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This paper presents a systematic investigation into the dynamical characteristics of a randomly excited multi-
degree-of-freedom (MDOF) discrete product packaging system (DPPS) featuring hyperbolic tangent nonlinearity,
with emphasis placed on an acceleration response analysis. Because the analytical solution of the acceleration
response spectrum for the hyperbolic tangent DPPS has rarely been investigated, then the approximate analytical
solution is established to predict the acceleration response of the Gaussian vibration excited system. Secondly,
Hermite polynomial is adopted to simulate non-Gaussian vibration excitation, and verified by the actual road
excitation signal. On this basis, the non-Gaussian random vibration analysis method is introduced to analyze the
acceleration response of the system, the sensitivity of the response is discussed. Then, the failure analysis for
the desktop computer package via the first-passage failure probability of the acceleration response is given. The
approximate analytical solution can effectively predict the acceleration response of the Gaussian random vibration
excited system. The proposed non-Gaussian vibration analysis approach can conveniently reproduce actual non-
Gaussian vibration excitation and analyze the dynamic properties. Since the “soft spring” effect of hyperbolic
tangent cushion material, there exists an optimal nonlinear parameter β∗, which can minimize the acceleration
response of critical components. The failure mechanism of critical components in a desktop computer package
subjected to non-Gaussian vibration is elucidated, and a reliability analysis is presented based on a predetermined
product fragility. Moreover, an appropriate cushioning design can be determined for a specified reliability level.
This study offers guidance for the vibration absorption design of packaging systems.

1. INTRODUCTION

Vibration constitutes the primary cause of product failure in
logistics environments.1 To effectively evaluate the protective
performance of packaging, mature packaging products are re-
quired to undergo vibration reliability tests. In accordance with
the principle of accelerated vibration, Gaussian vibration exci-
tation is generally adopted in such tests1–3 Gaussian random
vibration is a classical model employed in the laboratory relia-
bility assessment of product packaging, widely used to analyze
the dynamic response characteristics of packaging structures.
However, most vibration excitations encountered in actual lo-
gistics environments exhibit non-Gaussian distribution charac-
teristics5–7 many products that successfully pass the Gaussian
vibration reliability test still suffer from damage under non-
Gaussian vibration excitations in actual logistics scenarios.

Vibration excitations from different countries have been col-
lected to characterize the vibration environments for product
packaging.8–11 To accurately reproduce actual vibration sig-
nals in laboratory tests, various state-of-the-art laboratory re-
production methods have been developed.12, 13 These studies
are valuable for the design and validation of product and pack-

aging systems during transportation. The spring-mass-damper
model was first adopted by Mindlin14 to represent product
packaging systems. Considering the nonlinear constitutive be-
havior of cushioning packaging materials,15 classical packag-
ing systems with cubic, tangent, and hyperbolic tangent stiff-
ness have been introduced to investigate the dynamic pro-
tection performance of product packaging.16, 17 Since the
force-deformation relationships of many cushioning materi-
als, such as preloaded expandable polystyrene (EPS) foam and
neoprene, exhibit a hyperbolic tangent elastic property18, 19 the
damage boundary theory for hyperbolic tangent packaging sys-
tems has been further explored based on impact theory.20–22

Although the dynamics of hyperbolic tangent packaging sys-
tems under shock excitation have been systematically investi-
gated,23, 24 such excitation is typically described by a determin-
istic function.

However, the actual logistics process involves various un-
certainties, and product packaging damage frequently occurs
due to random vibration. Therefore, stochastic problems re-
lated to packaging systems have attracted increasing attention
from researchers.25 Thakur et al.26 introduced a piecewise
nonlinear model for a single-degree-of-freedom (SDOF) pack-
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aging system and derived the displacement response under
random vibration. Gan27 investigated a SDOF cubic nonlin-
ear packaging system under Gaussian white noise excitation,
and analyzed the displacement responses of the system under
both non-resonant and resonant conditions. Zhu28, 29 studied
the vibration reliability of a SDOF cubic nonlinear packaging
system considering a critical component under Gaussian ran-
dom vibration. Subsequently, a methodology was proposed
to achieve accurate simulation of non-Gaussian excitation and
efficient analysis of the time-dependent reliability of the pack-
aging system. The above studies mainly focus on the random
vibration analysis of SDOF systems, with the main consider-
ation being the nonlinearity, including linearity, piecewise lin-
earitt,30 and piecewise nonlinearity31 caused by packaging ma-
terials. However, few investigations have been conducted on
the stochastic vibration dynamics of hyperbolic tangent pack-
aging systems. Nevertheless, damage to hyperbolic tangent
product packaging caused by random vibrations during actual
logistics is frequently observed, which has attracted attention
to the stochastic problem of hyperbolic tangent packaging.32

In a prior study, Yang33 drived the approximate analytical so-
lution for the power spectrum of the acceleration responses of
a SDOF hyperbolic tangent packaging system. Furthermore, a
new numerical method was proposed to perform non-Gaussian
random vibration analysis of a two-degree-of-freedom (TDOF)
hyperbolic tangent packaging system.34 The analytical solu-
tion for the acceleration response spectrum of the TDOF sys-
tem has not yet been obtained. Since a product typically con-
tains more than one critical component,35 product packaging
considering multiple critical components has been modeled as
a general MDOF DPPS model for the dynamics analysis.

