-mass
model method, the shaft system was discretized into a spring-
mass model.15 In the continuous model method, the mass of
the shaft was distributed along the axis and the shape of the
shaft was considered.11 However, the calculation of the con-
tinuous model was complicated. For some studies, the natural
frequencies were obtained by the FEM.16 Huang et al.17 es-
tablished a coupled torsional-longitudinal vibration model of a
drive shaft. The effects of the coupled vibrations caused by the
variation of rotational speed and loading condition on the nat-
ural frequencies and maximum amplitudes were investigated.
However, there are few studies for the effect of the torsional
stiffness of flexible coupling on the propulsion shaft system.

This paper presents a flexible dynamic model of a propul-
sion shaft system in the UUV. The contact forces of the sup-
porting bearings are calculated based on the Hertzian contact
theory. The influences of geometrical parameters of bear-
ings are considered. The dynamic responses of the propul-
sion shaft system are calculated by using the model superposi-
tion method, which considers the shaft torsional deformation.
The influences of torsional stiffness and rotational speed on the
characteristics of the torsional vibrations are studied.

2. DYNAMIC MODELLING OF A FLEXIBLE
PROPULSION SHAFT SYSTEM

The schematic diagram of the propulsion shaft system is
given in Fig. 1, ω is the system rotational speed, T is the load
torque. The propulsion shaft system consists of a drive shaft
and a stern shaft. The stern shaft is connected to the drive shaft
by a flexible coupling. The flexible coupling is simplified as a
six-degrees of freedom (6-DOF) linear spring unit. The shell
structure is treated as the rigid body. The motions of the shell
structure are ignored. The drive shaft and stern shaft are mod-
eled as the flexible parts. Then, the torsional stiffness of the
shaft could be considered. The drive shaft and the stern shaft
are installed on the shell structure by four supporting bearings.
Furthermore, the effects of the mass and the moment of inertia
of the motor and the propeller and the gravity of the shaft are
ignored.

2.1. A Finite Element Calculation Model of
the Propulsion Shaft System

A flexible dynamic model of the propulsion shaft system is
established by using a commercial software as shown in Fig. 2.
The inner ring of the supporting bearing is connected to the
flexible shaft, the outer ring is rigidly fixed to the shell struc-
ture. The speed boundary condition is applied to the drive shaft

Figure 2. A calculation model of the flexible propulsion shaft system.

Figure 3. The rigid region of the flexible shaft.

at the location of bearing #1. The torque load is applied at the
end of the stern shaft. The 3D finite element models of the
drive shaft and stern shaft are established for the calculation
model. The finite element size of the flexible shaft is 3 mm.
The drive shaft has 453777 elements and 106496 nodes. The
stern shaft has 132482 elements and 29004 nodes.

The master nodes and slave nodes should be introduced
for the force transmission process in the commercial soft-
ware. The rigid region is established to simplify the calcu-
lation model and facilitate load transfer as given in Fig. 3. The
rigid regions could be obtained around the master and slave
nodes. The master node coincides with the geometric center
of the shaft journal. The center node of the supporting bear-
ings is designated as the master node. The nodes of the shaft
connected to the bearings are designated as salve nodes. The
master node is connected to the slave nodes using a rigid beam.

2.2. Dynamic Modeling of the Supporting
Bearings

The rolling bearings are selected as the supporting bearings
of the propulsion shaft system, which can be simplified as 2-
DOF vibration system.20 The dynamic modeling of the rolling
bearing is given in Fig. 3. The equations of the rolling bearing
are: {

mẍ+ cẋ+ Fx = Qx

mÿ + cẏ + Fy = Qy

; (1)

where m is the mass of the shaft and the inner ring of the
rolling bearing, c is the damping coefficient of the propulsion
shaft system, Qx and Qy are the loads in x axis and y axis di-
rections, respectively. Fx and Fy are the contact forces in x
axis and y axis directions, respectively, which is given by:{

Fx = KT

∑N
i βiδ

n
i cos θi

Fx = KT

∑N
i βiδ

n
i sin θi

; (2)

where KT is the contact stiffness of the bearing, N is the ball
number, δni is the total deformation among the i−th ball, bear-
ing inner and outer raceway, θi is the angle displacement of
the ball, βi is a parameter for determining the occurrence of
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Figure 4. Dynamic modelling of the supporting bearings.

contact deformation, which is given by:

βi =

{
1, δi > 0

0, δi < 0
. (3)

2.3. Dynamic Modeling of the Flexible
Coupling

The flexible coupling could be simplified as a 6-DOF linear
spring unit, the stiffness and damping matrices are given by:

Kc = diag
(
kx ky kz kθx kθy kθz

)
; (4)

Cc = diag
(
cx cy cz cθx cθy cθz

)
; (5)

where kx, ky , kz and kθx, kθy , kθz are the stiffness in x, y, z
and θx, θy , θz directions; cx, cy , cz and cθx, cθy, cθz are the
damping coefficient in x, y, z and θx, θy , θz directions. kx and
ky are the stiffness coefficient in radial direction, so kx = ky .
Similarly, cθx = cθy.

