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Bearings in electric locomotives serve as core components of the transmission system. Their periodic impulsive
fault signals are easily overwhelmed by intense noise, rendering traditional methods ineffective at extracting weak
fault features under low signal-to-noise ratio (SNR) conditions, thereby limiting early diagnostic capabilities. To
address this challenge, this paper proposes a bearing fault detection method that integrates the dq transformation,
kurtosis statistics, and the Duffing chaotic oscillator: the dq transformation separates the periodic impulsive fault
components, kurtosis statistics adaptively suppress noise, and the Duffing system identifies weak signal features.
Comparative analyses using simulations and experiments demonstrate that the proposed method achieves higher
fault detection accuracy in low-SNR environments, along with superior timeliness and stability in feature extrac-
tion.

1. INTRODUCTION

Rolling bearings, as core transmission components in rotat-
ing machinery, are widely employed in critical equipment such
as electric locomotives and industrial motors.1 Their health di-
rectly influences operational stability and reliability, and even
impacts production safety and economic efficiency. Among
bearing faults, those caused by localized defects are the most
common, generating periodic impulsive signals with specific
frequency characteristics. However, in real industrial settings,
bearing vibration signals are often submerged in strong back-
ground noise from equipment operation and environmental in-
terference. Particularly in early-stage faults, the impulsive sig-
nals exhibit low amplitude and energy, making effective sepa-
ration of fault features from noise challenging. Traditional di-
agnostic approaches struggle to achieve accurate identification,
severely constraining early fault detection in bearings.2 There-
fore, developing efficient methods for extracting weak periodic
impulsive features under strong noise conditions holds signifi-
cant theoretical value and engineering relevance.

To tackle the challenges in bearing fault feature extrac-
tion, researchers have conducted extensive studies. Traditional
methods primarily rely on time-domain, frequency-domain, or
time-frequency-domain analyses, such as time-domain statis-
tical indicators, Fourier transforms, and wavelet transforms.
However, these approaches depend heavily on manual feature
selection, exhibit limited adaptability to non-stationary sig-

nals, and are prone to feature distortion in low-SNR environ-
ments.3 In recent years, methods combining signal decom-
position techniques with intelligent algorithms have gained
widespread application, enabling the separation of fault com-
ponents from complex signals. Nevertheless, issues such as
mode mixing and parameter sensitivity persist, hindering pre-
cise capture of periodic impulsive features.4 In the domain
of weak-signal detection, the Duffing chaotic oscillator has
emerged as an effective tool for signal extraction under strong
noise, owing to its sensitivity to weak periodic signals and its
robustness to noise. However, when used in isolation, it strug-
gles with multi-component signal separation, and parameter
settings strongly influence its noise tolerance.5–11

The dq transformation, a signal-processing technique based
on coordinate rotation, has been successfully applied to mo-
tor fault diagnosis by decomposing complex multi-component
signals into orthogonal d- and q-axis components to effectively
separate fault-related features from interference.12, 13 Kurto-
sis, as a core indicator of signal non-Gaussianity, is highly
sensitive to periodic impulsive signals and is commonly used
for noise suppression and feature enhancement. However, in
existing studies, kurtosis is often used as a fixed threshold,
lacking adaptive integration with signal-processing workflows.
Although the aforementioned techniques exhibit distinct ad-
vantages in their respective domains, no single method can
comprehensively address the full pipeline of signal separation,
noise suppression, and weak feature enhancement.
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Based on the above analysis, this paper proposes a method
for extracting weak fault features in bearings by integrating the
dq transformation, kurtosis statistics, and the Duffing chaotic
oscillator. The approach leverages the non-Gaussianity and pe-
riodicity of impulsive signals as core principles to construct
a progressive processing framework: the dq transformation
achieves separation of fault impulsive components from in-
terference; kurtosis statistics adaptively adjust noise suppres-
sion parameters to enhance impulsive features while attenuat-
ing background noise; and the Duffing oscillator exploits its
sensitivity to weak periodic signals for precise fault feature
identification. The main innovations of this paper are as fol-
lows: (1) an adaptive fusion strategy for dq transformation and
kurtosis statistics, optimizing signal separation by exploiting
the non-Gaussian characteristics of periodic impulsive signals;
(2) a comprehensive separation-suppression-enhancement pro-
cessing framework for efficient extraction of weak impulsive
features under strong noise; and (3) optimization of Duffing os-
cillator parameters tailored to bearing periodic impulsive sig-
nals, improving feature recognition robustness in low-SNR en-
vironments.

The paper is organized as follows: Section 2 presents the
theoretical foundations of the Duffing oscillator; Section 3
elucidates the theoretical foundations of the dq transforma-
tion; Section 4 analyzes the theoretical aspects of the applica-
tion of the Duffing method integrating dq transformation and
kurtosis in bearing fault signal detection; Section 5 validates
the method’s effectiveness through simulation experiments and
real data; and Section 6 concludes the paper and discusses fu-
ture research directions.

2. CHARACTERISTICS ANALYSIS OF THE
DUFFING SYSTEM

2.0.1. Dynamical Fundamentals of the Classical
Duffing System

The classical Duffing system serves as a canonical model for
describing nonlinear oscillations, with its dimensionless dy-
namical equation given by:14–19

ẍ+ δẋ− αx+ βx3 = γu(t); (1)

where: ẍ, ẋ, x represent the system state variables (normalized
acceleration, velocity, and displacement, respectively); δ > 0
denotes the damping coefficient, governing the energy dissi-
pation rate and suppressing excessive expansion of chaotic re-
gions; α < 0, β > 0 are stiffness parameters that collectively
establish a symmetric double-well potential topology (corre-
sponding to the potential function V (x) = α

2 x
2 + β

4x
4); γ

represents the excitation amplitude coefficient, modulating the
energy proportion of the input signal; and u(t) denotes the ex-
ternal excitation signal (vibration signals containing periodic
impacts and noise in bearing fault detection).

To address the limitations of the classical Duffing system in
bearing fault detection, such as high energy requirements for
inter-well transitions, poor noise immunity, and lack of indus-
trial adaptability,this paper analyzes a bistable Duffing system
driven by constant excitation.

2.1. Mathematical Analysis of the
Constant-Driven Duffing System

2.1.1. Mathematical Model and Physical Mechanism

Based on the Guckenheimer-Holmes global bifurcation the-
ory and the requirement for stability in rolling bearing fault
diagnosis, this paper adopts a bistable Duffing system driven
by a d-axis constant bias. Its dimensionless dynamical model
is strictly defined as:

ÿ + δẏ − αy + βy3 = C; (2)

where: y(t) is the system state variable (normalized displace-
ment); δ > 0 is the damping coefficient, which controls en-
ergy dissipation and suppresses expansion of chaotic regions;
α < 0, β > 0 construct a symmetric double potential well
topology; and C is the equivalent d-axis constant drive.

The corresponding potential function is:

V (y) =
α

2
y2 +

β

4
y4 − Cy. (3)

The term −Cy introduces a controllable tilt to the double
potential well structure: when C = 0, the potential wells are
fully symmetric, and inter-well motion requires overcoming
the full potential barrier; when C ̸= 0, the depth of one well
increases while the other decreases, significantly reducing the
excitation energy required for inter-well motion.

In the presence of weak periodic disturbances, impulses,
or fault-induced perturbations, a moderate non-zero bias C
enhances the coupling probability between potential wells,
thereby producing stable large-amplitude inter-well responses
or quasi-periodic trajectories. This mechanism does not rely on
chaotic windows and provides: (1) Stable topology: attractor
morphology remains consistent under small parameter pertur-
bations, suitable for parameter fluctuations in industrial scenar-
ios; (2) High sensitivity: the amplitude of inter-well response
is positively correlated with the strength of weak fault pertur-
bations, achieving fault signal amplification; and (3) Low ex-
citation requirement: high-energy responses can be obtained
solely through DC bias without large external periodic excita-
tion.

Thus, the constant drive in this paper is not used to force the
system into limit cycles but rather to enhance inter-well sen-
sitivity via potential well tilting, enabling the Duffing system
to function as a weak fault amplifier rather than a nonlinear
oscillator, thereby balancing stability and sensitivity.