It is a noteworthy finding that MDOF DPPS is very similar
to the multiple tuned mass damper (MTMD), which was firstly
proposed by Clark.36 MTMD, the most popular passive con-
trol device, was widely used to control the vibration of the pri-
mary system in engineering vibration because of its advantages
of simple structure and good stability. H2, H∞ methods37, 38

were proposed to establish the objective function using as op-
timization analysis of vibration reduction. On that basis, the
gradient-based root-mean-square response minimization was
proposed and proved to be equally effective.39 It is common to
consider the case where the primary system is linear, and the
effect of MTMD on nonlinear structures was studied through
the energy theory.40 The nonlinearity41 was added to a tradi-
tional linear vibration reduction device in order to effectively
increase the vibration suppression bandwidth and improve the
robustness of the vibration reduction system. Hence, the pri-
mary system coupled with a nonlinear energy sink (NES) un-
der a narrow-band random excitation was investigated.42 A
detailed response regimes of linear oscillator attached NES
under harmonic external forcing was analyzed, and the pos-
sible application of the NES for vibration absorption and mit-
igation was also evaluated.43 The NES was introduced as its
restoring force was tailored according to the nonlinear restor-
ing force of the primary system.44 And some new MTMD
such as the tunable flexure’s vibration absorbers,45 multi active
tuned mass dampers,46 tuned viscous mass dampers,47 tuned
mass dampers paired with elastomeric bearings48 and so on
were introduced, the optimal parameters of MTMD for con-
trol performance and energy dissipation were discussed in de-
tail.49–51 However, it is not difficult to find that the hyperbolic

tangent nonlinearity is rarely considered in the nonlinear pri-
mary system, and MTMD and NES usually optimized vibra-
tion reduction of the primary system or structure.52 Now it’s
just the other way around, the product packaging optimization
design is using the cushion packaging system (mean. primary
system) to optimized vibration reduction of the critical compo-
nent systems (mean. MTMD or NES).

On the one hand, several standards currently exist for im-
plementing laboratory testing regimes suitable for road trans-
port packaging. Although these protocols based on Gaussian
vibration are still functioning effectively, they are more often
regarded as a compromise between economy, cost, and relia-
bility.53 On the other hand, non-Gaussian reliability analysis
methods are being developed in full swing,54 aiming to over-
come the limitations of laboratory-simulated Gaussian vibra-
tion and further develop non-Gaussian vibration specifications
for transport packaging. Transport environment excitation is
characterized by the acceleration road spectrum, which serves
as a key index for reliability assessment.55, 56 Therefore, the
study of acceleration responses is particularly significant for
evaluating the reliability design of product packaging.57 Since
the analytical solution of acceleration response spectrum of hy-
perbolic tangent MDOF DPPS has rarely been investigated.
A more systematic random vibration analysis of the hyper-
bolic tangent nonlinear MDOF DPPS is carried out. There-
fore, this paper focuses on the dynamical properties of MDOF
DPPS considering multiple critical components under Gaus-
sian and non-Gaussian random vibration, meanwhile explores
the mechanism of the cushion packaging primary system as
well as the coupling effects between critical components.

The rest of this paper is organized as follows: In Sec-
tion 2, the packaged product with multiple critical components
is modeled as a general model of MDOF DPPS, and the system
dynamic equation is given. An approximate analytical solution
is established to predict the acceleration response spectrum of
the hyperbolic tangent MDOF DPPS under Gaussian random
vibration, and verified by the numerical solution of 3+ 1 DOF
DPPS in Section 3. In Section 4, the non-Gaussian random vi-
bration analysis method is introduced, then the reliability anal-
ysis for the desktop computer package is given. In Section 5,
the conclusions are presented in the final section of the paper.

2. MODELLING AND FORMULATION

Throughout the logistics process, the product is subjected
to external excitations. Due to the superimposed structural
configuration between the critical components and the prod-
uct main body, these components often exhibit a greater dy-
namic response. Moreover, the fragility of critical components
is typically lower than that of the product body, making them
more susceptible to damage and consequently leading to func-
tional failure of the product. The product packaging system is
a MDOF system comprising multiple critical components cou-
pled with the product body via connectors. Therefore, to en-
able further investigation and optimization, it is essential to es-
tablish a generalized model that can analyze and elucidate the
underlying interaction mechanisms among all product compo-
nents.
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2.1. Discrete Product Packaging Modelling
Taking a packaged desktop computer as an example, the sys-

tem is consisted of a computer host and n critical components,
such as the hard disk, motherboard, and others. Employing
the lumped mass method, the packaged computer incorporat-
ing multiple critical components is conceptualized as a gener-
alized i+ 1 DOF DPPS, as depicted in Fig. 1.