Then, the force caused by the flexible coupling is:

Fc = Kc(um − us) + Cc( ˙um − u̇s); (6)

where um and us are the displacements of the drive shaft and
the stern shaft, respectively. ˙um and u̇s are the velocities of the
drive shaft and the stern shaft, respectively.

2.4. Dynamic Modeling of the Flexible Shaft
The dynamic model and the corresponding coordinate of the

flexible shaft are given in Fig. 5. The position vector rp of any
point P on the flexible shaft relative to the inertial coordinate
system is given by:

rp = ro′ +Au; (7)

where ro′ is the position vector of the floating coordinate sys-
tem relative to the inertial coordinate system, A is the transfor-
mation matrix from the floating coordinate system to the iner-
tial coordinate system, and u represents the position of point
P in the floating coordinate system.

The flexible body is discretized by using the Rayleigh-Ritz
method, which is:

uf = Φqf ; (8)

Figure 5. Schematic of a flexible shaft.

where uf is the relative position vector of point P after de-
formation relative to its position before deformation; Φ is the
shape function deformation mode matrix and qf is the defor-
mation generalized matrix. The speed vector at point P is given
by:

ṙp = ˙ro′ + Ȧuo′ +AΦqf ; (9)

where uo′ is the relative position vector before the deformation
at point P .

he dynamic equations for each part of the propulsion shaft
system can be assembled into corresponding matrices, along
with the relevant constraint equations. This results in the dy-
namical control equations for the flexible propulsion shaft sys-
tem are:{
QF = Mq̈ + Ṁ q̇ − 1

2

[
∂M
∂ q̇

]T
+Kq + Zq̇ +

[
∂C
∂q

]T
λ

C(q, t) = 0
;

(10)
where QF is the generalized force matrix, M is the mass ma-
trix, K is the generalized stiffness matrix for flexible gener-
alized coordinates, Z is the damping matrix of the flexible
body, Ci

q represents the constraint equations, and denotes the
Lagrange multipliers.

3. RESULTS AND DISCUSSIONS

The parameters of the four supporting bearings in Fig. 1
are shown in Table 1. The torsional stiffness of the flexi-
ble coupling is taken as k = 300 Nm/◦, k = 400 Nm/◦,
k = 500 Nm/◦, k = 600 Nm/◦, k = 700 Nm/◦, k = 800 Nm/◦,
k = 900 Nm/◦ and k = 1000 Nm/◦. The simulation step size
is set to 0.0001 seconds, with a simulation duration of 0.2 sec-
onds for the free vibrations and 5 seconds for the forced vibra-
tions.

4. THE EFFECT OF TORSIONAL STIFFNESS
ON THE FORCED VIBRATIONS

The impact method is used for free torsional vibration analy-
sis in this study.18 An impulse is applied to the propulsion shaft
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Table 1. Parameters of the supporting bearings.

Bearings Parameters Values Unit
#1 Pitch diameter 102.500 Mm

Ball number 18 —
Ball diameter 10.319 mm

Inner raceway radius in radial section 5.260 mm
Outer raceway radius in radial section 5.370 mm

Radial clearance C0 —
#2 Pitch diameter 69.014 mm

Ball number 20 —
Ball diameter 5.820 mm

Inner raceway radius in radial section 3.026 mm
Outer raceway radius in radial section 3.085 mm

Radial clearance C0 —
#3 Pitch diameter 51.510 mm

Ball number 20 —
Ball diameter 4.236 mm

Inner raceway radius in radial section 2.203 mm
Outer raceway radius in radial section 2.245 mm

Radial clearance C0 —
#4 Pitch diameter 57.511 mm

Ball number 22 —
Ball diameter 4.253 mm

Inner raceway radius in radial section 2.211 mm
Outer raceway radius in radial section 2.254 mm

Radial clearance C0 —

Table 2. Effect of torsional stiffness on the natural frequencies.

