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The transient statistical energy analysis (TSEA) method is suitable for solving high-frequency structural dynamic
response problems, and has been widely used in aerospace and marine fields. However, for complex structures
such as hull shells and multi-compartment submersibles, there are problems such as a cumbersome computational
process and huge computational volume. This paper proposes the Iterative TSEA (ITSEA) method, which utilizes
an iterative approach to solve the energy balance equation combined with initial conditions. Validation shows that
compared to TSEA, the ITSEA algorithm saves 40% of computational parameters and processes, while the relative
error of the energy decay curve after 20 iterations is no more than 2.1%. ITSEA offers significant advantages for
large-scale shock response calculations for complex structures, and for structures with more than 30 subsystems,
the improvement in computational efficiency becomes significant.

1. INTRODUCTION

Predicting the high-frequency impact response of complex
structures has been a crucial concern across aerospace, mar-
itime, and automotive fields. The existing impact response
methods are mostly limited to medium and low frequencies.1–7

For large and complex structures, it is difficult to solve the
high-frequency structural response by purely relying on the
kinetic method. The finite element method can predict struc-
tural impact responses, but for intricate geometries, it is of-
ten constrained by mesh size, leading to convergence issues
and excessive computational time. In the last century, the Sta-
tistical Energy Analysis (SEA) method was proposed.8 The
SEA method is suitable for solving high-frequency structural
dynamics problems under steady state excitation,9 and later
developed into the Transient-SEA (TSEA) method, which ex-
tends the scope of application to high-frequency structural dy-
namics problems under transient excitation as well as widely
used in the fields of aerospace, vehicles, and ships.10 Lyon11

used the statistical energy analysis method with considerable
success to analyze the stationary vibrations of complex sys-
tems. Manning and Lee’s12 formulation has been employed
with considerable success13, 14 to calculate the decay of vibra-
tions in complex systems after removal of a steady-state exci-
tation. Based on the TSEA method, Mao15 proposed a set of
load identification theories based on the TSEA method, and ex-
perimentally verified the identification method through the im-
pact load identification of a double-coupled system. Song16 es-
tablished a two-substructure coupling model and investigated
how parameter errors affect the substructure response energy
in TSEA using a difference method, deriving a relationship
function between parameter and energy errors. Sui17, 18 made
further improvements to the TSEA method and proposed the
Transient Local Energy Approach (TLEA) method to improve
the prediction accuracy of the high-frequency shock response,
and verified the theory by double-coupled system shock tests.
Langley et al19 derived the TSEA equation in a new way by
employing an analogy of the Priestley description of a non-

stationary random process. He also applied a number of the
concepts of statistical mechanics to structural dynamic systems
in order to provide new insights into the system behavior un-
der various conditions.20 Tso et al.21 investigated the param-
eters of the coupling factors in the TSEA method by means
of travelling wave analysis for a plate with periodic reinforce-
ment coupled at right angles to a homogeneous slab. Robinson
et al.22 concerns the use of TSEA to predict impact sounds
in heavyweight buildings in terms of the maximum fast time-
weighted sound pressure level using transient sources of me-
chanical excitation that have complex force time-histories. Hi-
rakawa23 extends previous work using TSEA in heavyweight
buildings by introducing an inverse form of TSEA to determine
the transient structure-borne sound power input from heavy
impact sources into a heavyweight base floor with a floating
floor. Hopkins24 used transient and steady-state statistical en-
ergy analysis to investigate how the errors depend upon the
building structure to which the coupled reception plate is con-
nected. Chen et al.25 derived the energy governing equations
by considering time-varying SEA parameters and energy flow
items caused by time-varying damping loss factor, and first ap-
plied the SEA method to predict transient energy response of
time-varying systems. The spherical impact factor theory pro-
posed by Guo provides a load input calculation method for the
TSEA theory.27 Gong28, 29 used the boundary-element method
(BEM) to simulate the physical process of the explosion bub-
ble growth, contraction and collapse while the finite element
method (FEM) is used to calculate the glass–epoxy compos-
ite structure response to the high pressure induced by the un-
derwater explosion bubble, and used coupled BEM–FEM to
handle the interaction of the composite structures and the un-
derwater explosion bubble. Sykora30 developed Step Matrix
Multiplication PI (SMM-PI) method to compute the stochastic
response of nonlinear stochastic systems. In addition, numer-
ical tools are generally nice options, including the generalized
cell mapping method, path integral approach, Monte Carlo31–34

simulation and the finite element scheme. Pinnington35 com-
pared the exact transient energy response of a two-degree-of-
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Figure 1. S.E.A. model for a three-oscillator system.