In Fig. 1, mp, mi represent the mass of the computer host
and ith critical components, respectively. F (δ), cp are the stiff-
ness and damping of the cushion packaging material, respec-
tively. ki, ci denote the stiffness and damping of the connected
system between the ith critical component and the computer
host, respectively. y(t) is the external displacement excitation,
xp(t), xi(t) respectively signify the displacement of product
body and the ith critical component.

Thus, the governing equations of motion for the system sub-
jected to a prescribed base displacement excitation can be for-
mulated as follows:

mpẍp = −cp(ẋp − ẏ) +
∑n

i=1 ci(ẋi − ẋp)−
F (xp − y) +

∑n
i=1 ki(xi − xp);

miẍi = −ci(ẋi − ẋp)− ki(xi − xp).

(1)

Introducing the following relative displacement:{
δp = xp − y;

δi = xi − xp;
(i = 1, 2, . . . , n); (2)

Eq. (1) can be rewritten in terms of relative displacement:{
mpδ̈p + cpδ̇p −

∑n
i=1 ciδ̇i + F (δp)−

∑n
i=1 kiδi = −mpÿ;

miδ̈p +miδ̈i + ciδ̇i + kiδi = −miÿ;

(i = 1, 2, . . . , n). (3)

By introducing the following notations:
kp

mp
= ω2

p,
ki

mi
= ω2

i ,
mi

mp
= ai,

cp√
kpmp

= 2ξp,
ci√
kimi

= 2ξi;
(4)

Eq. (3) can be rewritten:
δ̈p + 2ξpωpδ̇p −

∑n
i=1 2aiξiωiδ̇i +

F (δp)
mp

−∑n
i=1 aiω

2
i δi = w(t);

δ̈i + 2ξiωiδ̇i + ω2
i δi − 2ξpωpδ̇p +

∑n
i=1 2aiξiωiδ̇i −

F (δp)
mp

+
∑n

i=1 aiω
2
i δi = 0;

(i = 1, 2, . . . , n); (5)

where w(t) denotes the base acceleration excitation −ÿ which
is assumed to be a stationary zero-mean white Gaussian noise
with spectral density K, kp represents the stiffness of the initial
linear elastic stage of the cushion packaging material. Further
simplifying, the acceleration response of the computer host and
ith critical component can be solved by the Eq. (6):{

mpẍp = −cpδ̇p +
∑n

i=1 ciδ̇i − F (δp) +
∑n

i=1 kiδi;

miẍi = −ciδ̇i − kiδi;

(i = 1, 2, . . . , n); (6)

as F (δp) = kpδp, the system is simplified as a linear MDOF
DPPS.

2.2. Hyperbolic Tangent Discrete Product
Packaging

It has been reported27, 28 that the relationship between the
nonlinear restoring force F (δ) and the deformation δ for many
cushion packaging materials (e.g., polyurethane foam and neo-
prene) follows a hyperbolic tangent type elastic property, as
depicted in Fig. 2.

It can be seen from Fig. 2a the compression test result of
the polyurethane foam follows the hyperbolic tangent relation
shown in Fig. 2b, which can be described by the Eq. (7):

F (δp) = F0 tanh

(
kp
F0

δp

)
= F0 tanh(βδp); (7)

where kp is the initial linear elastic coefficient of the hyper-
bolic tangent cushion material, F0 denotes the restoring force
limit of the cushion material, β which is defined as the ratio
of the initial elastic modulus kp to the restoring force limit F0,
represents the system nonlinear characteristic parameter of the
hyperbolic tangent cushion material. A higher initial elastic
modulus combined with a lower restoring force limit results in
a steeper F−δ curve and stronger nonlinearity. This character-
istic enables such materials to maintain a nearly constant force
on the product over a wide range of deformation, even under
heavy external loads, thereby offering enhanced protection.