Torsional stiffness/(Nm/◦) Natural frequency/(Hz)
300 335
400 385
500 430
600 470
700 503
800 537
900 568
1000 594

system. Then, the free torsional vibrations are analyzed. The
natural frequencies of the propulsion shaft system under differ-
ent torsional stiffness values are calculated, as shown in Fig. 6.
The free vibration exhibits a distinct characteristic frequency
that increases when the flexible coupling stiffness increases,
which is given in Table 2. The natural frequencies of the tor-
sional vibration system rise from 335 Hz to 594 Hz when the
torsional stiffness k is from 300 Nm/◦ to 1000 Nm/◦. The am-
plitude of the free vibration waveform decreases due to the in-
ternal structural damping. The amplitude of the free vibration
waveform increases with the rise of stiffness. Therefore, the
system natural frequencies can be reduced by reducing the tor-
sional stiffness of the flexible coupling, which is beneficial for
optimizing the vibrations of the shaft system.19 The torsional
stiffness of the flexible couplings is taken as k = 300 Nm/◦,
k = 400 Nm/◦, k = 500 Nm/◦, k = 600 Nm/◦, k = 700 Nm/◦,
k = 800 Nm/◦, k = 900 Nm/◦ and k = 1000 Nm/◦. The
rotational speed of the propulsion shaft system is taken as
12000 r/min.

The effect of torsional stiffness on the forced vibrations is
analyzed, which is given in Fig. 7, the steady-state response of
forced vibrations exhibits a singular characteristic frequency,
which corresponds to the excitation frequency. When the tor-
sional stiffness values increase from 200 Nm/◦ to 300 Nm/◦,
the amplitude of the forced vibration waveform increases with

(a)

(b)

Figure 6. Effect of torsional stiffness on the free vibrations (a) time domain
waveform and (b) spectra.

the increment of torsional stiffness. When the torsional stiff-
ness values increase from 300 Nm/◦ to 1000 Nm/◦, the am-
plitude of the forced vibration waveform decreases with the
increment of torsional stiffness. The root mean square (RMS),
Peak-to-Peak Value (PPV), and Fundamental Frequency Am-
plitude (FFA) values of the system under different torsional
stiffnesses are given in Fig. 8. When the torsional stiffness
increases from 200 Nm/◦ to 300 Nm/◦, the RMS, PPV and
FFA values increase with the increment of torsional stiffness.
When the torsional stiffness is 300 Nm/◦, the RMS value is
0.00233 ◦, the PPV value is 0.00660 ◦, and the FFA value
is 0.00329 ◦. When the torsional stiffness increases from
300 Nm/◦ to 1000 Nm/◦, the RMS, PPV, and FFA values
decrease with the torsional stiffness increasing. Specifically,
when the torsional stiffness is 1000 Nm/◦, the RMS value is
0.00169 ◦, the PPV value is 0.00480 ◦, and the FFA value is
0.00239 ◦.

4.1. The Effect of Rotational Speed on the
Forced Vibration

The rotational speed of the propulsion shaft system is taken
as 12000 r/min, 18000 r/min, 24000 r/min, 30000 r/min,
36000 r/min, 42000 r/min, 48000 r/min, 54000 r/min and
60000 r/min. The torsional stiffness of the flexible coupling
is taken as 1000 Nm/◦.

The effect of rotational speed on the forced vibrations is an-
alyzed, which is given in Fig. 9, the steady-state response of
forced vibrations exhibits a singular characteristic frequency,
which corresponds to the excitation frequency. When the rota-
tional speed values increase from 12000 r/min to 24000 r/min,
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(a)

(b)

Figure 7. Effect of torsional stiffness on the forced vibrations (a) time domain
waveform and (b) spectra.

Figure 8. Effect of torsional stiffness on the RMS, PPV and FFA values.

the amplitude of the forced vibration waveform increases with
the increment of rotational speed. When the rotational speed
values increase from 24000 r/min to 60000 r/min, the ampli-
tude of the forced vibration waveform decreases with the in-
crement of rotational speed. The RMS, PPV and FFA val-
ues of the system under different rotational speed are given in
Fig. 10. When the rotational speed increases from 12000 r/min
to 24000 r/min, the RMS, PPV and FFA values increase with
the increment of rotational speed. When the rotational speed
is 24000 r/min, the RMS value is 0.00269 ◦, the PPV value is
0.00760 ◦, and the FFA value is 0.00380 ◦. When the rotational
speed increases from 24000 r/min to 60000 r/min, the RMS,
PPV and FFA values decrease with the increment of rotational
speed. Specifically, when the rotational speed is 60000 r/min,
the RMS value is 0.00044 ◦, the PPV value is 0.00197 ◦, and
the FFA value is 0.00059 ◦.

(a)

(b)

Figure 9. Effect of rotational speed on the forced vibration (a) time domain
waveform and (b) spectra.

Figure 10. Effect of rotational speed on the RMS, PPV and FFA values.