freedom system subject to an impulse from a TSEA on a two
coupled system. It is found that the integral of transmitted en-
ergy is identical for both approaches.

However, TSEA involves more parameters, leading to cum-
bersome solution processes and immense computational loads
for complex structures, hindering practical applications. For
ships, its main structure is a complex system consisting of the
main hull, deck, and internal compartments, which contains
dozens of subsystems and is difficult to get the high-frequency
impact response prediction of the whole hull using the TSEA
method. To address this, the proposed method improves TSEA
and solving iteratively using initial value conditions, which
simplifies computational parameters and processes while en-
hancing efficiency for intricate systems. In addition, the IT-
SEA method is used to improve the literature27 arithmetic ex-
ample and compare it with respect to computational efficiency
and computational time.

2. TRADITONAL TSEA METHOD FOR
SOLVING SUBSYSTEM ENERGY
EQUATIONS

A transient input is applied to a multi-coupled system, de-
noted by Ei(t) as the energy of subsystem i at time t. The
inputs are expressed as energy in the form of E1(0), E2(0)
and E3(0) respectively. The statistical energy model of the
system is shown in Fig. 1. In Fig. 1, ηi denotes the internal
loss factor of subsystem i, and ηij denotes the coupling loss
factor between subsystem i-th and j-th.

The system energy balance equation is shown in Eq. (1):36

Pin,i(ω, t) =
∂Ei(ω, t)

∂t
+ LF (ω)E(ω, t); (1)

where Pin,i denotes the input power of the subsystem, E de-
notes the subsystem energy, the subscript denotes the subsys-
tem number, LF denotes the time-invariant system loss fac-
tor matrix, and w denotes the center frequency of the ana-
lyzed band. The differential symbol D is introduced so that
D = d/dt. For the singular solution, the system determinant

is 0 with:∣∣∣∣∣∣∣∣∣
D + ηa1ω −η21ω · · · −ηn1ω
−η12ω D + ηa2ω · · · −ηn2ω

...
...

. . .
...

−η1nω −η2nω · · · D + ηanω

∣∣∣∣∣∣∣∣∣ = 0. (2)

The resulting Ds are all real, which means that there is no vi-
bration term in the energy equation. Thus, the energy equation
for i-th subsystem can be written as:

Ei(t) =

n∑
j=1

Aije
Djt, i = 1, 2, . . . , n; (3)

where Aij is the coefficient to be solved. The following is the
solution for Aij .

According to Eq. (3), at the initial moment, there is Ei(0) =∑n
j=1 Aij , where Ei(0) denotes the initial energy of subsys-

tem i. The system’s energy input can be obtained from the
literature estimation.27

For ease of analysis, Ei denotes the energy time history re-
sponse of subsystem i. Let P = 0 in Eq. (1), and at the initial
moment, differentiate Eq. 3 and bring it into Eq. (1) to obtain:

dEi

dt
=

n∑
j=1

AijDj = −ηaiωEi −
n∑

j=1
j ̸=i

ηjiωEj ; (4)

Continuing to do successive (n − 1)-order differentiation of
Eq. 4, we can obtain conditional equations about n2 mutually
independent conditional equations about Aij . and then real-
ize the solution of the coefficients Aij in Eq. (3) to obtain the
energy equations of each subsystem.

3. ITSEA METHOD FOR SOLVING
SUBSYSTEM ENERGY EQUATIONS

3.1. Example Solution for a Two Subsystem
TSEA Model

For double-coupled subsystems, according to Eqs. (2)–(4),
there are:

D1, D2 = −ω(a∓ b); (5)

where a = (ηa + ηb)/2, b =
√

(ηa − ηb)2 + 4η12η21/2, ηa =
η1 + η12, ηb = η2 + η21.