Then, the dynamic equation of hyperbolic tangent MDOF
DPPS can be written:

δ̈p + 2ξpωpδ̇p −
∑n

i=1 2aiξiωiδ̇i +
ω2

p

β tanh(βδp)−∑n
i=1 aiω

2
i δi = w(t);

δ̈i + 2ξiωiδ̇i + ω2
i δi − 2ξpωpδ̇p +

∑n
i=1 2aiξiωiδ̇i −

ω2
p

β tanh(βδp) +
∑n

i=1 aiω
2
i δi = 0;

(i = 1, 2, . . . , n). (8)

3. ACCELERATION RESPONSE SPECTRUM
OF THE GAUSSIAN VIBRATION EXCITED
SYSTEM

Gaussian random vibration, a classic model for analyzing
packaging structure and basic dynamic response characteris-
tics, is commonly employed in laboratory reliability assess-
ments of product packaging. Within this context, acceleration
response analysis is particularly crucial for evaluating the re-
liability design of packaging systems. However, to the best
of the authors’ knowledge, the approximate analytical solution
for the acceleration response spectrum of a hyperbolic tangent
DPPS under random excitation has yet to be investigated.

3.1. Approximate Analytical Solution

The approximate analytical solution for the acceleration re-
sponse spectrum of the hyperbolic tangent MDOF DPPS is de-
rived through the following steps:

(1) The dynamic Eq. (8) of the system is replaced by the fol-
lowing equivalent linear system:
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Figure 1. A general model of i+ 1 DOF nonlinear DPPS for packaged desktop computer.


δ̈p + 2ξpωpδ̇p −

∑n
i=1 2aiξiωiδ̇i + aeω

2
pδp −∑n

i=1 aiω
2
i δi = w(t),

δ̈i + 2ξiωiδ̇i + ω2
i δi − 2ξpωpδ̇p +

∑n
i=1 2aiξiωiδ̇i −

aeω
2
pδp +

∑n
i=1 aiω

2
i δi = 0;

(i = 1, 2, . . . , n); (9)

where ae is the equivalent stiffness coefficient.

According to the principle of minimum difference be-
tween the equivalent system and the original system,2 it
can be defined:

ae =
E[δp(

ω2
p

β tanh (βδp))]

E[δ2p]
. (10)

Expand the hyperbolic tangent function using the Taylor
series formula:

tanh (βδp) = βδp −
(βδp)

3

3
+

2(βδp)
5

15
−

17(βδp)
7

315
.

(11)

It can be seen from the Eq. (11) that as βδp ≫ (βδp)
3

3
i.e.(βδp)

2 ≪ 1, the system can be regarded as a linear

system. Combining with Eq. (10) and ignoring infinitesi-
mals of the sixth order and higher, the equivalent stiffness
coefficient ae can be expressed:

ae =
E
[
δ2p
]
− E

[
βδ4p

]
E[δ2p]

= 1− β2m4000

3m2000
. (12)

Here, m4000 and m2000 are the fourth order cumulant and
the second order cumulant, respectively. From Eq. (12),
it can be seen that the range of equivalent linearization is
affected by β2m4000

3m2000
.

(2) Let X1 = δp, X2 = δ̇p, Xi = δi, Xi+1 = δ̇i+1, where
(i = 1, 2, . . . , n), the Ito equation59 can be obtained:

dX1 = X2dt;

dX2 = (−2ξpωpX2+
∑n

i=1 2aiξiωiXi+1 +∑n
i=1 aiω

2
iXi − aeω

2
pX1

)
dt+

√
2πKdB(t);

dXi = Xi+1dt;

dXi+1 = [−
∑n

i=1(1 + 2ai)ξiωiXi+1 −∑n
i=1(1 + ai)ω

2
iXi + 2ξpωpX2 + aeω

2
pX1

]
dt;
(13)

where K denotes the spectral density of the white Gaus-
sian noise with w(t), B(t) represents Wiener process,
with the relationship given by dB(t)

dt = w(t).
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(a)

(b)

Figure 2. Elastic characteristic curve of hyperbolic tangent polyurethane foam. (a) Compression test result of the polyurethane foam; (b) Hyperbolic tangent
type of elastic curve.

Multiplying both sides by X1(t) and X3(t), and taking
the set average, Eq. (13) can be transformed into:

dR11(τ)

dτ
= R12(τ);

dR12(τ)

dτ
= −2ξpωpR12(τ) +

∑n
i=1 2aiξiωiR1,i+1(τ)

− aeω
2
pR11(τ) +

∑n
i=1 aiω

2
iR1i(τ);

dR1i(τ)

dτ
= R1,i+1(τ);

dR1,i+1(τ)

dτ
= −

∑n
i=1(1 + 2ai)ξiωiR1,i+1(τ)

+ 2ξpωpR12(τ) + aeω
2
pR11(τ)

−
∑n

i=1(1 + ai)ω
2
iR1i(τ);

(14)
where Rij(τ) = E(Xi(t)Xj(t)) denotes the correlation
between two variables Xi(t) and Xj(t), (i, j = 1, 2, 3, 4).

dR1i(τ)

dτ
= R2i(τ);

dR2i(τ)

dτ
= −2ξpωpR2i(τ) +

∑n
i=1 2aiξiωiRi,i+1(τ)

− aeω
2
pR1i(τ) +

∑n
i=1 aiω

2
iRii(τ);

dRii(τ)

dτ
= Ri,i+1(τ);

dRi,i+1(τ)

dτ
= −

∑n
i=1(1 + 2ai)ξiωiRi,i+1(τ)

+ 2ξpωpR2i(τ) + aeω
2
pR1i(τ)

−
∑n

i=1(1 + ai)ω
2
iRii(τ).