2.1.2. Feasibility of the Constant C

To simplify analysis and ensure reproducibility of results,
standardized parameter settings are adopted: α = 1, β = 1,
under which the potential function simplifies to:

V (y) = −α

2
y2 +

β

4
y4 − Cy. (4)

The extrema of the potential function satisfy the condition
that its derivative is zero: V ′(y) = 0. Substituting into Eq. (4)
yields:

y3 + y − C = 0. (5)
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The solution of this cubic equation determines the number
and positions of equilibrium points, thereby reflecting the po-
tential well structure (double well or single well).

For the cubic equation y3 + py + q = 0 (here p = 1,
q = −C), the discriminant is:

∆ = −(4p3 + 27q2). (6)

Substituting the parameters gives ∆ = −4− 27C2. The re-
lationship between the sign of the discriminant, the number of
real roots of the cubic equation, and the potential well structure
is as follows: (1) When ∆ < 0, the cubic equation has three
distinct real roots, corresponding to two local minima (poten-
tial well bottoms) and one local maximum (potential barrier
top) in the potential function, i.e., a double potential well struc-
ture; (2) When ∆ = 0, the cubic equation has multiple roots
(one minimum and one maximum merge); (3) When ∆ > 0,
the cubic equation has only one real root, corresponding to one
local minimum in the potential function, with the double po-
tential well structure completely destroyed.

Setting ∆ = 0 yields the critical bias:

Ccrit =
2

3 3
√
3
≈ 0.38. (7)

The physical and theoretical significance of this critical
value is that the potential barrier height becomes zero if and
only if C > Ccrit, leaving the system with a single stable equi-
librium point and completely destroying the double potential
well structure, thereby inevitably resulting in a unique global
attracting large-amplitude limit cycle across the wells.

3. PRINCIPLE OF DQ TRANSFORMATION

The conventional dq transformation (Park transformation)
effectively decouples three-phase AC signals into DC quanti-
ties in a rotating frame, but its application requires complete
three-phase input signals. To process single-channel bearing
vibration signals, this paper employs a virtual two-phase dq
transformation technique. Its core approach involves mathe-
matically constructing an orthogonal virtual signal from the
single-channel signal to form an α-β two-phase stationary co-
ordinate system, followed by synchronous rotation transforma-
tion to extract components related to the fault characteristic
frequency.
(1) Virtual two-phase construction

Let the acquired single-channel bearing vibration signal be
x(t). This paper uses the Hilbert transform to construct a
strictly orthogonal virtual signal x̂(t), thereby forming the an-
alytic signal:

z(t) = x(t) + jx̂(t); (8)

where x̂(t) = H[x(t)] = 1
πP.V.

∫∞
−∞

x(τ)
t−τ dτ , and P.V. denotes

the Cauchy principal value. The real and imaginary parts of
the analytic signal z(t) correspond to the components in the
α-β stationary frame, i.e.:

xα(t) = x(t), xβ(t) = x̂(t). (9)

This transformation is equivalent in the frequency domain to
applying a −90◦ shift to all frequency components, ensuring

that xα(t) and xβ(t) remain orthogonal at all frequencies with
consistent amplitudes.
(2) Synchronous dq rotation transformation

The signals in the α-β frame are transformed into the dq
frame rotating synchronously with the bearing fault character-
istic angular frequency ωf , using the transformation matrix:[

xd(t)
xq(t)

]
=

[
cos(ωf t) sin(ωf t)
− sin(ωf t) cos(ωf t)

] [
xα(t)
xβ(t)

]
. (10)

When the rotation frequency ωf is precisely synchronized
with the fundamental frequency of the periodic impulses in the
signal, the impulsive components are converted into prominent
slowly varying components in the d-axis signal xd(t), while
noise and unrelated harmonics are effectively suppressed. The
transformed d-axis signal can be approximated as:

xd(t) ≈ A0 +
∑
k

mkh(t− tk) + ñ(t); (11)

where A0 is the DC bias, h(t − tk) is the response to the k-th
impulse, and ñ(t) is the attenuated noise.

4. PHASE TRAJECTORY ANALYSIS OF THE
BISTABLE DUFFING SYSTEM UNDER
FOUR TYPES OF EXCITATION

4.1. Phase Trajectory Analysis under Pure
Noise Excitation

Consider a bistable Duffing system driven by zero-mean
Gaussian white noise:20

ÿ + δẏ − αy + βy3 = nd(t); (12)

where E[nd(t)] = 0 and E[nd(t)nd(τ)] = 2Dδ(t− τ) (δ(·) is
the Dirac delta function, distinct from the damping coefficient
δ).

Since white noise is non-differentiable, Eq. (12) must be
converted into a stochastic differential equation:{

dy = ẏdt;

dẏ = (αy − βy3 − δẏ)dt+
√
2DdB(t);

(13)

where B(t) is standard Brownian motion.
The probability density p(y, ẏ, t) of the system state satisfies

the Fokker-Planck-Kolmogorov (FPK) equation:

∂p

∂t
= − ∂

∂ẏ
(ẏp)− ∂

∂y

[
(αy − βy3 − δẏ)p

]
+D

∂2p

∂y2
. (14)

In steady state, the stationary probability density is:

p(y, ẏ) =
1

Z
exp

(
−δẏ2 + 2V (y)

D

)
; (15)

where: p(y, ẏ) is the stationary probability density of the state
(y, ẏ); δ is the damping coefficient; V (y) is the system po-
tential function; D is the noise intensity; and Z is the nor-
malization constant (essential for ensuring the validity of the
probability density).

The normalization constant Z satisfies:

Z =

∫ ∞

−∞

∫ ∞

−∞
exp

(
−δẏ2 + 2V (y)

D

)
dydẏ. (16)

Influence of noise intensity:

112 International Journal of Acoustics and Vibration, Vol. 31, No. 1, 2026



L. Haiyang, et al.: APPLICATION OF DUFFING METHOD INTEGRATING DQ TRANSFORMATION AND KURTOSIS IN BEARING FAULT. . .

• Under weak noise (D ≪ minV (y)): The potential term
2V (y)

D dominates the exponential distribution, concentrat-

ing p(y, ẏ) at the bistable potential minima y = ±
√

α
β ,

confining the system within the wells.

• Under strong noise (D ≫ maxV (y)): The potential term
becomes negligible (2V (y)

D ≈ 0), degenerating the proba-

bility density to p(y, ẏ) = 1
Z′ exp

(
− δẏ2

D

)
, with a nearly

uniform position distribution.

The distribution characteristics in phase space (y-ẏ plane)
directly reflect the stochastic dynamics. The differences under
weak/strong noise are summarized in Table 1.

Table 1 summarizes the differences in phase diagrams of the
bistable Duffing system under strong and weak noise excita-
tion. Under weak noise (D ≪ minV (y)), the potential func-
tion term 2V (y)

D dominates the exponential distribution, confin-
ing phase points within the potential well; under strong noise
(D ≫ maxV (y)), the potential function term is negligible,
and the phase point distribution is nearly uniform, reflecting
the stochastic dynamic characteristics of the system under dif-
ferent noise intensities.

4.2. Constant Excitation xd(t) = A

The governing equation of the bistable Duffing system is:

ÿ + δẏ − αy + βy3 = A. (17)

The constant excitation tilts the bistable potential V (y) =
−α

2 y
2 + β

4 y
4 − Ay from bistable to monostable, yielding a

steady-state periodic orbit.
Proof of orbit existence: Construct the Lyapunov function

L(y, ẏ) = 1
2 ẏ

2 + V (y). Its time derivative is:

L̇ = ẏÿ +
dV

dy
ẏ = −δẏ2 ≤ 0. (18)

By LaSalle’s invariance principle, trajectories converge to
an invariant set.