The subsystem energy equation is:

E1 =
eD1t

2b

[(
−D2

ω
− η12

)
E1 + η12E2

]
+

eD2t

2b

[(
D1

ω
+ η12

)
E1 − η12E2

]
;

E2 =
eD1t

2b

[(
−D2

ω
− η21

)
E2 + η21E1

]
+

eD2t

2b

[(
D1

ω
+ η21

)
E2 − η21E1

]
;

(6)

with η1 = 0.15, η2 = 0.05, η21 = 0.01, ω = 100. When
E1(0) = 100, E2(0) = 0, the energy curve of the dual-
oscillator system is shown in the Fig. 2. When n = 3, Eq. (2)
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Figure 2. Energy profile of a two-vibrator system.

can be written as:

D3 + ωD2 + aω2D + a3C = 0; (7)

where

A =

3∑
i=1

ηai;

B =
1

2

3∑
j=1

3∑
k=1
k ̸=j

(ηajηak − ηjkηkj) ;

C = −
3∑

i=1

3∑
j=1

3∑
k=1

i̸=j, j ̸=k, i̸=k(
1

2
ηijηjiηak +

1

3
ηijηjkηki +

1

6
ηaiηajηak

)
.

The solution of Eq. (7) can be written in the following form:
D1 = ωaa, D2 = ωbb, D3 = ωcc, where aa + bb + cc = −A;
aabb + bbcc + aacc = B; aabbcc = −C.

The subsystem energy equation is:

Epi = ω2

[(
DpDq

ω2
+

(
ηai+

Dp

ω

)(
ηai+

Dq

ω

)
+ ηijηji +

ηikηki

)
Ei(0) +

(
ηjkηki − (ηai+ηaj)ηji −

Dp+Dq

ω
ηji

)
Ej(0) +

(
ηkjηji − (ηai+ηak)ηki −

Dp+Dq

ω
ηki

)
Ek(0)

]/(
(Dr−Dp)(Dr−Dq)

)
;

(8)
where i, j, k ∈ [1, 3], p, q, r ∈ [1, 3] and i ̸= j ̸= k, p ̸= q ̸= r.

When n continues to increase, the solution process of Eq. 3
becomes more complicated and the coefficient terms become
more cumbersome, which inconveniences the work of solv-
ing the energy equation for calculation and theoretical analysis
of energy curves. Furthermore, the increase in the number of
subsystems has also reduced computational and analytical effi-
ciency, while complicating the formulation of results in math-
ematical expressions.

3.2. Improvements To The TSEA
Methodology—ITSEA

3.2.1. Energy Decay Rate Analysis

As can be seen by the energy profile of the two-oscillator
system in Fig. 2, the energy decay rate of the damped system
is fast, and when E2(0) = 0, Eq. (6) becomes:

E1 =
E0

2b
e−aωt

[(
−D2

ω
− ηa

)
ebωt +(

D1

ω
+ ηa

)
e−bωt

]
;

E2 =
E0

2b
η12e

−aωt
(
ebωt − e−bωt

)
.

(9)

Differentiating Eq. (9) and making it zero yields the moment
corresponding to the peak of subsystem 2:

t2 =
ln a+b

a−b

2bω
. (10)

Equation (10) is solved using the data given in Section 3.1. It
is calculated that t2 = 0.0669 s, at which point the subsys-
tem 1 energy value has decayed to 26.6%. This indicates that
the energy of the damped system changes very fast, and from
Eq. (10) it can also be seen that the higher the frequency, the
earlier the energy peak appears, the faster the energy decay.