(15)

(3) According to the rules of integral transformation, Eq. (14)
and Eq. (15) can be transformed into a frequency domain
equation, respectively:

iωΦ11(ω)− 1
πm2000 = Φ12(ω);

iωΦ12(ω)− 1
πm1100 = −2ξpωpΦ12(ω)

+
∑n

i=1 2aiξiωiΦ1,i+1(ω)− aeω
2
pΦ11(ω)

+
∑n

i=1 aiω
2
iΦ1i(ω);

iωΦ1i(ω)− 1
πm1010 = Φ1,i+1(ω);

iωΦ1,i+1(ω)− 1
πm1001 =

−
∑n

i=1(1 + 2ai)ξiωiΦ1,i+1(ω) + 2ξpωpΦ12(ω)

+ aeω
2
pΦ11(ω)−

∑n
i=1(1 + ai)ω

2
iΦ1i(ω);

(16)

iωΦ1i(ω)− 1
πm1010 = Φ2i(ω);

iωΦ2i(ω)− 1
πm0110 = −2ξpωpΦ2i(ω)

+
∑n

i=1 2aiξiωiΦ1,i+1(ω)− aeω
2
pΦ1i(ω)

+
∑n

i=1 aiω
2
iΦii(ω);

iωΦii(ω)− 1
πm0020 = Φi,i+1(ω);

iωΦi,i+1(ω)− 1
πm0011 =

−
∑n

i=1(1 + 2ai)ξiωiΦi,i+1(ω) + 2ξpωpΦ2,i+1(ω)

+ aeω
2
pΦ1,i+1(ω)−

∑n
i=1(1 + ai)ω

2
iΦii(ω);

(17)
where mijkl = E[X1

iX2
jXi

kXi+1
l] can be obtained

from Eq. (13).

By solving the above Eq. (14) and (15), Φ11(ω) and
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Φii(ω) will be obtained, and then the acceleration re-
sponse spectrum can be expressed with the real function.
After simplifying the real part function and assigning the
parameters except the parameter ω, the approximate ana-
lytical solution of acceleration power spectrum Φδ̈pδ̈p

(ω)

and Φδ̈iδ̈i
(ω) can be given. Given the complexity and

large number of equations involved in the MDOF sys-
tem, the approximate analytical solution for the accelera-
tion response spectrum of the hyperbolic tangent MDOF
DPPS is efficiently obtained by implementing the above
procedure in Mathematica software programming.

3.2. Numerical Verification
Taking the 3+1 DOF DPPS as an example, namely, consid-

ering the system has three critical components and the product
body unit, to verify the approximate analytical solution theory.

Dynamic equation can be written:

δ̈p + 2ξpωpδ̇p − 2a1ξ1ω1δ̇1 − 2a2ξ2ω2δ̇2 − 2a3ξ3ω3δ̇3 +
ω

′2
p

β′ tanh(βδp)− a1ω
2
1δ1 − a2ω

2
2δ2 − a3ω

2
3δ3 = w(t);

δ̈1 + 2ξ1ω1δ̇1 + ω2
1δ1 − 2ξpωpδ̇p + 2a1ξ1ω1δ̇1 +

2a2ξ2ω2δ̇2 + 2a3ξ3ω3δ̇3 −
ω2

p

β tanh(βδp) + a1ω
2
1δ1 +

a2ω
2
2δ2 + a3ω

2
3δ3 = 0;

δ̈2 + 2ξ2ω2δ̇2 + ω2
2δ2 − 2ξpωpδ̇p +

2a1ξ1ω1δ̇1 + 2a2ξ2ω2δ̇2 + 2a3ξ3ω3δ̇3 −
ω2

p

β tanh(βδp)

+ a1ω
2
1δ1 + a2ω

2
2δ2 + a3ω

2
3δ3 = 0;

δ̈3 + 2ξ3ω3δ̇3 + ω2
3δ3 − 2ξpωpδ̇p + 2a1ξ1ω1δ̇1 +

2a2ξ2ω2δ̇2 + 2a3ξ3ω3δ̇3 −
ω2

p

β tanh(βδp) + a1ω
2
1δ1 +

a2ω
2
2δ2 + a3ω

2
3δ3 = 0.