Orbit analytic equation and geometric features: Multi-
plying both sides of Eq. (18) by ẏ and integrating eliminates
time, yielding the energy conservation form:

1

2
ẏ2 − α

2
y2 +

β

4
y4 −Ay = E0. (19)

Geometric morphology: Corresponds to quasi-elliptical
convex closed trajectories, slightly flattened in the y-direction
due to the nonlinear βy4 term, symmetric and C∞ smooth in
the ẏ-direction.

4.3. Constant + Noise xd = A+ nd(t)

The system response decomposes as y = yp(t)+η(t), where
yp(t) is the limit cycle solution under constant excitation, and
η(t) is a zero-mean random perturbation.

Substituting y(t) into the governing equation and using ÿp+
δẏp − αyp + βy3p = A, neglecting higher-order terms yields
the linearized stochastic equation:

η̈ + δη̇ + (3βy2p − α)η = nd(t). (20)

Let the time-varying effective stiffness be k(t) = 3βy2p − α
(periodic); then η(t) is a zero-mean stationary random process
with variance σ2

η ∝ σ2
nD (σn is the noise standard deviation

and D is a damping-related coefficient).
Geometric morphology: Phase space exhibits a diffuse an-

nular band centered on the limit cycle, with bandwidth propor-
tional to σn.

Topological properties: The diffuse band is centrosym-
metric, combining convergent periodic skeleton with noise-
induced irregularity.

4.4. Constant + Noise + Periodic Impulses
The excitation form is:

xd(t) = A+ nd(t) +
Ak

km
ke−ξ(t−tk)H(t− tk). (21)

The impulsive term is a decaying exponential pulse H(t− tk)
is the Heaviside step function, ξ > 0 is the decay coefficient,
Timp is the impulse period), resulting in composite dynamics of
limit cycle + noise diffusion + impulsive jumps.
(1) Dynamics at impulse instants

Since the impulse duration ∆t ≪ Timp, damping and nonlin-
ear terms are neglected. Integrating over the impulse interval
yields the velocity increment:

∆ẏ
∣∣
tk

≈ Ak

kmξ
. (22)

The velocity increment is proportional to Ak and inversely
proportional to ξ, causing instantaneous jumps along the ẏ-
axis.
(2) Phase diagram features

Geometric morphology: The baseline trajectory is a dif-
fuse band around a fixed ring (due to noise); superimposed pe-
riodic impulses introduce additional repetitive dense trajectory
bundles at fixed intervals.

Topological properties: Impulses cause sudden state jumps
(position/velocity), manifesting as sharp corners in otherwise
smooth trajectories, with high density near corners.

The phase diagram characteristics under the four signal
types are summarized in Table 2.

Table 2 summarizes the forms of d-axis components after dq
transformation, phase trajectory characteristics of the Duffing
system, and corresponding physical meanings under four typi-
cal excitations (pure noise, pure periodic signal, periodic signal
+ noise, fault impulses + noise). It corely reflects the synergy
of “signal preprocessing (dq transformation) + nonlinear de-
tection (Duffing system)”: dq transformation achieves prelim-
inary purification of fault features through spectral manipula-
tion, and the Duffing system converts weak periodic impulse
features into stable ring-peak coupling topological structures
in phase space, providing a theoretical basis for fault detection
in low signal-to-noise ratio (SNR) environments.

Theoretical analysis indicates that phase diagrams arise
from the synergistic effect of signal preprocessing and nonlin-
ear detection. The virtual dq transformation initially cleanses
fault features via spectral operations. At the same time, the
Duffing system acts as a feature amplifier, converting weak pe-
riodic impulsive characteristics into stable, explicit topological
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Table 1. Characteristics of noise phase diagrams.

Characteristic Dimension Strong Noise Behavior Weak Noise Behavior
Distribution Phase points diffuse uniformly across the entire phase space, Phase points concentrate at potential minima
Morphology with no distinct clustering regions y = ±

√
α
β

Topological Random large inter-well jumps, Local diffusion within wells
Properties trajectories covering the full phase space rare inter-well jumps

Table 2. System response characteristics under typical excitations.

Excitation Type d-Axis Component xd(t) (dq Transformed) Duffing Phase Trajectory Characteristics Physical Interpretation
Pure noise Zero-mean stationary Uniform phase point diffusion System baseline

random process (no distinct attractor) noise response
Pure periodic signal Stable DC component A0 Smooth, regular stable limit cycle Fault-free steady-state operation

Periodic signal + noise A0 + ñ(t) Diffuse band around limit cycle Noise perturbation
(bandwidth ∝ noise power) on deterministic signal

Fault impulses + noise A0 +
∑
k
mkh(t− tk) + ñ(t) Noise diffuse band + periodic “sharp-corner” Qualitative fault signature

inter-well jumps (local dense regions) (identifiable phase features)

features (a ring-peak coupling structure) in phase space. This
paradigm shift from time-domain analysis to phase-space dy-
namical pattern recognition forms the theoretical foundation
for the proposed method’s high-robustness fault detection in
low-SNR environments.

5. KURTOSIS-GUIDED ADAPTIVE
MECHANISM

5.1. Gaussianity Detection Based on
Kurtosis

Conventional Duffing oscillators employ fixed-amplitude
periodic excitation, lacking adaptability to local noise char-
acteristics. To address this limitation, a kurtosis-based gating
mechanism is introduced.

Kurtosis is defined as the standardized fourth-order moment
of a random variable Y :

KF (Y ) =
µ4

µ2
2

− 3; (23)

where µ2 = E[Y 2] and µ4 = E[Y 4]. For Gaussian processes,
KF (Y ) = 0, and this property remains invariant under linear
transformations, including bandpass filtering. Thus, kurtosis
serves as an effective indicator of non-Gaussianity caused by
structural or impulsive components.

A sliding-window estimation is adopted:

K̂F (t) =

1
Nw

∑
τ∈W (t)(Y (τ)− µ̂(t))4(

1
Nw

∑
τ∈W (t)(Y (τ)− µ̂(t))2

)2 − 3; (24)

where W (t) is the window centered at t, Nw is the window
length, and µ̂(t) is the sample mean. The variance of this esti-
mator is approximately:

Var(K̂F (t)) ≈
24

Nw
. (25)

5.1.1. Weighting Function Design

The non-Gaussianity measure is defined as:

A(t) = |K̂F (t)|. (26)

A smooth sigmoid gating function is then constructed:

W (t) =
1

1 + exp[−s(A(t)−Kthr)]
, s > 0; (27)

where s controls steepness, and Kthr is the threshold deter-
mined by significance level α:

Kthr = zα/2 ·
√

24

Nw
. (28)

When A(t) approaches zero, W (t) ≈ 0; when A(t) exceeds
the threshold, W (t) ≈ 1.

5.1.2. Embedded KG-Duffing System

The Duffing oscillator is improved by incorporating the gat-
ing function:

ẍ+ µẋ+ αx+ βx3 = γW (t)u(t); (29)

where u(t) is the input signal comprising weak target r(t) and
noise.

For Gaussian-dominated segments (A(t) ≈ 0), excitation
is suppressed, preventing pseudo-periodic trajectories. For
signal-dominated segments (A(t) ≫ Kthr), excitation is pre-
served, facilitating weak signal amplification. This adaptive
gating mechanism balances sensitivity to weak targets with
noise robustness, offering significant improvement over clas-
sical Duffing systems.

5.2. Design of Kurtosis-Weighted
dq-Duffing System

This section aims to develop a novel Duffing detection sys-
tem that integrates a kurtosis-guided mechanism. Kurtosis pro-
vides a critical criterion for distinguishing bearing fault im-
pulses (high kurtosis, non-Gaussian) from background noise
(low kurtosis, near-Gaussian). The core concept is to transform
kurtosis from an offline evaluation metric into an online, adap-
tive system-control parameter, thereby enabling intelligent, se-
lective response in the Duffing system.
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5.2.1. System Architecture and Integration Principle

Based on the foregoing analysis, this paper designs a
kurtosis-weighted dq-Duffing system (KWDS). Instead of di-
rectly using the preprocessed signal xd(t) as excitation, it is
combined with real-time kurtosis information computed from
the signal itself. The core dynamical equation is defined as:

ÿ + δẏ − αy + βy3 = γ · [W (t) · xd(t)]; (30)

with the adaptive weighting function driven by the real-time
kurtosis estimator K̂F (t):

W (t) =
1

1 + exp[−s(K̂F (t)−Kthr)]
. (31)

The innovation of this design lies in closing the loop be-
tween the signal’s intrinsic statistical property (kurtosis) and
the nonlinear system’s dynamical response (phase trajectory).
The weighting function W (t) acts as an intelligent gate, di-
rectly regulating the intensity or on/off state of the effective
excitation xd(t) injected into the Duffing system.