3.2.2. ITSEA Methodology

To simplify the energy equation’s calculation, a Taylor ex-
pansion of Eq. (3) is performed, since the energy rise and de-
cay is very rapid with the peak close to t = 0. Therefore,
the energy curve obtained by doing the Taylor expansion of
the energy equation (i.e., the McLaughlin expansion) now of
t = 0 can be controlled in a very small range of error. The
McLaughlin expansion of Eq. (3) is as follows:

Ei(t) = Ei(0) + tE′
i(0) +

t2

2!
E′′

i (0) + · · ·

+
tn

n!
E

(n)
i (0) +Rn(t); (11)

Its stage error is:

Rn(t) =
E(n+1)(θt)

(n+ 1)!
tn+1, 0 < θ < 1. (12)

We can get from Eq. (12) that the larger the order n or the
smaller the time t, the smaller the error of the expansion equa-
tion. We can also get from Eq. (10) that the corresponding
moment of the curve’s peak is related to the analyzed fre-
quency band, and the higher the frequency band, the earlier
the peak appears, so under the condition of the same number
of iterations, the calculation accuracy of the peak of the energy
response in the high frequency band will be relatively high.
Taking the loss factor parameters set in Section 3.1, assum-
ing that the energy peak appears before 0.1 s, take t = 0.1 s
θ = 1. After performing 10 iterations of calculation, according
to Eq. (12) we can get the stage error R(n) = 0, 0062.

Solving for the coefficients E(γ)
i and referring to Eq. (4), the

continuous n-th order derivative of the function Ei(t) at t = 0
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Figure 3. Schematic diagram of the iterative flow of ITSEA.

is:

dEi

dt

∣∣∣∣
t=0

= −ηai ωEi +

N∑
j=1
j ̸=i

ηji ωEj ; (13a)

d2Ei

dt2

∣∣∣∣
t=0

= −ηai ω
dEi

dt
+

N∑
j=1
j ̸=i

ηji ω
dEj

dt
; (13b)

d(n)Ei

dt(n)

∣∣∣∣
t=0

= −ηai ω
d(n−1)Ei

dt(n−1)
+

N∑
j=1
j ̸=i

ηji ω
d(n−1)Ej

dt(n−1)
.

(13c)

In Eq. (13a), Ei(0) is the system input, while η and ω are
known parameters, allowing easy calculation of E’s first-order
derivative at t = 0.While the solution of Eq. (13b) takes
Eq. (13a) as the conditional input, it can be found by analogy
that from (a) to (n), each level of the solution process takes the
result of the previous level as the input, so the computational
process of Eq. (12) is essentially an iterative process step by
step (see Fig. 3).

Iteratively solving Eq. (12) yields the coefficients in subsys-
tem i’s energy equation analytically. This simplified formula
can eliminate the calculation process of parameter D and co-
efficient matrix Aij , and only a simple iterative process can
realize the solution of the energy equation, so that the calcu-
lation process can be greatly reduced. We can see from Fig. 4
that compared to TSEA’s 5 steps and parameters, ITSEA re-
duces these to 3, a 40% saving. ITSEA’s iteration number K
can be freely adjusted for desired accuracy.

3.3. Solution for the Matrix of Loss Factors

The loss factor is a key parameter in the calculation process,
whether it is the ITSEA method or the TSEA method. The loss
factor matrix contains internal loss factor (ILF) and coupling
loss factor (CLF). For the former, it can be obtained by the tran-
sient envelope attenuation method. The basic idea is to obtain
the envelope of the acceleration response curve of the subsys-
tem through the Hilbert transform, and then take the logarithm
of the envelope, and the ratio of the slope of the logarithmic
curve to the frequency ω which is the internal loss factor of the
subsystem. The latter needs to be obtained through the energy
balance equation.

3.3.1. Transient Envelope Attenuation Method for ILF

Internal Loss Factor is obtained by making Hilbert transform
to the acceleration signal from the experiment:37

â(t) = H[a(t)] = a(t) ∗ 1

πt
= − 1

πt

∫ +∞

−∞

a(τ)

t− τ
dτ ; (14)

where a(t) represents the acceleration response of the structure
after impact, and symbol ∗ represents convolution.