(18)
The acceleration response of the product body and the ith

critical component can be solved by the following formula:

ẍp = −2ξpωpδ̇p + 2a1ξ1ω1δ̇1 + 2a2ξ2ω2δ̇2 +

2a3ξ3ω3δ̇3 −
ω2

p

β tanh(βδp) + a1ω
2
1δ1 + a2ω

2
2δ2 +

a3ω
2
3δ3;

ẍ1 = −ω2
1δ1 − 2ξ1ω1δ̇1;

ẍ2 = −ω2
2δ2 − 2ξ2ω2δ̇2;

ẍ3 = −ω2
3δ3 − 2ξ3ω3δ̇3.

(19)
Next, assuming the system parameters ωp = 63, ω1 =

125, ω2 = 188, ω3 = 251, ai = 0.01, ξp = 0.1, ξi = 0.01,
and conducting the Gaussian vibration excitation as µ = 0,
σ2 = 1, S = 0, K = 3, the acceleration response theoretical
spectrum of the 3 + 1 DOF DPPS is obtained by Mathematica
tool programming according to the steps introduced in Sec-
tion 3.1.

Numerical verification is then conducted in MATLAB ac-
cording to the following procedure:

Step 1: Generation of Gaussian excitation. The excita-
tion signal is simulated using the normrnd function, which
generates normally distributed random numbers. The signal
parameters are set as follows: duration = 1000 s, time step
= 0.001 s. These settings ensure a sufficiently large number
of time-domain samples for accurate power spectral density
(PSD) estimation.

Step 2: Initial condition setup. To replicate actual logistics
conditions where the system starts from rest, the initial condi-
tions for the 3 + 1 DOF DPPS are set to zero: δp(0) = 0,
δ̇p = (0); δi(0) = 0, δ̇i = (0), (i = 1, 2, 3).

Step 3: Response computation and PSD analysis. The ac-
celeration responses are computed via the fourth-order Runge-
Kutta algorithm applied to Eq. (19). Subsequently, Welch’s
method is employed to estimate the PSD of these responses,
using a Hanning window of 4096 points, a 75% overlap
(3072 points), and a frequency resolution of 2π/dt.

Step 4: Result comparison. The numerical PSD solutions
for the three critical components and the main body are pre-
sented and validated against the theoretical solutions, as shown
in Fig. 3.

As can be seen from Fig. 3, the numerical acceleration
power spectra of each product component are in good agree-
ment with their theoretical counterparts, which further vali-
dates the correctness of both the analytical and numerical mod-
els.

3.3. Method Applicability
Analysis of Eq. (11) reveals that the accuracy of the pro-

posed method improves under the condition βδp ≫ (βδp)
3

3
i.e. (βδp)

2 ≪ 1. This condition is readily satisfied in product
package vibration testing, where the excitation is characterized
by a low-magnitude acceleration PSD, leading to small δp re-
sponses. Moreover, the method remains valid for small val-
ues of the nonlinear characteristic parameter β of the hyper-
bolic tangent packaging materials, when system nonlinearity
is weak. This is quantitatively expressed in Eq. (12) through
the equivalent parameter ae = 1 − β2m4000

3m2000
i.e. β2m4000 ≪

3m2000, the method provides sufficient accuracy.

4. ACCELERATION RESPONSE ANALYSIS
FOR THE NON-GAUSSIAN VIBRATION
EXCITED SYSTEM

An acceleration response analysis method is established for
the non-Gaussian random vibration of a hyperbolic tangent-
type MDOF DPPS. Specifically, the Hermite polynomial
method is employed to simulate non-Gaussian vibration ex-
citation with specified mean, variance, skewness, and kurtosis,
and its effectiveness is validated through comparison with ac-
tual road excitation signals. The acceleration response of the
system under non-Gaussian excitation is subsequently investi-
gated. Furthermore, a reliability analysis for the desktop com-
puter package is conducted based on the first-passage probabil-
ity criterion, wherein the product is considered damaged once
the response exceeds a predefined threshold.

4.1. Non-Gaussian Excitation Simulation
Method and Verification

Non-Gaussian excitation is simulated using the Hermite
model, and the simulation is validated through comparison
with actual vibration signals.

4.1.1. Simulation Method

A non-Gaussian vibration signal is primarily characterized
by its mean µ, variance σ2, skewness S, and kurtosis K. The
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Figure 3. Compare of analytical and numerical solution of the 3 + 1 DOF DPPS.

specific calculation formulas for these statistical parameters
are given as follows:

µ = 1
N

∑N
i=1 Wi = m1;

σ2 = 1
N

∑N
i=1(Wi − µ)2 = m2 −m2

1;

S = 1
N

∑N
i=1

(
Wi−µ

σ

)3

= m3

σ3 ;

K = 1
N

∑N
i=1

(
Wi−µ

σ

)4

= m4

σ4 ;

(20)

where mi is the i-order moment of the excitation signal.
According to the Hermite model, a non-Gaussian signal with

known mean µ, variance σ2, skewness S and kurtosis K can
be transformed from a Gaussian signal, as expressed below:

ÿ0 = µ+ σ
[
αγ(t) + h3(γ

2(t)− 1) + h4(γ
3(t)− 3γ(t))

]
;

(21)
where γ(t) represents a standard Gaussian process with zero
mean and one variance. α, h3 and h4 are determined by the
following equations:

α =
1√

1 + 2h2
3 + 6h2

4

;

h3 =
S

4 + 2
√
1 + 1.5(K − 3)

;

h4 =

√
1 + 1.5

√
K − 3− 1

18
.