5.2.2. Response Mechanism and Method Advantages

The superior performance of the system stems from its dif-
ferential processing of different signal components:

1. Suppression of noise and pseudo-impulses: When a sig-
nal segment is dominated by random noise (correspond-
ing to K̂F (t) → 0), the weight W (t) ≈ 0. Regardless
of random pulses (pseudo-impulses) caused by noise in
xd(t), the effective excitation intensity is greatly attenu-
ated. This prevents the Duffing system from accumulating
sufficient energy from non-periodic random disturbances,
effectively suppressing pseudo-periodic trajectories and
pseudo-impulse features, thereby reducing false alarms at
the source.

2. Enhancement and preservation of true fault impulses:
When a signal segment contains genuine periodic bear-
ing fault impulses (corresponding to K̂F (t) > Kthr), the
weight W (t) ≈ 1. The effective excitation xd(t) contain-
ing true impulse features is injected into the Duffing sys-
tem with almost no attenuation. The impulse energy fully
drives the system, eliciting clear, stable “ring-peak cou-
pling” phase trajectories. Thus, true fault features are not
suppressed but highlighted against a cleaner background.

Traditional Duffing systems exhibit inherent high sensitiv-
ity to weak periodic or quasi-periodic disturbances, but this
also renders them prone to noise interference. The proposed
kurtosis-weighted Duffing system, through its kurtosis-guided
intelligent gating, achieves a critical evolution in response
mode:

1. Directed enhancement of response acuity: The system
adaptively filters irregular pseudo-impulses with statisti-
cal properties similar to noise, responding selectively only
to target excitations matching fault characteristics.

2. Precise reinforcement of core sensitivity: Sensitivity and
discriminability are maintained or enhanced for true fault
impulses exhibiting non-Gaussian impulsive features.

This leap from indiscriminate sensitivity to selective acuity
constitutes the core mechanism enabling high-precision, low-
false-alarm fault detection under strong noise. It ensures diag-
nostic responses only when genuine fault features are captured,
significantly improving reliability and robustness.

5.3. Dynamical Improvement Analysis of
Kurtosis Weighting Mechanism on
Duffing System Chaotic Threshold

To quantitatively elucidate the advantages of the kurtosis-
weighted mechanism in suppressing spurious noise-induced
responses and enhancing the detection capability for weak pe-
riodic impacts from a nonlinear dynamics perspective, this sec-
tion employs the Melnikov method and the Largest Lyapunov
Exponent (LLE) for analysis.

Conventional Duffing systems are prone to spurious inter-
well transitions under strong noise interference. The root
cause lies in random, large-amplitude pulses within the noise
that perturb the homoclinic orbit, leading to pseudo-chaotic
or pseudo-periodic responses. The kurtosis-weighted mech-
anism proposed in this paper calculates a sliding-window kur-
tosis from the original vibration signal x(t) to adaptively gen-
erate a gating function W (t). This function permits the d-axis
component xd(t), obtained via dq transformation, to serve as
the effective excitation only when genuine non-Gaussian im-
pacts are present. This design optimizes the system’s dynamic
response environment by selectively regulating the excitation
components.

Consider a standardized symmetric bistable Duffing system:

ÿ + δẏ − αy + βy3 = γ · p(t); (32)

where p(t) = W (t) · xd(t) represents the effective excitation.
W (t) is computed based on the real-time kurtosis estimate of
the original signal x(t), and xd(t) is the low-frequency compo-
nent derived from synchronous demodulation via the dq trans-
formation, containing the transient characteristics of fault im-
pacts and residual noise.

In the absence of perturbation, this system possesses a sym-
metric double-well potential. Its standard homoclinic orbit so-
lution is given by:

q0(t) =

√
2α

β
sech(

√
αt) =

√
2sech(t). (33)

The Melnikov function is utilized to measure the distance
between the stable and unstable manifolds under small pertur-
bations:21–23

M(t0) =

∫ ∞

−∞
q̇0(t) [−δq̇0(t) + γp (t+ t0)] dt. (34)

In the traditional system (where W (t) ≡ 1), the direct injec-
tion of raw noise causes random pulses to easily drive M(t0)
across zero, inducing pseudo-homoclinic bifurcations and spu-
rious inter-well transitions.

Within the kurtosis-weighted mechanism: (1) Gaussian-
Noise-Dominant Segment: When the kurtosis of the original
signal K̂F (t) ≈ 0, it corresponds to W (t) ≈ 0, resulting
in p(t) ≈ 0. Consequently, the noise disturbance is almost
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entirely suppressed. (2) Genuine-Periodic-Impact Segment:
When the kurtosis of the original signal increases significantly,
corresponding to W (t) ≈ 1, then p(t) ≈ xd(t). The system
excitation thus becomes the low-frequency component that ag-
gregates the periodic impact information after demodulation.

The kurtosis-weighted mechanism attenuates the effective
disturbance intensity of the noise, significantly raising the per-
turbation amplitude required for the M(t0) function to cross
zero. This effectively suppresses spurious responses induced
by noise. Simultaneously, because the periodic impact com-
ponents in xd(t) have been concentrated into a purer low-
frequency form via the dq transformation, the system’s re-
sponse sensitivity and reliability to genuine fault impacts are
markedly enhanced within the high signal-to-noise ratio envi-
ronment created by effective noise suppression.

6. EXPERIMENTAL VALIDATION AND
ANALYSIS

This section systematically validates the effectiveness, ro-
bustness, and superiority of the proposed “Duffing system in-
tegrating dq transformation and kurtosis for detecting weak
bearing faults under strong noise” using simulation signals and
test-rig data. Comparisons are conducted against traditional
Duffing and variational mode decomposition (VMD) methods
across three dimensions: pseudo-suppression capability, true
feature preservation, and comprehensive performance.

6.1. Simulation Analysis

This experiment aims to verify the detection performance
of the Duffing system under synergistic dq transformation and
kurtosis guidance for weak bearing faults. Core parameter con-
figurations are listed in Table 3.

Table 3 presents the core parameter configuration for simu-
lation experiments, covering simulation parameters (duration,
sampling points, SNR), Duffing system parameters (damping,
stiffness, excitation coefficient, etc.), kurtosis guidance param-
eters (threshold, window size, etc.), and fault signal parameters
(characteristic frequency, resonance frequency, etc.). The pa-
rameter settings are based on the dynamic characteristics of
the bistable Duffing system and the features of bearing fault
signals, ensuring the repeatability and validity of experimental
results, and laying a foundation for the comparative analysis of
four subsequent experimental conditions (traditional Duffing +
pure noise, kurtosis-weighted Duffing + pure noise, traditional
Duffing + dq-transformed fault signal, kurtosis-weighted Duff-
ing + dq-transformed fault signal).

Comparative phase trajectory analysis is conducted by eval-
uating four distinct conditions: (1) a conventional Duffing sys-
tem under pure noise excitation without dq transformation or
kurtosis weighting, (2) a kurtosis-weighted Duffing system un-
der pure noise excitation without dq transformation, (3) a con-
ventional Duffing system excited by the xd fault component
extracted via dq transformation but without kurtosis weight-
ing, and (4) a kurtosis-weighted Duffing system excited by the
dq-transformed xd fault component.

The signal analysis and preprocessing process is illustrated
in Fig. 1.