The analytic signal of the real function is obtained:

u(t) = a(t) + jâ(t). (15)

The plural expressions of u(t) is:

u(t) = A(t)ejθt; (16)

where A(t) =
√
a(t)2 + â(t)2, A is the envelope of

the response signal, and the instantaneous phase θ(t) is
arctan(â(t)/a(t)). So, any real function can be represented as
a(t) = A(t) cos(θ). The attenuation curve can be obtained by
taking the envelope of the response signal to the logarithm, and
the absolute value of the slope of the curve is ξ · ω, which re-
spectively refers to the damping ratio and the central frequency.
Dividing it by the central frequency, it yields the damping ra-
tio ξ.The damping ratio is twice the mean ILF in the measured
structural frequency band, i.e., η = 2ξ.

3.3.2. Energy Balance Equation for CLF

The energy balance equation of the two coupled system can
be expressed by Eq. (18):26

[Ein,i]/2ω = [LF ]× [εk,i]; (17)

where Ein,i is the input energy of the i-th subsystem; ω rep-
resents the central frequency of the analysis frequency band;
and ek,i represents the average kinetic energy when the i-th
subsystem is impacted. [LF ] is the matrix of loss factors. Al-
though the energy balance equation represented by Eq. (18) is
in the same form as the power flow equilibrium equation under
steady state excitation, the effect of excitation on the system is
characterized by energy rather than average input power due to
the energy limitation of transient excitation.38

According to the Parseval energy theorem, the input energy
Ein,∆ω of the impact load within the analysis frequency band
∆ω can be calculated by the following formula:26

Ein,∆ω =
Re[⟨Y (ω)⟩∆ω]

π

∫ ωc+∆ω/2

ωc−∆ω/2

|F (ω)|2 dω. (18)
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(a) TSEA calculation process (b) ITSEA calculation process

Figure 4. Comparison of calculation process before and after optimization.

(a) p=9 (b) p=10

Figure 5. Comparison of the peak of energy curve between TSEA method and ITSEA method.

(a) p=19 (b) p=20

Figure 6. Comparison of the energy curve between TSEA method and ITSEA method.
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Table 1. Comparison of the results of the two methods for calculating the peak energy value of the subsystem (5 significant figures).

Number of iterations Subsystem 2 peak energy/104J Subsystem 3 peak energy/104J
TSEA ITSEA relative error TSEA ITSEA relative error

7 10.518 10.518 0 5.4440 5.3922 −0.952%
8 10.518 10.518 0 5.4440 5.4587 0.270%
9 10.518 10.518 0 5.4440 5.4415 −0.045%

10 10.518 10.518 0 5.4440 5.4444 0.007%

Table 2. Calculation error statistics of the ITSEA method energy profile.

Number of iterations Average relative error Maximum relative error
Subsystem 1 Subsystem 2 Subsystem 3 Subsystem 1 Subsystem 2 Subsystem 3

18 0.94% 0.07% 0.04% 21.55% 1.42% 0.75%
19 0.25% 0.02% 0.01% 6.09% 0.40% 0.20%
20 0.06% 0.01% 0% 1.64% 0.11% 0.06%
21 0.02% 0% 0% 0.42% 0.03% 0.01%

The formula is suitable for all finite plates as well as infinite
plates, where |Y (ω)|∆ω is the average velocity admittance. In
the upper formula: Ein,∆ω represents the input energy of the
impact load in the analysis frequency band ∆ω; ωc is the cen-
tral frequency of the analysis frequency band; ρs is the surface
mass density of the plate; R is the bending turning radius of
the plate (which R =

√
I/S; I is the flat section of the inertial

moment of the neutral axis; S is the finite plate cross section
area); C1 is the longitudinal wave velocity, and C1 = 5500 m/s
for a steel plate.

The average kinetic energy of the i-th subsystem in the fre-
quency band can be obtained from the following formula ac-
cording to the Parseval Theorem:

εk,i =
Mi

2π

〈∫ ωc+∆ω/2

ωc−∆ω/2

|Vi(ω)|2 dω

〉
s

; (19)

where: Mi is the total mass of the i-th subsystem, and symbol
⟨·⟩s represents the space average. The frequency segmentation
in data analysis in this paper adopts one-third octave bands.