(22)

In this formula, the parameter α is the scale factor of the non-
Gaussian signal ÿ0, while h3, h4 are the coefficients of Her-
mite model, respectively. According to Eqs. (20)–(22), non-
Gaussian signals with specific mean µ, variance σ2, skewness
S and kurtosis K can be simulated by Gaussian signals.

4.1.2. Verified by Actual Vibration Signal

Road surface excitations in actual logistics often exhibit pro-
nounced non-Gaussian characteristics. To verify the proposed

non-Gaussian signal simulation method, field measurements
were conducted on transport vehicles in South China. Sensors
recorded random vibration signals, from which the mean µ,
variance σ2, skewness S and kurtosis K are calculated. The
resulting values are as follows:

µ = 0.0047, σ2 = 0.1191, S = 0.0226, K = 4.8509. (23)

Employing these four statistical parameters along with the
aforementioned numerical model, a non-Gaussian random sig-
nal possessing identical mean, variance, skewness, and kurto-
sis is generated via MATLAB programming. The time-domain
waveform and probability density distribution histogram of
both the simulated and measured signals are presented in Fig. 4
for comparison.

As observed in Fig. 4a, the non-Gaussian vibration sig-
nal simulated by the Hermite model-based numerical method
closely matches the actual signal in the time domain. Fur-
thermore, Fig. 4b demonstrates excellent agreement between
the probability density distributions of the actual and simu-
lated processes, which collectively justifies the equivalence be-
tween the deterministic Hermite polynomials and the actual
non-Gaussian random excitation. These results indicate that
the proposed Hermite polynomial model possesses satisfactory
accuracy and feasibility.

4.2. Acceleration Response of the Non-
Gaussian Vibration Excited System

Based on the non-Gaussian excitation simulation and the
system kinetic equations, a novel approach for analyzing the
acceleration response of the system under non-Gaussian vibra-
tion excitation is established by integrating the Hermite model
with the fourth-order Runge-Kutta algorithm.
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(a)

(b)

Figure 4. Compare between non-Gaussian real signal and analog signal. (a)
Time domain signal process; (b) Probability density distributions.

Table 1. System acceleration response under different excitation kurtosis.

Excitation kurtosis 3 6 9 12 15 21
Kur. of mp response 2.87 2.93 2.95 3.00 3.08 2.87
Kur. of m1 response 3.02 3.05 3.02 3.04 3.17 3.02
Kur. of m2 response 2.60 2.61 2.62 2.67 2.75 2.60
Kur. of m3 response 2.34 2.35 2.36 2.37 2.40 2.34

Given that kurtosis is a critical parameter for characteriz-
ing non-Gaussian signals and is recognized as a key factor in
investigating the effect of non-Gaussian excitation on system
response, then keeping system paraments as ωp = 63, ω1 =
125, ω2 = 188, ω3 = 251, ai = 0.01, ξp = 0.1, ξi =
0.01, β = 240 unchanged, and letting signal paraments takes
L = 0.05, µ = 0, σ2 = 1, S = 0, the system acceleration re-
sponse kurtosis for various excitation kurtosis (3, 6, 9, 15, 18)
is firstly give in Table 1 and Fig. 5.

It can be observed from Fig. 5 that the kurtosis of the sys-
tem acceleration response exhibits a distinct nonlinear increase
with rising excitation kurtosis. Furthermore, both the kurto-
sis and root mean square (RMS) values of the acceleration re-
sponse of critical components are found to be larger than those
of the product body.

In Eq. (7), parameter β is the nonlinear characteristic pa-
rameter of cushion packaging material, which can measure the
degree of material nonlinear strength. In the same way, con-
ducting excitation kurtosis K = 10, Fig. 6 depicts the system
acceleration response except the difference in nonlinear char-
acteristic parameter β (60, 120, 240, 480).

As observed in Fig. 6, as the nonlinear parameter increases,
the resonant frequency of the system response, activated by the
cushioning system, decreases monotonically, while the corre-
sponding peak value increases slightly. This behavior exempli-
fies the “soft spring” nonlinear effect characteristic of hyper-
bolic tangent packaging systems. Based on this observation, it
can be inferred that an optimal nonlinear parameter exists for
which the dominant response peaks of the critical components
are equalized, thereby minimizing the acceleration response of
these components.