Figure 1 illustrates the signal preprocessing pipeline of the
proposed method, which effectively extracts weak periodic
fault-induced impulses in bearings from intense background
noise. The figure comprises six subfigures arranged in the or-
der of processing to reveal the internal mechanism of each step.
Observed Signal and Its Theoretical Model

Figure 1(a) Raw Fault Signal: The signal is dominated
by high-intensity, broadband background noise, resulting in
a cluttered waveform where the underlying periodic fault im-
pulses are entirely submerged. This visually reflects the diag-
nostic challenge posed by the low signal-to-noise ratio (SNR
≈ −5 dB).

Figure 1(b) Pure Fault Impulses: This subfigure presents the
theoretical model of the fault impulse component (solid curve).
It consists of a series of decaying oscillatory pulses with a pe-
riod of T = 1/ffault = 10 ms, where the pulse interval strictly
equals the fault characteristic period.
Feature Enhancement and Weighting

Figure 1(c) d-axis Signal xd(t): This is the d-axis compo-
nent (dashed curve) obtained by applying a dq (Park) trans-
formation synchronized with the fault characteristic frequency
ffault to the raw signal (a). Post-transformation, the fault fre-
quency components are converted and accentuated as near-
DC and low-frequency amplitude modulations, while high-
frequency noise is suppressed.

Figure 1(d) Kurtosis Weighting Function W (t): This is
the frequency-domain weighting function (dotted pulse-like
curve) calculated based on signal (c), with the horizontal axis
representing time. Due to the high sensitivity of kurtosis to
impulsive components, W (t) exhibits prominent peaks at the
fault characteristic frequency and its harmonics, while assign-
ing low weights to noise-dominated frequency bands. This
achieves automatic identification and enhancement of fault fea-
tures in the frequency domain.

Figure 1(e) Pure Noise Signal: As a control group, this
subfigure shows the time-domain waveform of pure Gaussian
white noise (dash-dot curve) with energy equivalent to that in
subfigure (a). Its waveform exhibits random characteristics
without any periodic structure, serving to validate the method’s
robustness against noise.

Figure 1(f) verifies that the constructed weighting mecha-
nism will not generate false responses to impulse-free interfer-
ence by virtue of the characteristics of rapid weight attenua-
tion, no significant fluctuations, and extremely low response
under the input of impulse-free pure noise. Combined with the
peak response characteristic of Fig. 1(d) to impulse-containing
fault signals, the two form an effective positive-negative con-
trol, directly validating the core theoretical hypothesis of the
kurtosis-scale combined weighting mechanism: it only acti-
vates the enhancement function for impulse-containing fault
signals and suppresses the response to impulse-free pure noise.
This further lays a solid theoretical foundation for avoiding
false alarms and accurately extracting fault features in subse-
quent steps, thereby fully demonstrating the theory’s validity
and reliability.

Figure 1 comprehensively presents the preprocessing chain
from the original noisy vibration signal to the generation of
a weighted excitation signal. Its core lies in the preliminary
enhancement of fault components via dq transformation, fol-
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Table 3. Core parameter configuration for experiments.

Parameter Category Parameter Name Symbol/Variable Value

Simulation parameters
Simulation duration T 2 s

Total sampling points N int(T · fs) = 20480

Signal-to-noise ratio SNRdB -5 dB

Duffing system parameters

Damping coefficient δ 0.5
Linear stiffness α -1.0

Nonlinear stiffness β 1.0
Excitation coefficient γ 1.0

Initial state y0, ẏ0 0.0, 0.0

Kurtosis guidance parameters

Kurtosis threshold Kthr 0.5
Sigmoid slope s 10.0

Sliding window size window size 256
Kurtosis computation – Fisher kurtosis (unbiased)

Fault signal parameters

Fault characteristic frequency ffault 100 Hz
Resonance frequency fres 2000 Hz

Impulse decay coefficient ξ 100
Fault impulse amplitude Afault 0.5

(a) Original fault signal (b) Pure fault pulse

(c) d-axis signal xd(t) after dq transformation (d) Kurtosis weighting function W (t) (fault signal)

(e) Pure noise signal (f) Kurtosis weighting function W (t) (pure noise)

Figure 1. Signal analysis and preprocessing.
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lowed by the construction of an adaptive “intelligent gate” us-
ing the combined kurtosis-scale weighting mechanism. The
final output is a signal with noise significantly suppressed and
fault features precisely focused, establishing the crucial data
foundation for subsequent weak-fault detection using the Duff-
ing oscillator.

Validation of synergistic kurtosis guidance and dq transfor-
mation is shown in Fig. 2.

Figure 2 compares the dynamic responses of traditional
Duffing and the proposed dq–kurtosis Duffing methods under
noise-only and fault-excited conditions. Figure 2 consists of
four subfigures, intuitively comparing traditional and proposed
method performance from signal preprocessing and detection
mechanism perspectives.

Figure 2(a) – No dq transformation: Traditional Duffing
(pure noise): Under unprocessed pure Gaussian white noise
excitation, the traditional Duffing system’s phase trajectory ex-
hibits complex, irregular chaotic diffusion in the (y, ẏ) plane,
with large trajectory span. This indicates high noise sensitiv-
ity, where random noise pulses induce numerous irregular tra-
jectory mutations of varying amplitudes (pseudo-impulse fea-
tures), prone to false alarms in fault diagnosis.

Figure 2(b) – No dq transformation: Kurtosis-Duffing (pure
noise): Under identical noise excitation, introducing kurtosis
guidance fundamentally alters the phase trajectory. Trajec-
tories are strictly confined to a very small region, appearing
as uniform, dense, smooth random point clouds. This shows
that the kurtosis weighting function W (t) effectively identifies
pure noise attributes and substantially suppresses excitation,
virtually eliminating noise-induced pseudo-impulse responses
and significantly reducing baseline noise and false alarm risk.

Figure 2(c) – With dq transformation: Traditional Duff-
ing (fault signal): After dq transformation preprocessing of
the composite signal containing periodic fault impulses and
strong noise, input to traditional Duffing yields phase trajecto-
ries somewhat narrowed compared to (a), but still diffuse and
irregular, with periodic impulse features obscured by residual
noise. This indicates that the dq transformation alone is insuffi-
cient for feature extraction and that traditional Duffing remains
sensitive to residual noise, failing to reveal fault periodicity
clearly.

Figure 2(d) – With dq transformation: Kurtosis-Duffing
(fault signal): This subfigure demonstrates the complete pro-
posed method (dq transformation + kurtosis-Duffing). The
phase trajectory exhibits a clear, regular “limit cycle” struc-
ture with periodic, directionally consistent trajectory mutations
(sharp peaks) at specific phase points on the cycle. This “ring-
peak coupling” topology precisely corresponds to the periodic
impulsive fault characteristics. dq transformation successfully
extracts fault impulse components, while kurtosis further sup-
presses residual noise post-transformation; their synergy en-
ables stable excitation of high-SNR dynamical modes synchro-
nized with fault period in the Duffing system.

Figure 2 validates the synergistic role and necessity of the
two core components. Horizontal comparisons ((a) vs. (b), (c)
vs. (d)) demonstrate the outstanding pseudo-suppression ca-
pability of kurtosis guidance in mitigating noise interference.
Vertical comparisons ((a) vs. (c), (b) vs. (d)) highlight the crit-
ical feature purification role of the dq transformation in creat-

ing conditions for subsequent detection. Ultimately, subfigure
(d) shows that only combining dq transformation preprocess-
ing with intelligent kurtosis-weighted Duffing detection trans-
forms weak fault impulses into clear, stable, easily identifiable
geometric patterns in phase space under strong noise, enabling
reliable early fault diagnosis.

6.2. Experimental Analysis
This experiment was conducted on a comprehensive rail-

way bearing fault test rig capable of simulating bearing faults,
precise speed control, and multi-dimensional vibration acqui-
sition. It reproducibly simulates typical faults, such as outer
race, inner race, and roller damage, providing a standardized
environment for validating fault-diagnosis algorithms. The
comprehensive railway bearing fault test rig is shown in Fig. 3.