3.4. Advantages of ITSEA
3.4.1. Calculation Accuracy Analysis

In general, damped systems have internal loss factors around
10−3 ∼ 10−1 and the coupling loss factors around 10−5 ∼
10−2, decreasing with frequency.26 To check the calcula-
tion accuracy of the ITSEA method, a common simple three-
subsystem coupling structure is selected to carry out the energy
response calculation. We take η1 = 0.04, η2 = η3 = 0.02,
η12 = η13 = 0.004, η21 = η31 = 0.001, η23 = 0.005,
η32 = 0.001, ω = 100, and set the inputs to E1 = 106 J,
E2 = 105 J, E3 = 104 J.

The efficiency of TSEA is partly dependent on the choice
of time step for which Robinson and Hopkins39 discusses suit-
able time intervals, from which Guasch and Garcia40 go on to
propose local time stepping.

The computational time step determines the data sampling
frequency, which in turn affects computational accuracy and
efficiency. Since the energy curve length range of interest in
this paper falls within 0.1 s, a time step of 0.001 s was selected
for both the TSEA and ITSEA methods. ensuring compu-
tational accuracy while maintaining computational efficiency.
Since both algorithms compute strides consistently, the com-
parison of computational efficiency yields more compelling re-
sults.

Figures 5 and 6 show the comparison of the calculation re-
sults between the TSEA method and the ITSEA method.

In Figs. 5 and 6, p denotes the number of iterations, the num-
ber of coefficient terms retained in Eq. (11). The above images
demonstrate that after 10 iterations, the ITSEA method can ac-
curately predict the energy curve prior to the response peak;
after 20 iterations, the ITSEA method can reasonably accu-
rately predict the entire energy curve before the end of decay.
The relative computational errors are shown in Table 1.

To compare the full energy decay curves of the two methods,
calculations between 0 − 0.14 s (when the energy decays to
0.14 s, the subsystem’s energy has diminished to 0.63% of its
initial value, further analysis is no longer meaningful) were
used to obtain the relative errors (by averaging over this range):

∆ =

∑n
i=1 abs(ETSEAi − EI TSEAi)/ETSEAi

n
; (20)

where n is the number of discrete time points. The calculation
results are shown in Table 2.

As can be seen from Tables 1 and 2, if we are only con-
cerned about the energy change near the peak value of the en-
ergy fluctuation of the subsystem, around 10 iterations yield
peak energy errors < 1%; if we need to analyze the whole en-
ergy decay process, 20 iterations provide > 98% accuracy over
the full decay compared to traditional TSEA. Testing showed
that for internal loss factors around 10−3 ∼ 10−1 and cou-
pling factors around 10−5 ∼ 10−2, 15 ITSEA iterations sat-
isfy < 1% peak energy error, while 22 iterations satisfy < 2%
relative error over the full attenuation process.

3.4.2. Computational Efficiency Analysis

From Eq. (4), the number of conditional equations required
by the TSEA method in solving the structural response is re-
lated to the number of subsystems. If only the peak energy
is needed, TSEA requires more conditionals than ITSEA it-
eration counts when subsystems exceed 10; for the full energy
curve, TSEA requires more conditionals than ITSEA iterations
when subsystems exceed 20. Thus, TSEA’s computational ef-
ficiency declines while ITSEA’s efficiency advantage becomes
pronounced as subsystems increase.

With the increase in the number of subsystems, the advan-
tage of the ITSEA method in computational efficiency will be
more obvious. Table 3 compares the computational efficiency
of the two methods when solving damped systems with dif-
ferent numbers of subsystems. Table 3 shows that the origi-
nal method required 6.8 hours for solution when subsystems
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Table 3. Comparison of the computational efficiency of the two methods.