4.3. Reliability Analysis for Non-Gaussian
Vibration Excited Desktop Computer
Package

This section presents a failure analysis of the desktop com-
puter package using the first-passage failure probability of
the system acceleration response. First-passage failure occurs
when the acceleration response first exceeds the safety thresh-
old, leading to critical component damage and product failure.
The first-passage phenomenon is characterized by reliability
functions, failure probability, and first-passage rate. Tradi-
tional methods include importance sampling4 and the censored
equivalent linearization method.5 Here, Monte Carlo simula-
tion is adopted to numerically compute the first-passage failure
probability of the acceleration response,6 a method widely ap-
plicable and commonly used for nonlinear random vibration
problems. The specific procedure is as follows:

First, the total number of samples Nsamp, time step ∆t, time
length T and threshold are specified. The discrete time series
is then defined as t1, t2 . . . tn, where, ti = t1 + (n− 1)∆t.

Second, a non-Gaussian excitation signal is generated and
substituted into the equations of motion. The accelera-
tion response is subsequently obtained using the Runge-Kutta
method.

Third, the fragility level of the desktop computer is set as the
threshold a. For each sample, the first-passage time point is
recorded. The first occurrence of threshold crossing is denoted
as 1, and all other states as 0, yielding the matrix:

ŶM×N =

 I11 . . . I1N
...

. . .
...

IM1 . . . IMN

 ; (24)

where, M = Nsamp, N = T
∆t , and:

Iij =

{
1, if ẍi(tj) ≫ a, 0 ≪ tj ≪ T ;

0, else.
(25)

Finally, the first-passage time is evaluated to obtain the fail-
ure probability, defined as the number of damaged samples up
to a given time point divided by the total number of samples
(see Eq. (26)):

P (tj) =

∑M
i=1

∑j
k=1 Iij

M
. (26)
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Figure 5. Acceleration response kurtosis under different excitation kurtosis.

Taking the hyperbolic tangent desktop computer pack-
age with 3 + 1 DOF as an example, assuming that ωp =
63, ω1 = 125, ω2 = 188, ω3 = 251, ai = 0.01, ξp =
0.1, ξi = 0.01, β = 240, a = 15m

s2 , the system accel-
eration first-passage probability under non-Gaussian signals(
L = 0.05, µ = 0, σ2 = 1, S = 0

)
for different excitation kur-

tosis (3, 6, 9, 15, 21) are shown in Fig. 7.
Figure 7 demonstrates that the first-passage probability of

the system acceleration response exhibits a nonlinear increase
with rising excitation kurtosis, which is attributed to the sys-
tem nonlinearity. Under identical excitation kurtosis, the first-
passage probability of the acceleration response for critical
components is substantially higher than that of the product
body. Furthermore, the first-passage probability of a critical
component decreases as its connected system frequency in-
creases, rendering m1 the most susceptible to failure and m3

the least susceptible.
This investigation reveals the failure mechanism of critical

components in a desktop computer package subjected to non-
Gaussian vibration. The reliability analysis presented above is
based on the precondition of a predetermined product fragility,
and it readily enables the determination of cushion packaging
system parameters for a specified reliability probability. Sub-
sequently, based on these system parameters, an appropriate
cushion packaging design can be established for vibration ab-
sorption purposes.

5. CONCLUSIONS

This paper presents an approximate analytical solution for
efficiently determining the acceleration response spectrum of
a hyperbolic tangent MDOF DPPS subjected to Gaussian ran-
dom vibration. Additionally, a non-Gaussian vibration anal-
ysis approach is developed to faithfully reproduce real-world
excitations and investigate the system’s stochastic acceleration

response. The main conclusions are summarized as follows:
First, the proposed approximate analytical solution achieves

effective prediction of the acceleration response spectrum un-
der Gaussian excitation, particularly in scenarios involving
small displacements and weak nonlinearity.

Second, the established non-Gaussian analysis method can
accurately simulate actual non-Gaussian excitations and effec-
tively characterize the non-Gaussian stochastic acceleration re-
sponse of the system. Elevated non-Gaussian excitation inten-
sity activates the nonlinear effect of parameter β, leading to
a reduction in resonant frequency and an increase in response
amplitude. Owing to the soft-spring effect exhibited by the hy-
perbolic tangent cushion, an optimal parameter β∗ exists that
minimizes the acceleration response of critical components.

Third, the failure mechanism of critical components under
non-Gaussian vibration is revealed. On the basis of the prede-
fined product fragility, reliability analysis can be employed to
determine the suitable cushion packaging scheme for a target
reliability probability.

Future research will concentrate on the design of experimen-
tal configurations to further validate the accuracy and effective-
ness of the analytical solution proposed in this work.
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