To validate feature extraction capability and speed adapt-
ability of traditional Duffing versus dq-Duffing methods,
a high-speed railway bearing AR130-41gP6A with simu-
lated roller damage (outer diameter 240 mm; inner diam-
eter 130 mm; pitch diameter 180.85 mm; roller diame-
ter 26.93 mm; 19 rollers; contact angle 10◦) was tested.
Operating conditions covered 600 r/min, 900 r/min, and
1200 r/min, corresponding to low-speed (100 km/h), medium-
speed (150 km/h), and high-speed (200 km/h) train opera-
tion, verifying algorithm adaptability to impulsive fault signals
across speeds. The rolling bearing is shown in Fig. 4.

The experiment employed PCB Piezotronics 356A25 tri-
axial ICP piezoelectric accelerometers (sensitivity 25 mV/g,
frequency response 1 Hz to 5000 Hz, measurement range
± 200 g pk). Per GB/T 6075.2-2011 (“Mechanical vibra-
tion—Measurement of vibration on rotating shafts—Part 2:
Shaft measurement”), sensors were rigidly mounted via mag-
netic bases in the vertical (Z) direction on the fault bearing
housing, maximizing retention of vibration features from fault
impulses while avoiding signal attenuation due to loose instal-
lation. The accelerometer test is shown in Fig. 5.

Data acquisition parameters were: sampling frequency
10240 Hz and continuous acquisition duration 10 s per speed
condition. The first 1 s transient and last 1 s rundown segments
were discarded, retaining the middle 8 s steady-state segment
to eliminate non-stationary interference.

Duffing system core parameters were: damping δ = 0.5,
linear stiffness α = −1.0, and nonlinear stiffness β = 1.0.
The Duffing equation was solved using fourth-order Runge-
Kutta with step size 1/10240 (matching sampling frequency).
Steady-state displacement-velocity phase trajectories were ex-
tracted, and chaotic characteristics were analyzed to quantify
fault feature extractability under variable speeds. The experi-
mental algorithm flowchart is shown in Figure 6.

6.2.1. Bearing Fault Phase Diagram Feature Analysis
Based on dq-Duffing System

To verify the universality and effectiveness of the proposed
dq-Duffing chaotic diagnosis method across speed conditions,
roller fault signals (600 r/min, 900 r/min, 1200 r/min) were
selected. Phase diagram responses of traditional versus dq-
Duffing systems were compared with respect to trajectory mor-
phology, fault discriminability, and diagnostic reliability, re-
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(a) Without dq transformation: Conventional Duffing
(pure noise)

(b) Without dq transformation: Kurtosis-Duffing
(pure noise)

(c) With dq transformation: Conventional Duffing
(fault noise)

(d) With dq transformation: Kurtosis-Duffing
(fault noise)

Figure 2. Experimental comparison figure.

Figure 3. Test rig.

vealing the optimization mechanism of the dq transformation
for chaotic diagnosis.
(1) Phase Diagram Feature Analysis at 600 r/min

Figure 7 shows the time-domain waveform of the roller fault
signal at 600 r/min, exhibiting superimposed periodic fault im-
pulses and background noise.

Phase diagrams for traditional and dq-Duffing systems are
shown in Figs. 8 and 9, respectively.

Figure 8 shows that the traditional Duffing system produces
chaotic trajectories without discernible fault patterns:

a) Trajectory morphology: Near-closed chaotic clusters with
significant crossing, intense local fluctuations, and indis-
tinct overall boundaries; point cloud diffuse with strong
spatial randomness, lacking ordered structure.

b) Fault feature discriminability: Inherent nonlinear fluctua-
tions completely overwhelm periodic impulse energy, pre-
venting effective separation of fault features from chaotic
noise; no fault-related information is visible, rendering
fault identification ineffective.

Figure 9 demonstrates regular limit-cycle structures with pe-
riodic peaks corresponding to fault impulses:

a) Trajectory morphology: After dq transformation prepro-
cessing, trajectories evolve continuously and smoothly
without obvious crossing interference, forming a regular
composite structure of “closed limit cycle + local impulse
clusters”; this arises from the dq transformation’s energy
focusing, coupling chaotic response with fault features.

b) Fault feature discriminability: Local sharp peaks corre-
spond one-to-one with periodic roller fault impulses, with
peak occurrence frequency highly consistent with the cal-
culated fault characteristic frequency; peaks visualize fault
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Figure 4. Bearing.

Figure 5. Data acquisition.

impulse energy in chaotic phase space, validating dq trans-
formation enhancement and enabling precise fault feature
extraction.

(2) Phase Diagram Feature Analysis at 900 r/min

Figure 10 shows the time-domain waveform at 900 r/min;
with increased speed, both impulse frequency and amplitude
change, and background noise influence intensifies.

Phase diagrams for traditional and dq-Duffing systems are
shown in Figs. 11 and 12.

Figure 11 indicates that traditional Duffing fails to preserve
fault features under higher speed and noise:

a) Trajectory morphology: Fragmented random jumps with
dispersed, irregular segments lacking a unified evolution
outline; chaotic response, disordered, unable to associate
trajectories with fault features.

b) Diagnostic effectiveness: Periodic roller impulses
smoothed by chaotic fluctuations; fault energy masked by
superimposed background and chaotic noise, significantly
reducing sensitivity and rendering diagnosis ineffective.

Figure 12 shows stable periodic peak structures synchro-
nized with fault impulses:

a) Trajectory morphology: Unidirectional ordered trend with
periodic sharp peaks; good overall continuity without frag-
mentation; ordered trend stems from dq transformation de-
noising and energy integration, maintaining trajectory sta-
bility.

b) Fault feature discriminability: Sharp peaks exhibit clear pe-
riodicity matching the roller fault characteristic period, di-
rectly mapping impulses in phase space; even under ele-
vated speed and enhanced noise, dq-Duffing captures fault
features precisely, demonstrating strong anti-interference
capability.

(3) Phase Diagram Feature Analysis at 1200 r/min
Figure 13 shows the time-domain waveform at 1200 r/min;

high speed further increases impulse frequency and signal non-
stationarity, posing higher adaptability demands.

Phase diagrams for traditional and dq-Duffing systems are
shown in Figs. 14 and 15.

Figure 14 shows chaotic confinement without meaningful
fault indication:

a) Trajectory morphology: Confined to narrow phase space
with chaotic crossing and random local peaks; response
dominated by non-stationarity and high-frequency noise,
completely decoupled from fault constraints.

b) Fault feature discriminability: Fault impulse energy fully
masked by intense noise and chaotic fluctuations; no iden-
tifiable fault-related features, no effective response under
high-speed conditions.

Figure 15 confirms robust fault feature extraction over a
wide speed range:

a) Trajectory morphology: Regular closed ring structure, con-
tinuous and smooth without crossing interference, with
clear unified outline; ring formation results from dq trans-
formation’s frequency adaptation and energy focusing un-
der high speed, maintaining ordered response.

b) Fault feature discriminability: Periodic sharp peaks on the
closed ring strictly match roller fault characteristic fre-
quency, with peak amplitude positively correlated with im-
pulse energy; fault features remain visualizable via peaks
even at 1200 r/min, validating wide-speed-range diagnostic
universality.
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Figure 6. Experimental flowchart.

Figure 7. Time-domain waveform.
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Figure 8. Phase trajectory of traditional duffing system.

Figure 9. Phase trajectory of dq-duffing system.

(4) Diagnostic Performance Comparison across Speed
Conditions

Synthesizing results from the three speed conditions, quan-
titative comparison of traditional versus dq-Duffing diagnos-
tic performance across trajectory orderliness, fault feature dis-
criminability, and diagnostic reliability is presented in Table 4.

Table 4 compares the performance differences between the
traditional Duffing system and the dq-Duffing system under
three rotational speeds: 600 r/min (low speed, corresponding
to 100 km/h of trains), 900 r/min (medium speed, correspond-
ing to 150 km/h), and 1200 r/min (high speed, correspond-
ing to 200 km/h). The traditional Duffing system is affected
by both chaotic noise and signal non-stationarity, resulting in
disordered trajectories irrelevant to fault features, with perfor-
mance deteriorating as speed increases; the dq-Duffing sys-

tem effectively couples chaotic responses with fault features
through the energy focusing and denoising effects of dq trans-
formation, enabling fault feature visualization (ordered trajec-
tories + periodic sharp peaks) over a wide speed range, sig-
nificantly improving the universality and reliability of chaotic
diagnosis.

