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The elastic wave bandgap characteristics of origami-based periodic strip-like waveguide structures are studied
computationally. The computational models of waveguide structures are constructed by unidirectionally connect-
ing unit cells composed of elastic plates according to Miura-ori or Jabara-ori (accordion fold) patterns, with the
crease lines replaced by elastic interphase regions of finite width and thickness. The dispersion relations of these
periodic structures are obtained by the finite element analysis based on the plate theory, and the elastic wave
bandgaps lying at relatively low frequencies are identified. The results show that the location and width of the
bandgaps depend significantly on the folding state of the structures, confirming their potential applicability as tun-
able acoustic metamaterials. The folding-state dependence of the bandgaps is shown for different parameters of the
crease interphase regions and is discussed in light of unit-cell vibration modes at the bandgap edges. Furthermore,
the wave transmission characteristics in the structures consisting of a finite number of unit cells are examined in
relation to the bandgaps and the vibration modes of the corresponding periodic structures.

1. INTRODUCTION

Acoustic metamaterials are artificially designed media with
periodic or nonperiodic microstructures and resonating ele-
ments that have untraditional characteristics of acoustic or
elastic wave propagation.'= Their unique properties are usu-
ally exhibited in the frequency range determined by their mi-
crostructural size or by the properties of the resonating ele-
ments. As a consequence, it is normal that acoustic metama-
terials demonstrate maximal performance in specific ranges of
frequency or wavelength. From a practical point of view, how-
ever, the tunability of the performance is desired in order to
achieve suitable performance for variable external conditions.*

Recently, elastic waveguide structures based on the tessella-
tion patterns of origami, which is originally a Japanese tradi-
tional art of paper folding, have been attracting active attention
for their potential applications as tunable acoustic metamate-
rials owing to their foldable/deployable nature.>® In order
to exploit the waveguiding tunability of such origami-based
structures, their wave propagation characteristics have been
investigated using different analytical models. For example,
bar-hinge or truss models’ have been employed by Pratapa et
al.%° and Han et al.'® to analyze the wave propagation and
bandgap characteristics in origami-based structures of complex
geometries. Beam models have also been used by Nanda and
Karami!! and Xu et al.'? to analyze the flexural wave propa-
gation and their bandgaps in zig-zag-shaped structures.

Although the bar and beam models used in the foregoing
works®!? have successfully elucidated the bandgap properties
of origami-based waveguide structures to a considerable de-
gree, they have certain limitations in modeling the deforma-
tion behavior of sheet panels constituting the actual origami
structures. In this respect, a two-dimensional plate modeling
is an alternative candidate to analyze this issue. It is thus the
aim of the present study to explore the elastic wave bandgap

features of origami-based waveguide structures by modeling
them as compositions of thin elastic plates and analyzing the
dispersion relations by the finite element method. In order to
illuminate the essential features of such structures, unidirec-
tional strip-like structures constructed by unidirectionally con-
necting the unit cells of two kinds of origami tessellation pat-
terns, i.e, Miura-ori and Jabara-ori (accordion fold), are con-
sidered. For these strip structures, our preliminary analysis'3
has shown that the bandgap features depend on their folding
states significantly. In this paper, the variation of the elastic
wave dispersion relations and the bandgap characteristics with
their folding states are analyzed in more details. Furthermore,
by taking advantage of the present plate-theory modeling, par-
ticular attention is paid to the panel deformation behavior as-
sociated with the vibration modes of the structures which was
not thoroughly examined in the foregoing works based on the
bar and beam models.

This paper is structured as follows. In Section 2, the com-
putational models of the origami-based strip-like waveguide
structures are introduced. In Section 3, the numerical proce-
dures are outlined for the wave dispersion relations in the per-
fectly periodic structures and the wave transmission character-
istics across the corresponding finite structures. The numerical
results are shown and discussed in Section 4. The findings of
the present study and aspects for further studies are summa-
rized in Section 5.