5. THE COUPLED EFFECTS OF TORSIONAL
STIFFNESS AND ROTATIONAL SPEED
ON THE FORCED VIBRATION

The torsional stiffness of the flexible couplings is taken as
k = 300 Nm/◦, k = 400 Nm/◦, k = 500 Nm/◦, k = 600 Nm/◦,
k = 700 Nm/◦, k = 800 Nm/◦, k = 900 Nm/◦ and
k = 1000 Nm/◦. The rotational speed of the propulsion shaft
system is taken as 12000 r/min, 18000 r/min, 24000 r/min,
30000 r/min, 36000 r/min, 42000 r/min, 48000 r/min,
54000 r/min and 60000 r/min. The coupled effects of torsional
stiffness and speed on the forced vibration is analyzed.

In Fig. 11, when the torsional stiffness is 200 Nm/◦, the
RMS, PPV and FFA values reach the maximum at the ro-
tational speed of 12000 r/min. The maximum values of the
RMS, PPV and FFA are 0.00224 ◦, 0.00720 ◦, 0.00316 ◦ sep-
arately. When the torsional stiffness is 400 Nm/◦, the RMS,
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PPV and FFA values reach the maximum at the rotational
speed of 18000 r/min. The maximum values of the RMS,
PPV and FFA are 0.00240 ◦, 0.00680 ◦, 0.00339 ◦ sepa-
rately. When the torsional stiffness is 600 Nm/◦, the RMS,
PPV and FFA values reach the maximum at the rotational
speed of 18000 r/min. The maximum values of the RMS,
PPV and FFA are 0.00259 ◦, 0.00740 ◦, 0.00366 ◦ sepa-
rately. When the torsional stiffness is 800 Nm/◦, the RMS,
PPV and FFA values reach the maximum at the rotational
speed of 24000 r/min. The maximum values of the RMS,
PPV and FFA are 0.00266 ◦, 0.00750 ◦, 0.00367 ◦ separately.
When the torsional stiffness is 1000 Nm/◦, the RMS, PPV
and FFA values reach the maximum at the rotational speed of
24000 r/min. The maximum values of the RMS, PPV and FFA
are 0.00269 ◦, 0.00760 ◦, 0.00380 ◦ separately. When the ro-
tational speed is 12000 r/min, the torsional vibrations of the
propulsion shaft system reduce with the increment of torsional
stiffness from 200 Nm/◦ to 1000 Nm/◦; when the rotational
speed is 18000 r/min, the torsional vibrations of the propulsion
shaft system increase with the increment of torsional stiffness
from 200 Nm/◦ to 600 Nm/◦, and reduce with the increment
of torsional stiffness from 600 Nm/◦ to 1000 Nm/◦; when the
rotational speed increases from 24000 r/min to 60000 r/min,
the torsional vibrations of the propulsion shaft system increase
with the increment of torsional stiffness from 200 Nm/◦ to
1000 Nm/◦. The rotational speed at which the maximum val-
ues of the RMS, PPV and FFA occur increases with the incre-
ment of torsional stiffness.

6. CONCLUSIONS

This paper establishes a dynamic model of the propulsion
system, considering the effect of torsional stiffness of the shaft.
The effects of the torsional stiffness of the flexible coupling
and the rotational speed were analyzed. The conclusions are
listed below.

1. The natural frequencies of the propulsion shaft system
could be reduced with the decrement of torsional stiffness
of the flexible coupling. The natural frequencies of the
propulsion shaft system increased from 335 Hz to 594 Hz
when the torsional stiffness of the flexible coupling was
from 300 Nm/◦ to 1000 Nm/◦.

2. At a specific rotational speed, the torsional vibrations ex-
hibited a nonlinear relationship with the torsional stiff-
ness of the flexible coupling. When the rotational speed
was 12000 r/min, the torsional vibrations of the propul-
sion shaft system rose when the torsional stiffness was
from 200 Nm/◦ to 300 Nm/◦; and it decreased when the
torsional stiffness was from 300 Nm/◦ to 1000 Nm/◦.

3. At a specific torsional stiffness of the flexible coupling,
the torsional vibrations exhibited a nonlinear relation-
ship with the rotational speed. When the torsional was
1000 Nm/◦, the torsional vibrations of the propulsion
shaft system rose when the rotational speed was from
12000 r/min to 24000 r/min; and it decreased when the
rotational speed was from 24000 r/min to 60000 r/min.

(a)

(b)

(c)

Figure 11. Effects of coupled torsional stiffness and speed on the (a) FFA
values, (b)PPV values, and (c)RMS values.

4. The rotational speed at which the maximum values of the
RMS, PPV and FFA occur increased with the increment
of torsional stiffness.
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