Number of subsystems Time for TSEA / s Time for ITSEA / s Ratio Efficiency Improvement
3 1 1 1.00 0%
8 4 4 1.00 0%

10 5 4 0.80 20.0%
15 7 5 0.71 28.6%
20 12 8 0.67 33.3%
30 68 39 0.57 42.6%
100 5005 927 0.19 81.48%
200 24512 3568 0.15 85.44%

Figure 7. Schematic diagram of the model structure.

reach 200, while the ITSEA method reduced solution time to
0.9 hours — an 85.44% improvement in computational effi-
ciency. The submersible has a complex structure, which may
contain hundreds of subsystems, the ITSEA method signifi-
cantly enhances structural solution efficiency.

Considering hardware influence, case validations across
different computer configurations showed ITSEA’s computa-
tional efficiency improvement rate matching Table 3’s data
when subsystems exceeded 10.

4. ALGORITHM VALIDATION

4.1. Model Information
TSEA’s accuracy for high-frequency impact response has

been verified in literature26 by experiments. This example,
which is chosen from the literature,26 aims to verify the effi-
ciency and accuracy of the ITSEA method. In Section 5.1 of
the literature,26 the cylindrical shell segment model of the ship
is used, and the authors divide the entire segment into 131 sub-
systems, 240 point-coupling boundaries and 160 line-coupling
boundaries. The internal structure of the model is shown in
Fig. 7.

Applying ITSEA first requires defining subsystems com-
prised of mode groups able to store vibration energy. Only
some similar resonance modes constituting the resonant mo-
tion of the subsystem can store energy. At present, the impor-
tant principle for establishing the subsystem of ITSEA model
is that the modal density is high enough, generally with over 5
structural modes in the analyzed frequency band.

Details of the structure dimensions are shown in Table 4 and
Figs. 8, 9, and 10.

From the above information, the radius of the cylindrical
shell is 1.188 m and thickness t is 0.01 m. Taking the lon-

Table 4. Plate thickness information for each structure (unit: mm).

t1 t2 t3 t4
5 5 20 10

gitudinal wave velocity of steel as C1 = 5500 m/s, the ring
frequency of the cylindrical shell fr = C1/2πa = 737.2 Hz,
its modal density can be written as in the semi-empirical for-
mula:17

n(f) =



5A

πhC1

(
f

fr

)1/2

, f/fr ≤ 0.48;

7.2A

πhC1

(
f

fr

)
, 0.48 < f/fr ≤ 0.83;

2A

πhC1

{
2 +

0.596

F − 1/F

[
F cos

(
1.745 f2

r

F 2f2

)
−

1

F
cos

(
1.745F 2f2

r

f2

)]}
, f/fr > 0.83;

(21)
where A and h are the surface area and thickness of the cylin-
drical shell, respectively, and F is the bandwidth factor (= [up-
per frequency/lower frequency]ˆ(1/2)). For one-third octave,
the bandwidth factor F = 1.122.

After dividing the analyzed bands according to one-third oc-
tave, the number of modes in each band is shown in Table 5.

From Table 5, the number of modes in the frequency band
above 125 Hz is greater than 5. When approaching the ring
frequency, many modes are involved in the resonance, and the
modal density of the cylindrical shell reaches the peak cur-
rently. At higher frequencies, the shell’s curvature-stiffening
effect diminishes and modal density approaches that of a flat
plate. At this time, the curvature of the cylindrical shell that
was brought about by the toughening effect is no longer obvi-
ous, so the analysis band was selected as 125 Hz–2500 Hz.

4.2. Results Analysis
To facilitate the analysis, three typical subsystems’ energy

responses were solved in each frequency band using ITSEA
and TESA algorithm, with results compared as follows. In
Fig. 11, Ei denotes the energy response curve of the ith sub-
system obtained by the TSEA algorithm, and IEi denotes the
response curve obtained by the ITSEA algorithm.

Since the duration of interest does not exceed 0.1 seconds,
the analysis time step is set to 0.001 seconds to balance com-
putational accuracy and efficiency.

We can understand from Fig. 11 that the rate of energy decay
varies across different subsystems. This is because the differ-
ences in the structural characteristics of different subsystems
determine their distinct vibration modes, which in turn lead to
differences in the frequency response functions and ultimately
result in variations in the energy dissipation rates.
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(a) Shell—Internal Reinforcement Coupling system

(b) Shell—External Reinforcement Coupling system

Figure 8. Shell—Reinforcement Coupling system.