2. MODELING OF ORIGAMI STRUCTURES

2.1. Miura-Ori Structure

Miura-ori'* is an origami made of periodic crease patterns

whose unit cell is a composite of four geometrically similar
parallelograms. In Fig. 1(a), its fully deployed plane state is
shown in the z-y plane, where a and b denote the length of the
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edges of each parallelogram and « denotes the angle between
the edges. In this study, origami-based strip structures made
by connecting the unit cells of Miura-ori unidirectionally along
the z axis are considered. In order to give the waveguiding ca-
pability to the structures considered, the parallelograms, which
are planes of null thickness in ideal origami, are replaced by
flat elastic sheets with a nonzero thickness h. Furthermore, the
crease lines are also replaced by elastic interphase regions with
the same thickness h and a finite width s in line with our pre-
liminary analysis.'® It is noted that the idea of replacing the
crease lines by elastic materials has also been shown by Han
et al.!> in their recent analysis of dynamic configuration trans-
formation of an earwig-inspired origami structure. The crease
interphase regions are assumed to be perfectly bonded to the
neighboring panels over their entire boundaries so that the dis-
placement and the rotation are continuous. In spite of this
rigid bonding, the interphase regions themselves can represent
various panel-panel connections such as adhesive layers, me-
chanical hinges, etc., through their equivalent stiffnesses when
different material parameters are assigned. A schematic rep-
resentation of a resulting Miura-ori structure and its unit cell
are shown in Fig. 1(b) and Fig. 1(c), respectively. The dimen-
sions of the unit cell in any folding states can be expressed in
terms of a single parameter, i.e., the angle 6 between each par-
allelogram and the x-y plane as shown in Fig. 1(b), which is
called the folding angle hereafter. Taking into account the fi-
nite width of the crease interphase regions, the spatial period
L of this structure in the x direction is given by:

tan aecos 6
V1 + tan? acos? 6

It is noted that a similar Miura-ori-based strip structure has
been considered by Pratapa et al.” based on a bar-hinge model
as one of their analytical examples.

L=2b + 2s. (1)

2.2. Jabara-Ori Structure

In addition to the Miura-ori structure, an origami-based
structure of simpler geometry is also considered in the present
study, which consists of parallel and alternating mountain and
valley creases as shown in Fig. 2(a), where the x axis is taken
perpendicular to the crease lines. The distance of the neighbor-
ing mountain and valley creases are denoted by d. Based on
this folding pattern, an origami-based strip structure is consid-
ered by connecting the unit cells consisting of two rectangles
with the edge lengths ¢ and d in the x direction. In this pa-
per, this is referred to as the Jabara-ori structure in accordance
with the common terminology in Japanese origami commu-
nity, while this pattern is popularly known as accordion fold. A
schematic of the resulting structure and its unit cell are shown
in Fig. 2(b) and Fig. 2(c), respectively. Similarly to the Miura-
ori structure defined above, the rectangles and the crease lines
are modeled as flat sheets and interphase regions of the thick-
ness h and the interphase width s, respectively. The spatial
period of this structure in the x direction is given by:

L =2dcosf + 2s. )

Similar zig-zag-shaped structures have been considered by
Nanda and Karami'' and Xu et al.'?> based on beam theories.
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Figure 1. The schematics of (a) the folding pattern of Miura-ori, (b) the strip-
like waveguide structure considered in this study, (c) its unit cell and (d) the
finite element model.

3. NUMERICAL ANALYSIS

3.1. Analysis of Dispersion Relation

The dispersion relation of elastic waves in periodic struc-
tures can be obtained by the so-called Bloch wave analysis
which characterizes the wave modes allowed to propagate in
such structures. Since the theoretical framework for this analy-
sis has been documented in many references,'® only its outline
is given here. In this analysis, the time-harmonic motion in the
absence of external forces is considered for a unit cell of the pe-
riodic structure. When the time-harmonic displacement field in
the unit cell is analyzed by the finite element method, the gov-
erning equations take the form ([K] — w? [M]) {U} = {F},
where w is the angular frequency, [K] and [M] are the stiff-
ness and mass matrices, respectively, and {U} and {F} are the
nodal displacement and force vectors, respectively, of the unit
cell. Since the origami structures analyzed in this study are pe-
riodic in the x direction with the spatial period L as shown in
Figs. 1 and 2, the Bloch theorem leads to the conditions:

u(ry) = u(ro)e*; 3)

for the displacements on the opposite boundaries of the unit
cell, assumed to lie at x+ = 0 and x = L, where rg is the
position vector of a generic point on the boundary x = 0 of
the unit cell and ry, is the position vector of the correspond-
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Figure 2. The schematics of (a) the folding pattern of Jabara-ori, (b) the strip-
like waveguide structure considered in this study, (c) its unit cell and (d) the
finite element model.

ing point on the boundary x = L. Applying the above rela-
tions for the nodal displacements and a similar relation for the
nodal forces on the boundaries x = 0 and « = L, the govern-
ing equations are reduced to a homogeneous system of linear
equations for the nodal displacement vector with a reduced de-
gree of freedom. The condition for this system of equations
to have a nontrivial solution yields the angular frequencies w
for a given Bloch wavenumber £, i.e, the dispersion relation of
elastic waves. The dispersion relation of a periodic structure is
also periodic in the wavenumber space and its primitive unit is
called the first Brillouin zone. The first Brillouin zone corre-
sponds to —7/L < k < /L in the one-dimensional case with
the spatial period L analyzed here, but it suffices to consider
its half, i.e., 0 < k < 7 /L. The nodal displacement vector sat-
isfying the system of equations with the so-determined w gives
the corresponding vibration mode.