Traditional Duffing phase responses are influenced by both
chaotic noise and signal non-stationarity, yielding disordered
trajectories uncorrelated with fault features, and performance
deteriorates further at higher speeds. In contrast, dq-Duffing
effectively couples chaotic response with fault features via the
dq transformation’s energy focusing and denoising, consis-
tently visualizing fault features as ordered trajectories + pe-
riodic sharp peaks across wide speed ranges, with peak pa-
rameters strictly matching the fault characteristic frequency,
significantly enhancing universality and reliability of chaotic
diagnosis.

6.3. Peak-Ring Coupling Degree
To address essential differences between chaotic or pseudo-

closed phase diagrams (chaotic pseudo-rings) and fault im-
pulse rings, a quantitative peak-ring coupling degree (CD) met-
ric is proposed. Its distinguishing feature is the spatiotempo-
ral synchrony between fault-impulse peaks and the ring struc-
ture. In contrast, chaotic pseudo-ring peak-like features arise
from random noise/speed fluctuations and lack coupling with
the ring (Table 5).

Table 5 defines the physical significance of the Peak-Ring
Coupling Degree (CD) for distinguishing chaotic/pseudo-
closed loop phase diagrams (chaotic pseudo-rings) from fault
impulse ring phase diagrams. Peaks in chaotic pseudo-rings
originate from random noise or speed fluctuations, with no as-
sociation with the ring structure; peaks in fault impulse rings
originate from periodic bearing fault impulses, concentrated
at fixed phases and strongly associated with the ring struc-
ture. In the absence of fault peaks, CD = 0. By com-
paring the coupling-degree differences between random-phase
peaks (chaos) and synchronous-phase peaks (faults), clear dif-
ferentiation between faults and chaotic pseudo-features can be
achieved, providing a quantitative criterion for fault diagnosis.

6.3.1. Calculation Formula

Peak-ring coupling degree is quantified via normalized polar
angle dispersion:

CD = 1−
σθspike

π
; (35)

where θspike is the polar angle of fault impulse peaks in the
Duffing phase trajectory; σθspike is the standard deviation of
peak polar angles (characterizing peak distribution dispersion
on the ring); and π is the maximum polar angle dispersion
range, normalizing CD to [0,1]. Higher values approaching 1
indicate greater peak phase concentration and more prominent
fault features.

6.3.2. Standardized Calculation Steps

Phase trajectory polar conversion: Extract displacement y(t)
and velocity ẏ(t) sequences from Duffing solution, converting
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Figure 10. Time-domain waveform.

Table 4. Experimental results across three speed conditions.

Comparison Dimension Traditional Duffing dq-Duffing
Trajectory Orderliness Chaotic fluctuations, Ordered trajectories + sharp peaks, peaks directly

no fault feature correspondence corresponding to roller fault impulses
Fault Feature Discriminability Fault impulses fully Impulse features visualized,

masked by chaos, unrecognizable directly associable with roller fault period
Diagnostic Reliability No fault extraction capability Strong noise resistance, stably presenting fault-associated trajectories

Figure 11. Phase trajectory of traditional duffing system.

to polar coordinates:

r =
√
y2 + ẏ2, θ = arctan 2(ẏ, y); (36)

where r is the polar radius (characterizing ring radius), and
θ is the polar angle (characterizing peak phase position on the
ring). The specific calculation of the peak-ring coupling degree
can be carried out in the following steps:

1. Effective peak screening: Using 3σ threshold on velocity
sequence ẏ(t) (σ = standard deviation), extract points ex-
ceeding threshold to obtain peak polar angle set θspike; if
no peaks, CD is judged as 0.

2. Dispersion calculation: Compute standard deviation σθspike

of θspike, substitute into core formula ((35)) to obtain CD,
with boundary correction ensuring a [0,1] range.

3. Feature decision: CD ≥ m is judged as fault impulse ring
+ peaks, otherwise chaotic (m = fault decision threshold).

Figure 12. Phase trajectory of dq-duffing system.

6.3.3. Experimental Flowchart and Result Analysis

To clearly present the core execution logic of the experi-
ment, Fig. 16 demonstrates the complete workflow from data
preprocessing to fault feature validation.

Core logic of flowchart:

1. Data preprocessing: Steady-state segment extraction, fil-
tering, normalization to eliminate noise and irrelevant
components, yielding Duffing-compatible drive signal.

2. Dual Duffing solution: Solve traditional Duffing (en-
hanced chaos) and dq-Duffing (synchronized fault fre-
quency, weakened chaos) separately, obtaining two phase
trajectory sets.

3. Coupling degree calculation: Core steps involve polar an-
gle computation, phase alignment, adaptive peak detec-
tion, circular statistics, addressing phase jumps, and noise
interference for precise quantification of fault peak phase
concentration.
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Figure 13. Time-domain waveform.

Table 5. Physical significance of peak-ring coupling degree.

Feature Type Peak Source Peak-Ring Coupling Relation Coupling Degree Range Physical Significance
Chaotic or pseudo-ring Random noise No association Determined by No fault features,

/speed fluctuation (random peak distribution) data characteristics dominated by chaotic noise
Fault impulse ring + peaks Bearing fault Strong association Determined by Fault impulses drive ring structure,

+ peaks periodic impulses (peaks concentrated at fixed phases) data characteristics features prominent

Figure 14. Phase trajectory of traditional duffing system.

4. Result analysis: Compare coupling degree and strong
peak counts to validate the dq-Duffing fault feature ex-
traction superiority.

Coupling degree comparison between traditional and dq-
Duffing is shown in Fig. 17. Figure 17 compares coupling
degree values, demonstrating the superiority of the proposed
method:

1. dq-Duffing exhibits significantly superior fault feature ex-
traction: Across all groups, dq-Duffing CD exceeds tradi-
tional Duffing, validating the dq transformation’s role in
suppressing Duffing chaos and enhancing peak-ring cou-
pling feature extraction.

2. Group 2 shows most typical discrimination: Traditional
Duffing CD only 0.0845 (near chaotic), while dq-Duffing
reaches 0.6116 (near fault threshold), highlighting strong
discrimination between chaotic pseudo-ring and fault ring
+ peaks under this condition.

Figure 15. Phase trajectory of dq-duffing system.

3. Group 3 exhibits most prominent fault features: dq-
Duffing CD reaches 0.8852, indicating extremely strong
phase concentration of fault impulse-ring, with dq-
Duffing fully locking onto fault features.

6.4. Comparative Analysis
This section processes fault signals using wavelet trans-

forms, stochastic resonance, and a dq-Duffing chaotic oscilla-
tor, comparing time-domain waveforms and frequency-domain
spectral features; peak SNR at the fault frequency and its har-
monics is quantitatively assessed to validate the dq-Duffing’s
effectiveness and superiority in extracting bearing fault fea-
tures under strong noise.

Raw signal is shown in Fig. 18. Figure 18 shows that both
time-domain and frequency-domain representations fail under
low SNR.

Raw signal time-domain (Figure 18(a)): Blue waveform
shows raw vibration time variation, severely contaminated by
strong noise; 120 Hz periodic fault signal present but com-
pletely submerged in the time domain.
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Figure 16. Experimental flowchart.

Raw signal spectrum (Figure 18(b)): Green curve shows
frequency distribution, with red dashed lines marking 120 Hz
(fundamental) and 240 Hz (second harmonic); spectral peaks
exist but are inconspicuous, comparable to the background
noise level, rendering conventional spectral analysis ineffec-
tive due to extremely low SNR.

Wavelet transform results are shown in Fig. 19. Figure 19
shows partial enhancement of fault-related components.

Wavelet transform output time-domain (Figure 19(c)): As
a time-frequency method analyzing signal with multi-scale
wavelets, noise is somewhat suppressed compared to the raw
signal, and the waveform is smoother with some periodic
traces visible but still unclear.