Table 5. Number of modes in each band.

Frequency Band / Hz 100–125 125–160 160–200 200–250 250–315 315–400 400–500
Modal density 0.17 0.19 0.21 0.24 0.27 0.30 0.38
Mode count 4 6 8 12 17 25 37

Frequency Band / Hz 500–630 630–800 800–1000 1000–1250 1250–1600 1600–2000 2000–2500
Modal density 0.47 0.67 0.61 0.53 0.48 0.46 0.45
Mode count 61 113 121 131 169 184 227

Table 6. Energy Response Relative Error Statistics

Frequency band Relative error of energy curve Peak relative
Subsystem 1–100 Subsystem 100–131 error

125Hz–160Hz 0.58% 0.46% < 0.1%
160Hz–200Hz 0.55% 0.35% < 0.1%
200Hz–250Hz 0.21% 0.07% < 0.1%
250Hz–315Hz 1.71% 0.14% < 0.1%
315Hz–400Hz 0.95% 0.43% < 0.1%
400Hz–500Hz 2.07% 0.15% < 0.1%
500Hz–630Hz 1.35% 0.11% < 0.1%
630Hz–800Hz 0.90% 0.17% < 0.1%

800Hz–1000Hz 0.01% 0.01% < 0.1%
1000Hz–1250Hz 0.11% 0.97% < 0.1%
1250Hz–1600Hz 0.03% 0.01% < 0.1%
1600Hz–2000Hz 0.02% 0.01% < 0.1%
2000Hz–2500Hz 0.56% 0.08% < 0.1%

According to Eq. (13), the relative errors of the energy re-
sponse curves and the relative errors of the peak energy values
of the subsystems in each analyzed frequency band obtained by
using the two algorithms respectively are statistically as shown
in Table 6.

In Fig. 11, the solid line shows TSEA results while the
dashed line shows nearly coincident ITSEA results. The
Eq. (13) is used to calculate the relative error of the two meth-

Table 7. Computational Efficiency Comparison

Number of subsystems Time / s
TSEA ITSEA Efficiency improvement rate

10 5 4 20.00%
50 377.62 175.70 53.47%
100 5005.07 926.99 81.48%
131 20548.12 3172.80 84.56%

ods, and the maximum relative error of the energy response
curves of each subsystem in each frequency band is 2.07%,
i.e., over 97% accuracy was maintained.

The computational efficiency of the two algorithms for dif-
ferent number of subsystems respectively is compared in Ta-
ble 7. Solving the energy equation of the coupled structure of
131 subsystems by the TSEA method takes 20548.1 s in a sin-
gle time, and the ITSEA method takes 3172.8 s, an 84.56%
computational efficiency improvement.

5. CONCLUSIONS

This paper proposed the ITSEA method, an approximate it-
erative calculation approach using initial value conditions to
perform a McLaughlin expansion of traditional TSEA equa-
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(a) Pallet—Internal Reinforcement Coupling system

(b) Pallet—External Reinforcement Coupling system

Figure 9. Pallet—Reinforcement Coupling system.

Figure 10. Shell—Bulkhead Coupling system.

tions. The ITSEA method simplified the computational pro-
cess for impact dynamic response while maintaining computa-
tional accuracy. After theoretical derivation and experimental
verification, the following conclusions can be drawn:

1. Compared to traditional TSEA, ITSEA saves 40% of
computational processes and 40% of parameters, greatly
simplifying high-frequency shock response prediction;

2. In terms of calculation accuracy, compared with the
TSEA method, ITSEA controls peak energy error within
1% for around 10 iterations. Analyzing the full decay re-
quires about 20 iterations, after which ITSEA’s accuracy
is over 98% relative to TSEA;

3. ITSEA offers significant advantages for large-scale shock
response computation. Its computational efficiency ad-

vantage emerges when subsystems exceed 10 and in-
creases with more subsystems. For 131 subsystems, IT-
SEA maintains over 97% accuracy relative to the origi-
nal method while improving computational efficiency by
84.56%.
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