In the present study, a commercial finite element analy-
sis software COMSOL Multiphysics was used to perform the
above analysis. The finite element models of the unit cells
were constructed using shell elements in accordance with the
Mindlin-Reissner plate theory accounting for the transverse
shear and rotary inertia effects.!” The dimensions of the unit
cells assumed in the analysis were ¢ = b = 100 mm and
a = 60° for the Miura-ori structure and ¢ = d = 100 mm
for the Jabara-ori structure. For both Miura-ori and Jabara-ori
structures, the panel thickness was set as b = 2 mm, and three

Table 1. Four types of origami structures.

Type I Type I Type 1T Type IV
Panel material | Aluminum | Aluminum | Aluminum | Aluminum
Crease material Nylon Nylon Nylon Aluminum
Crease width 5 mm 10 mm 2.5 mm 5 mm

different crease interphase widths s = 2.5, 5 and 10 mm were
considered, corresponding to 1/40, 1/20 and 1/10 of the edge
lengths of the unit cells, respectively. For each of the Miura-ori
and Jabara-ori structures, four types of numerical models were
analyzed corresponding to different crease interphase materi-
als and widths as shown in Table 1. Among the four types con-
sidered here, Type I provides the reference, consisting of alu-
minum panels connected via polymer (nylon) crease interphase
regions. Compared to Type I, Types II and III have smaller and
larger crease interphase widths, respectively, with the same
material properties. Type IV has the panels and crease inter-
phase regions both made of aluminum. The assumed values for
the density, Young’s modulus and Poisson’s ratio of aluminum
were pa; = 2700 kg/rn3, E = 70 GPa, and v4; = 0.33,
respectively, and those of nylon were pyyi0n = 1150 kg/m’,
Eryion = 2 GPa, and vy,10,, = 0.4, Tespectively. The parame-
ters of nylon and aluminum were used for the crease interphase
as representatives of soft and stiff interphases, respectively.

The unit cells were discretized with 2428 triangular ele-
ments at maximum for the Miura-ori structures and with 677
rectangular elements for the Jabara-ori structures. Representa-
tive finite element models are shown in Fig. 1(d) and Fig. 2(d).
The maximum size of the elements was kept smaller than 8 mm
for both the panels and the crease interphases. The validity of
the finite element models was checked for the Miura-ori struc-
ture of Type I by comparing the dispersion relations obtained
with the above discretization fineness to those obtained by re-
ducing the maximum element size to the half (4 mm) for six
representative folding angles (0°, 40°, 50°, 60°, 70° and 80°).
As aresult, the difference between the dispersion curves by the
two element divisions increased with the folding angle, and the
maximum difference was 0.013 kHz for the folding angle of
80° at the edge of the Brillouin zone (k = 7/L) of the fourth
branch as far as the first to the fifth branches were concerned,
which was judged acceptable for the purpose of the present
analysis.

3.2. Analysis of Wave Transmission
Through Finitely Periodic Origami
Structures

The Bloch wave analysis outlined above provides the dis-
persion relation of elastic waves in the infinitely extended per-
fectly periodic structures. In order to supplement this anal-
ysis and gain insight into the wave transmission characteris-
tics in a more realistic situation, the response of finitely peri-
odic origami structures subjected to time-harmonic excitation
is also analyzed. For this purpose, the Miura-ori and Jabara-ori
structures of Type I and the folding angle of 60° were selected.
The computational models consisted of ten unit cells of the
origami structures which were embedded between strip plates
as schematically shown in Fig. 3. Since crease interphase re-
gions were arranged at both interfaces between the origami
structure and the strip plates, the finite origami structures occu-
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Figure 3. A schematic illustration of the finitely periodic origami structure
embedded between strip plates.

pied the region —s < z < 10L, where L is given in Eq. (1) or
Eq. (2). The strip plates were modeled with the same thickness
and width as the origami structures, i.e., the thickness of 2 mm
and the widths of 140 mm and 100 mm for the Miura-ori and
Jabara-ori structures, respectively, and their length was set as
110L. The same density and elastic properties as the panels of
the unit cells were used for the strip plates.