Wavelet transform spectrum (Figure 19(d)): Relatively
prominent peaks appear at 120 Hz and 240 Hz, effectively sup-
pressing some noise and enhancing fault frequency detectabil-
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Figure 17. Coupling degree comparison.

Figure 18. Raw signal.

ity, though performance is limited under low SNR.
Stochastic resonance results are shown in Fig. 20. Figure 20

indicates limited fault extraction capability under extremely
low SNR.

Stochastic resonance output time-domain (Figure 20(e)):
Leveraging a nonlinear system where noise energy enhances
weak signals under specific parameters, the yellow waveform
shows some regularity, but periodic features remain indistinct.

Stochastic resonance spectrum (Figure 20(f)): Weak re-
sponse only near 240 Hz (second harmonic), almost no detec-
tion at 120 Hz fundamental. Detection of fundamental weak

signals under low SNR, highly sensitive to SNR, and parame-
ter tuning.

dq-Duffing results are shown in Fig. 21. Figure 21 confirms
that dq-Duffing simultaneously reveals fault impulses in phase
space and frequency domain.

Duffing phase diagram (Figure 21(g)): Purple trajectory
shows Duffing oscillator phase-space motion (x-axis displace-
ment, y-axis velocity), exhibiting a complex yet structured pat-
tern; the system transitions from chaos to regular motion when
the input contains specific frequency components.

dq transformation components (Figure 21(h)): Red and blue
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Figure 19. Wavelet analysis plot.

Figure 20. SR analysis plot.

curves represent orthogonal components post-dq transforma-
tion; dq transforms time-domain impulses into “DC” or low-
frequency signals in the rotating frame, both showing clear pe-
riodicity.

dq-Duffing spectrum (Figure 21(i)): Red spectrum clearly
displays 120 Hz fundamental and harmonics; peaks at 120 Hz,
240 Hz, 360 Hz, 480 Hz, etc. are weakly visible but present,
capable of clearly extracting complete harmonic structure un-
der low SNR.

A summary comparison of the three methods is presented in
Table 6.

Table 6 compares the performance of three methods
(Wavelet Transform, Stochastic Resonance, and dq-Duffing)
for bearing fault detection under low-SNR conditions. As a tra-
ditional time-frequency method, Wavelet Transform achieves
moderate noise suppression and feature extraction; Stochastic
Resonance can theoretically utilize noise energy but is prac-
tically parameter-sensitive with poor fundamental frequency
detection; the dq-Duffing method combines the anti-noise ca-

pability of chaotic systems with the frequency selectivity of
dq transformation, enabling extraction of complete harmonic
structures even at extremely low SNR with high diagnostic cer-
tainty, making it particularly suitable for detecting weak peri-
odic impulse faults in bearings.

7. CONCLUSION

1. Research background and core problem

Periodic impulsive fault signals in electric locomotive
bearings are readily overwhelmed by strong noise. Early
fault features are weak and exhibit extremely low en-
ergy, leading traditional time/frequency-domain analysis
and signal decomposition methods to suffer from feature
distortion, mode mixing, and parameter sensitivity under
low SNR, hindering precise diagnosis. While single Duff-
ing chaotic systems are sensitive to weak periodic signals,
they lack multi-component separation capability and ex-
hibit noise tolerance that is heavily influenced by param-
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Figure 21. dq-duffing analysis plot.
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Table 6. Characteristic comparison of three fault detection methods.

Characteristic Comparison Wavelet Transform Stochastic Resonance dq-Duffing
Detection Principle Time-frequency decomposition, Nonlinear system, Chaotic system

multi-resolution analysis noise-assisted enhancement + coordinate transformation
120 Hz Detection Medium-strength peaks Almost none Clear sharp peaks

Harmonic Structure Relatively complete Weak response only Complete multi-order
multi-order harmonics at second harmonic harmonics

Noise Suppression Partial suppression Limited effect Significant suppression
Diagnostic Certainty Medium, single-frequency evidence Low, indistinct response High, harmonic fingerprint confirmation

Real-time Performance Moderate computation Parameter-sensitive, requires tuning Higher computation but stable
Applicable Scenarios General SNR conditions Specific-parameter weak signals Extremely low SNR impulsive faults

eters, failing to meet engineering demands for the full
pipeline of signal separation, noise suppression, and weak
feature enhancement.

2. Core method framework and theoretical support

A bearing fault detection method integrating dq transfor-
mation, kurtosis statistics, and Duffing chaotic system
is proposed, constructing a progressive separation sup-
pression enhancement framework with theoretical sup-
port throughout:

dq transformation separation mechanism: Using virtual
two-phase technology, the Hilbert transform constructs
orthogonal signals forming an α-β frame, followed by ro-
tation synchronized with the fault characteristic frequency
to convert single-channel periodic impulses into slowly
varying d-axis signals, decoupling fault features from in-
terference and providing higher-SNR input.

Kurtosis adaptive suppression mechanism: Exploit-
ing statistical difference between fault impulses (non-
Gaussian, high kurtosis) and noise (Gaussian, low kur-
tosis), sliding-window Fisher kurtosis constructs a sig-
moid gating function to dynamically regulate excitation
intensity, with a weight near 0 during noise dominance to
suppress pseudo-impulses, near 1 during fault impulses to
preserve features, raising pseudo-response threshold from
a dynamics perspective.

Duffing system enhancement mechanism: Optimizing
constant-biased bistable Duffing parameters, DC bias tilts
potential wells to reduce inter-well energy demand for
weak signals, balancing sensitivity and stability; the sys-
tem produces ring-peak coupling phase trajectories for
purified fault signals, transforming weak features into
identifiable topological structures. Phase trajectory anal-
ysis under four excitations (pure noise, constant, con-
stant+noise, constant+noise+impulses) validates effec-
tiveness.

Quantitative decision theory: Proposed peak-ring cou-
pling degree metric quantifies spatiotemporal synchrony
between fault peaks and ring via normalized polar an-
gle dispersion, enabling unambiguous fault versus chaotic
pseudo-feature discrimination.

3. Key innovations

Proposed adaptive fusion strategy for dq transformation
and kurtosis statistics, transforming kurtosis from an of-
fline metric to an online control parameter for selective
fault impulse response.

Constructed closed-loop separation suppression enhance-
ment quantification framework, resolving traditional
Duffing noise interference while overcoming limitations
of single signal processing techniques.

Optimized Duffing DC bias parameters and phase trajec-
tory quantification, enhancing diagnostic robustness and
certainty under low SNR and wide speed ranges.

4. Method advantages

The method achieves evolution from indiscriminate sen-
sitivity to selective acuity, with core advantages in three
aspects: strong noise suppression via synergistic kurtosis
gating and dq transformation, effectively filtering Gaus-
sian noise and pseudo-impulses; precise feature extrac-
tion, with Duffing transforming weak impulses into stable
ring-peak coupling trajectories with complete harmonics;
broad operating condition adaptability, stably outputting
diagnostic results across low SNR and wide speeds with
low false alarms and high reliability, providing an effec-
tive technical means for early fault diagnosis of electric
locomotive bearings.

5. Core experimental validation results

Simulation and real-machine experiments confirm the
method’s effectiveness: Under low-SNR simulation,
phase trajectories exhibit clear ring-peak coupling with
prominent fault frequency and harmonics. Real-machine
experiments spanning 600-1200 r/min show ordered tra-
jectories with peaks strictly matching fault frequency,
unlike disordered traditional Duffing trajectories. Com-
pared with wavelet transform (moderate extraction) and
stochastic resonance (parameter-sensitive, weak funda-
mental detection), the proposed method exhibits superior
noise suppression, complete harmonics, higher diagnos-
tic reliability, and anti-interference capability; peak-ring
coupling degree quantification further validates the supe-
riority of fault feature extraction.

6. Future outlook

Future work may optimize frequency-adaptive dq trans-
formation algorithms, explore integration with deep
learning models to reduce manual parameter tuning, and
improve generalization under complex conditions. This
can also enhance computational efficiency to facilitate
real-time online monitoring in engineering applications.
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