The wave motion was excited by applying a time-harmonic
forced displacement in the z direction u, uniformly in the y
direction at x = —5L — s on one of the strip plates. The wave
transmission across the origami structure was analyzed in the
frequency domain by aid of the COMSOL Multiphysics soft-
ware using shell elements, and the displacement components
Uy, Uy and u, were recorded at the center of the other strip
plate at = 15L as functions of the excitation frequency in
the range of 0.005 to 1 kHz. Both ends of the connected strip
plates at + = 120L and z = —110L — s were assumed to
be clamped. In order to suppress the reflection at these ends,
the following treatment was employed in the present analysis
since the so-called perfect matching layer option, commonly
used to simulate non-reflecting boundaries, was not available
in the COMSOL Multiphysics for shell elements. Namely,
the parts of the connected strip plates farther than 10L away
from the origami structure were modeled as a viscoelastic ma-
terial with the complex-valued stiffness tensor C of the form
C = {1+in(x)}Cy, where Cy is the stiffness tensor of the pan-
els of the origami structure and 7(x) is a position-dependent
artificial damping parameter which increases from 0 to 1 in
proportion to the fourth power of the distance, |z — 20L| for
x> 20L and |z + 10L + s| forz < —10L — s.

4. RESULTS AND DISCUSSION

4.1. Dispersion Relations

The dispersion relations of the Miura-ori structures of Types
I-IV are shown in Fig. 4 for different folding angles up to
the frequency of 1 kHz. It can be observed in Fig. 4 that
there are frequency ranges with no branches, i.e., elastic wave
bandgaps, in which the wave propagation is prohibited in the
periodic structure. The main attention in this study is paid to
the bandgaps lying at relatively low frequencies since they are
often of primary concern. In most of the cases shown in Fig. 4,
the first (lowest-frequency) bandgap exists between the fourth
and fifth branches. The location and width of this bandgap are
different for different folding angles. For example, for Type I
shown in Fig. 4(a), the first bandgap exists between 0.23 and

0.41 kHz (width 0.18 kHz) for # = 30°, between 0.17 and
0.58 kHz (width 0.41 kHz) for § = 60°, and between 0.26 and
0.47 kHz (width 0.21 kHz) for § = 80°, i.e., the bandgap be-
comes wider as the folding angle is increased from 30° to 60°
but then narrower as the folding angle is further increased to
80°. The bandgap location and width are also influenced by
the crease interphase width and material properties. As a gen-
eral trend, Type II (wider crease interphase) shows narrower
bandgaps located at lower frequencies while Type III (narrower
crease interphase) shows wider bandgaps located at higher fre-
quencies as compared to Type 1. Furthermore, Type IV (stiffer
crease interphase material) has the bandgap at higher frequen-
cies as compared to Type L. It is noted as an exception that for
Type IV with the folding angle of 80°, there is no bandgap be-
tween the fourth and fifth branches and the first bandgap lies
above the sixth branch.

The corresponding dispersion relations of the Jabara-ori
structures are shown in Fig. 5. Like the Miura-ori structures,
the first bandgap exists between the fourth and fifth branches
for Types I-IIL. It is also observed by comparison of Types I-
IIT that the location and width of this bandgap depend on the
folding angle as well as the crease interphase width, but the
trend of dependence is less clear as compared to the results for
the Miura-ori structures. It is noted that for Type IV with the
stiffer crease interphase material, the pair of branches to open
the first bandgap is dependent on the folding angle: namely, it
is located between the fourth and fifth branches for 8 = 30°,
but for 6 = 60° and 80°, it is located between the third and
fourth branches.

4.2. Vibration Modes: Miura-Ori Structure

Taking advantage of the plate modeling employed in this
study, the vibration modes at low frequencies as well as at
bandgap edges are examined for the representative model of
Type I for the Miura-ori and Jabara-ori structures. First, for
the Miura-ori structure at the folding angle of & = 30°, the
vibration modes of the four branches at a sufficiently low fre-
quency of 0.02 kHz are shown in Fig. 6. In Fig. 6, the first
branch is dominated by the u, displacement component. The
second and third branches are both associated with the rota-
tional motion around the z-axis, while the second branch is
also accompanied by the u,, displacement. The fourth branch
is dominated by the u, displacement and also accompanied by
a significant angle change at the mountain fold meandering in
the z direction.

The vibration modes at the upper and lower edges of the
bandgap between the fourth and fifth branches are shown in
Fig. 7 for the folding angles of § = 30° and 60°. In Fig. 7(a),
the indices V1, V2, ... and E1, E2, ... are allocated to the ver-
tices and edges of the unit cell for the ease of the following dis-
cussion. In Fig. 7(a) and (b) for the upper edge of the bandgap,
the difference of the vibration modes at the folding angles of
30° and 60° can be observed clearly. Namely, in Fig. 7(a) for
6 = 30°, the vertices V1 and V3 show the displacement u,
in phase, while in Fig. 7(b) for # = 60°, these vertices do not
show the u, displacement but the panel edges E1 and E2 are
bent in antiphase. In Fig. 7(c) and (d) for the lower edge of
the bandgap, the u, displacement is concentrated near the ver-
tex V2 at the edge of the valley crease at § = 30°, while it
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Figure 4. The dispersion relations of the Miura-ori structures of (a) Type I,
(b) Type II, (c) Type III and (d) Type IV, for the folding angles of 30°, 60° and
80°. The wavenumber spans the range 0 < k < 7/L in all diagrams. The
bandgaps are indicated in light blue.

Figure 5. The dispersion relations of the Jabara-ori structures of (a) Type I,
(b) Type I1, (c) Type III and (d) Type IV, for the folding angles of 30°, 60° and
80°. The wavenumber spans the range 0 < k < /L in all diagrams. The
bandgaps are indicated in light blue.
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Figure 6. The vibration modes of the Miura-ori structure of Type I at the
folding angle of 30° for (a) the first branch, (b) the second branch, (c) the
third branch and (d) the fourth branch at the frequency of 0.02 kHz. The color
corresponds to the displacement in the z direction.

(b)

Min

Figure 7. The vibration modes of the Miura-ori structure of Type I at the
folding angles of (a) 30° (0.41 kHz) and (b) 60° (0.58 kHz) for the upper
edge, and (c) 30° (0.23 kHz) and (d) 60° (0.17 kHz) for the lower edge, of the
bandgap. The color corresponds to the displacement in the z direction.

is concentrated near the vertex V5 on the opposite edge of the
mountain crease at # = 60°. The variation of the character of
vibration modes with the folding angle is discussed further in
Section 4.4 together with the folding-angle dependence of the
bandgap width.

4.3. Vibration Modes: Jabara-Ori Structure

For the Jabara-ori structure at the folding angle of 6 = 30°,
the vibration modes of the four branches at 0.02 kHz are shown
in Fig. 8. At this low frequency, the first to fourth branches are
dominated or associated with the u displacement, the u,, dis-
placement with localized panel bending, the u, displacement
and the rotation around the z-axis, respectively. Due to the
geometrical symmetry of the Jabara-ori structures with respect
to the center line along the x axis, the vibration modes can be
classified into symmetric or antisymmetric modes with respect
to this center line in terms of the distribution of the u, dis-
placement. In Fig. 8, the first and third branches are associated
with symmetric motions while the second and fourth branches
are associated with antisymmetric ones.

The vibration modes at the edges of the bandgap between
the fourth and fifth bandgap are shown in Fig. 9 for the folding
angles of # = 30° and 60°. For the upper edge of the bandgap,
the vibration modes in Fig. 9(a) and (b) are similar in the sense
that they both accompany flexural deformation of the panels
which is symmetric with respect to the center line and the two
panels in the unit cell move out of phase. The vibration modes
at these folding angles are also similar at the lower edge of
the bandgap as shown in Fig. 9(c) and (d) in the sense that the
deformation is antisymmetric with respect to the center line
and the two panels in the unit cell move out of phase.

For the Jabara-ori structures considered in this study, the
bandgap formation mechanism can be discussed in the light
of the above-mentioned symmetry of the vibration modes. In
Fig. 10, the dispersion relations of the Jabara-ori structure of
Type I are shown for the flat state of § = 0° and for a small
folding angle of § = 4°, together with the vibration modes at
some representative points. At § = 0° in Fig. 10(a), the sym-
metric modes can be characterized as longitudinal and flex-
ural modes, while the antisymmetric modes as in-plane rota-
tional and torsional modes. In this flat state, the flexural mode
forms a bandgap between 0.23 kHz (the point denoted as F2 in
Fig. 10) and 0.43 kHz (F3) due to the Bragg reflection. When
the structure is slightly folded to 8 = 4°, the flexural mode is
coupled with the longitudinal mode and shifts the lower edge
of the bandgap down to 0.18 kHz (S1) as shown in Fig. 10(b),
resulting in a broader bandgap for the symmetric modes. This
behavior has been observed in the foregoing works'!:!? based
on the beam models. In the present analysis, the antisymmet-
ric modes, which are not accounted for in the above works,
are also involved in the bandgap formation. Namely, the tor-
sional mode forms a narrow bandgap between 0.66 kHz (T2)
and 0.69 kHz (T3) at § = 0°, but it is coupled with the in-
plane rotational mode in the folded state at § = 4° to form a
broader bandgap between 0.36 kHz (AS1) and 0.68 kHz (AS2)
in a manner similar to the coupled longitudinal/flexural modes.
The overlapping frequency range between 0.36 and 0.43 kHz
thus becomes the bandgap for all modes. It is a common fea-
ture for all folding angles that the upper and lower edges of this
bandgap are characterized by the symmetric and antisymmet-
ric modes, respectively, although the strength of the coupling
varies with the folding angle.

4.4. Folding-Angle Dependence of the
Bandgaps

The upper and lower edge frequencies of the bandgap be-
tween the fourth and fifth branches are plotted in Fig. 11 as
functions of the folding angle for the Miura-ori and Jabara-
ori structures, together with those of the bandgap between the
third and fourth branches existing for the Jabara-ori structure
of Type IV. For the Miura-ori structures of Types I-1V, it is first
seen in Fig. 11(a) that the bandgap opens at a finite folding
angle, e.g., at # = 14° for Type 1. Above this threshold an-
gle, the upper edge frequency increases while the lower edge
frequency decreases with the folding angle and the bandgap
width attains a maximum at a certain folding angle, as a trend
of all Types I-IV. Among the four types, the widest bandgap
is achieved by Type III with smaller crease interphase width at
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Figure 8. The vibration modes of the Jabara-ori structure of Type I at the
folding angle of 30° for (a) the first branch, (b) the second branch, (c) the
third branch and (d) the fourth branch at the frequency of 0.02 kHz. The color
corresponds to the displacement in the z direction.

(a)

Max

0
©) (d)
& & "
Figure 9. The vibration modes of the Jabara-ori structure of Type I at the
folding angles of (a) 30° (0.45 kHz) and (b) 60° (0.49 kHz) for the upper

edge, and (c) 30° (0.19 kHz) and (d) 60° (0.22 kHz) for the lower edge, of the
bandgap. The color corresponds to the displacement in the z direction.

(b

0 = 60°.

It has been shown in Fig. 7 for the Miura-ori structure of
Type I that the vibration modes at the bandgap edges are dif-
ferent in character for two folding angles of 30° and 60°. Ata
closer examination of the folding-angle dependence of disper-
sion diagrams, it has been found that as 6 increases from the
gap-opening threshold of 14°, the fifth and sixth branches ap-
proach and touch each other at the point £k = 0 when 6 = 56°
and separate away beyond this angle. Namely, the vibration
modes of the fifth branch switch in character at this angle. This
angle corresponds to the corner-like point of the upper edge
frequency in Fig. 11(a), across which the folding-angle depen-
dence changes from increasing to decreasing behavior. For the
lower edge frequency, the switching of the vibration modes has
also been observed between the third and fourth branches at
an intermediate folding angle. Correspondingly, the folding-
angle dependence of the lower edge frequency changes from
decreasing to increasing behavior as shown in Fig. 11(a), but
in a more gradual manner in contrast to the upper edge fre-
quency.

The bandgap features of a similar Miura-ori-based strip
structure have been demonstrated by Pratapa et al.” based on a

(a)
1 < T2 (0.66 kHz) T3 (0.69 kHz)
0.8
. T3E F2 (0.23 kHz) F3 (0.43 kHz)
N T2
\E, 0.6
2 F3 -
g 04 L1(0.08 kHz) IR1 (0,08 kHz)
o ~>
£ F2
[
0.2 1
R
L1 7 T1 (0.08 kHz) F1 (0.08 kHz)
0 0 15.0
Wavenumber (1/m)
(b)

1 AS2 (0.68 kHz)
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L 06 1| Bandgap for,
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> S2 modes
S 0.4f% - ! Bandgap 2 (0.43 kHz)
g AS1 Bandgap for
5 S1 symmetric

0.2 1 ymodes
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Figure 10. The dispersion relations of the Jabara-ori structure of Type I at
the folding angles of (a) 0° and (b) 4°. The vibration modes are also shown
for representative points on the branches corresponding to (a) longitudinal
(L1), in-plane rotational (IR1), torsional (T1, T2, T3) and flexural (F1, F2,
F3) motions at 0°, and (b) symmetric (S1, S2) and antisymmetric (AS1, AS2)
motions at 4°. In the dispersion diagrams, the wavenumber spans the range
0<k<m/L.

bar-hinge model. For the structure with optimized parameters,
they reported that the first bandgap was between the fourth and
fifth branches, whose width attained the maximum at the fold-
ing angle of 68.64°. Qualitatively, the trend of their result is
similar to the features described above. In their result, the up-
per edge frequency of the bandgap varied remarkably with the
folding angle, while the variation of the lower edge frequency
was relatively small. In contrast, both the upper and lower
edge frequencies vary with the folding angle significantly in
the present results. This difference is likely due to the com-
plex deformation modes of the panels which are captured in
the analysis based on the plate theory.

The folding-angle dependence of the bandgaps for the
Jabara-ori structures is shown in Fig. 11(b). For the bandgap
between the fourth and fifth branches, the folding angles for the
gap opening are nearly zero in contrast to those of the Miura-
ori structures. For Types I-IV, the upper edge frequency of
this bandgap increases only gradually over a wide range of the
folding angle, while the lower edge frequency exhibits a re-
markable decreasing-increasing variation with the folding an-
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gle. It is also observed that Types I-III show similar variation
of the lower edge frequency with the folding angle, indicating
its insensitivity to the crease interphase width.

It has been shown for Type I in Fig. 9(a) and (b) that the
vibration modes at the upper edge of the bandgap between the
fourth and fifth branches are such that the two panels in the
unit cell move out of phase. This implies that the angles be-
tween the neighboring panels do not vary so remarkably, which
can explain the above-mentioned feature that the upper edge
frequency is relatively insensitive to the folding angle and the
crease interphase width. On the other hand, at the lower edge
of the bandgap, the vibration modes are associated with an-
tisymmetric bending of the two panels as shown in Fig. 9(c)
and (d). It is likely that the influence of the folding angle on
such complex deformation behavior is behind the remarkable
folding-angle dependence of the lower edge frequency shown
in Fig. 11(b).

For Type IV with stiffer crease interphase, the lower edge
frequency of this bandgap is shifted to higher frequency and
the bandgap closes at § = 62°. For this type, there is another
bandgap between the third and fourth branches for the folding
angles above @ = 44°. It is seen that its lower edge frequency
follows a similar curve to those of the bandgap between the
fourth and fifth branches of Types I-III. It is also noted that
among the four types, the widest bandgap is found for Type III
at the folding angle of 46°.

The wave propagation in similar zig-zag structures has been
studied by Nanda and Karami!' and Xu et al.'> using beam
theories. Since their models involve the longitudinal motion
and the flexural motion in a single transverse direction of the
beam, at most two branches existed below the first bandgap
in their analysis, in contrast to the presence of three or four
branches for the Jabara-ori structures in the present analy-
sis. In the results obtained by Nanda and Karami,'' the upper
edge frequency of the first bandgap showed a gradual increase
with the folding angle, which is a trend qualitatively similar
to that of the present analysis. The lower edge frequency in
their analysis exhibited more remarkable and monotonically
decreasing variation with the folding angle, which does not
conform with the decreasing-increasing variation observed in
the present analysis. The similarity and the discrepancy be-
tween their analysis and the present study can be explained by
the results of the present study as shown in Fig. 9 that while
the upper edge of the bandgap is associated with symmetric
motions, the lower edge is associated with antisymmetric mo-
tions which are not reproducible in the analysis based on the
beam theory.

The results in Fig. 11 show that the bandgap width of the
Miura-ori and Jabara-ori structures can be varied significantly
by their folding angle. This is a unique feature of the origami
structures considered here as acoustic metamaterials. Namely,
while elastic waves can be transmitted in the structure in the
flat state or at small folding angles, they can be stopped for a
wide frequency range when the structure is folded at a proper
angle. Such tunable or programmable nature of origami struc-
tures®!% can be utilized for the elastic wave manipulation to
enhance or suppress structural vibration and sound radiation'®
in a sophisticated manner. In the present analysis, it has also
been shown that the maximum width of the bandgap and the
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Figure 11. The folding-angle dependence of the upper and lower edge fre-
quencies of the bandgaps for (a) Miura-ori and (b) Jabara-ori structures.

corresponding folding angle depend on the width and material
properties of the crease interphase regions. This fact indicates
that a proper design of the crease regions or the panel joints
in actual origami structures is necessary to achieve effective
tunability of the bandgap.

4.5. Wave Transmission Through Finitely
Periodic Origami Structures

Finally, the wave transmission characteristics through the
finitely periodic origami structures are examined. For the
Miura-ori and Jabara-ori structures of Type I and the folding
angle of 60°, the amplitudes of the transmitted wave obtained
by the analysis described in Section 3.2 are plotted in Fig. 12 as
functions of the excitation frequency, where they are normal-
ized by the excitation amplitude A applied at z = —5L — s.
In Fig. 12, the transmission spectra of the finite structures are
arranged next to the dispersion diagrams of the corresponding
perfectly periodic structures shown in Figs. 4(a) and 5(a). Fur-
thermore, the distribution of R[u_] on the strip structures are
shown for representative frequencies lying in the pass bands as
well as in the bandgaps.

For the Miura-ori structure, Fig. 12(a) shows that the wave
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Figure 12. The frequency dependence of the normalized displacement am-
plitudes of the transmitted wave together with the distribution of R[u.]| at
representative frequencies and the corresponding dispersion relations for (a)
Miura-ori and (b) Jabara-ori structures of Type I at the folding angle of 60°.

transmission is highly correlated with the dispersion curves
of the corresponding periodic structure. Namely, the ampli-
tudes of the transmitted wave are vanishingly small in the fre-
quency range corresponding to the bandgap (0.17 to 0.58 kHz)
between the fourth and fifth branches of the periodic struc-
ture, indicating that the wave transmission is also suppressed
in finitely periodic structures in the bandgaps of the periodic
structures. There is another narrow bandgap between 0.65 and
0.66 kHz for the periodic structure, where the amplitude of the
u, displacement in the finite structure drops to a few percent
of the excitation amplitude. In the pass bands where the peri-
odic structure has at least one branch, the wave is observed to
be transmitted to a certain extent mainly with the u, displace-
ment which oscillates with the excitation frequency.

The role of the bandgaps in suppressing the wave transmis-
sion is also confirmed for the Jabara-ori structure shown in
Fig. 12(b). The transmitted wave amplitudes are essentially
zero in the bandgaps of the corresponding periodic structure,
i.e., between 0.22 and 0.49 kHz, between 0.72 and 0.75 kHz
and above 0.88 kHz. For this structure, however, the wave
transmission is prohibited in wider ranges of frequency, i.e.,
between 0.09 and 0.49 kHz and above 0.66 kHz. This is due
to the symmetry of the Jabara-ori structure with respect to the
center line as already mentioned above. Namely, the branches
lying between 0.09 and 0.22 kHz (third and fourth branch), be-
tween 0.66 and 0.72 kHz (seventh branch) and between 0.75
and 0.88 kHz (eighth branch) are associated with the vibration
modes which are antisymmetric with respect to the center line
of the structure, as shown in Fig. 13. Therefore, these modes
are not coupled to the incident wave which is excited uniformly
in the y direction and has a character of symmetric modes. It is
noted that this feature is not observed for the Miura-ori struc-
ture which does not have such symmetry due to its complex
unit cell shape.

Figure 13. The vibration modes of the Jabara-ori structure of Type I with the
folding angle of 60° for (a) the third branch at 0.15 kHz, (b) the fourth branch
at 0.15 kHz, (c) the seventh branch at 0.7 kHz and (d) the eighth branch at
0.8 kHz. The color corresponds to the displacement in the z direction.

5. CONCLUDING REMARKS

In this study, the elastic wave bandgap features in the strip-
like waveguide structures modeled on the basis of the folding
patterns of the Miura-ori and Jabara-ori have been studied nu-
merically using the finite element method. As a result, it has
been shown that the features of the bandgaps in these struc-
tures, in particular the bandgap width, are highly dependent on
their folding angle, thus confirming the tunable nature of their
bandgaps. Owing to the plate-theory modeling, the present
analysis has shown detailed features of the folding-angle de-
pendence of the bandgaps in the light of the vibration modes
of the relevant branches of the dispersion relation. The sig-
nificant influence of the crease interphase parameters on the
folding-angle dependence of the bandgaps found in the present
analysis indicates that a proper design of the crease regions can
lead to maximal tunability. Experimental verification of the
computational results shown here is highly desired, and it will
constitute an important subject for the future study.

It is also noted that the present study has been focused on
strip-like origami structures. As a consequence, the disper-
sion relations have been shown only for the single direction
in which the unit cells are arranged. In order to exploit the
foldable properties of the Miura-ori and other types of origami,
sheet-like origami structures and their two-dimensional disper-
sion relations (band structures) of elastic waves should be elu-
cidated. Such an approach has already been shown based on a
bar-hinge model,” but would desirably be taken based on plate
theories for more realistic analysis.
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