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The vehicle seat rail is a crucial connection between the passenger seats and the vehicle chassis, featuring complex
adjustment mechanisms that result in intricate, nonlinear vibration behavior. Accurate characterization of these
dynamics is essential for optimizing designs to meet noise, vibration, and harshness requirements. Traditional
linear modal analysis methods are often inadequate in capturing amplitude-dependent behaviors, while nonlin-
ear methods typically require extensive measurements and prior knowledge of the system’s nonlinearities. This
study employs an advanced experimental modal analysis that combines response- and force-controlled stepped-
sine testing with harmonic force surface techniques. This approach extracts quasi-linearized frequency response
functions, including amplitude and phase information, without prior assumptions about nonlinearity. A compre-
hensive measurement campaign, supported by computer tomography, investigates variability in bearing positions
and their effects on vibration, quantifying key sources of uncertainty. The presented seat rail analysis demonstrates
the possibilities and limitations of linear and nonlinear approaches for weakly nonlinear systems. It also provides
practical recommendations for their appropriate application areas. These findings provide valuable insights into
the dynamics of automotive seat rails and establish a practical experimental framework. Future work will enhance
the accuracy of force identification and extend the method to more complex nonlinear systems, enabling better

predictive modeling and design optimization.

1. INTRODUCTION

Automotive seat rails are complex structural dynamic sys-
tems essential to occupant safety and vehicle ride comfort. In
the context of noise, vibration, and harshness (NVH), these
components serve as the primary transfer path for vibrations
propagating from the vehicle to the passenger. However,
accurately characterizing the dynamic behavior of seat rails
presents significant challenges due to their intricate designs,
which feature adjustment mechanisms, cylindrical and roller
bearings, and lightweight, thin-walled parts. Structural joints,
widely used in automotive assemblies, such as seat rails, intro-
duce significant nonlinearities and nonlinear damping mecha-
nisms. These include dry friction and micro-slips, which can
significantly impact NVH performance.

Research often focuses on specific design parameters to ad-
dress various issues. In this context, Mazur et al.! investi-
gated the sensitivity of seat rails to manufacturing variations.
They found that ball size directly affects NVH behavior and

the track’s sensitivity to sliding efforts. Similarly, Yu et al.
studied the distribution of gaps in seat rail joints under un-
certain structural parameters. They determined that increasing
preload can reduce abnormal noise caused by gaps between the
inner and outer rails. As a solution, they proposed an optimized
preload value that balances noise reduction with functionality.
Furthermore, Zhang et al.? characterized seat vibration behav-
ior and found that rattle noise strongly correlates with specific
low-frequency structural modes, particularly the seat frame’s
torsion mode. However, a significant limitation of these stud-
ies is the difficulty of applying traditional linear modal analysis
to systems dominated by strong nonlinearities.

Contrary to linear systems, nonlinear mechanical systems
exhibit response-amplitude-dependent stiffness and damping.
Allemang and Avitabile* and Lin et al.’> comprehensively elab-
orate on these effects. Additionally, Brake et al.® highlight that
joints introduce localized nonlinearities primarily influenced
by friction and contact mechanics. As noted by Islam et al.”
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and Nestrovic et al.,® these factors complicate the accurate
identification of modal parameters using standard experimen-
tal modal analysis. Consequently, conventional linear modal
analysis methods offered by commercial tools often fail to ac-
curately identify modal parameters in the presence of nonlin-
earities, as the superposition principle is invalid.

To address this challenge, Rosenberg® introduced the con-
cept of nonlinear normal modes (NNMs), which represent
the in-phase vibrations of a conservative system. Building
on Rosenberg’s work, Kerschen et al.!>'? showed that the
NNMs of the underlying conservative system function as at-
tractors for the trajectories of the damped system. This al-
lows for the practical computation of frequency-energy plots
that characterize amplitude-dependent frequencies and bifur-
cations. Furthermore, Goncalves'3 and Piqueira et al.'* ad-
dressed the limitations of Rosenberg’s synchronous assump-
tion and provided a robust mathematical framework for ana-
lyzing general damped nonlinear systems. Bridging theory and
practice, Szemplifiska-Stupnicka'> proposed the single nonlin-
ear resonant mode (SNM) theory, demonstrating that a sin-
gle nonlinear mode can effectively approximate near-resonant
responses by a single NNM. This theoretical framework en-
hanced the experimental investigation. Peeters et al.! made
significant advancements by extending the classical phase-
resonance method to nonlinear systems. By maintaining a 90-
degree phase lag between the excitation and the response, they
successfully isolated a single NNM in experimental settings,
enabling them to extract amplitude-dependent frequencies and
damping ratios.

Building on these modal concepts, researchers have since
explored methods to directly extract nonlinear parameters from
frequency response data. In this context, Gibert!” devel-
oped methodologies for fitting measured response curves to
nonlinear modal models. Recently, advancements in exper-
imental techniques have enabled better isolation of nonlin-
ear modes. Significant contributions to the field include the
work of Ehrhardt and Allen et al.,'® as well as Kwarta and
Allen et al.'"” These researchers developed a new algorithm
that employs multi-harmonic excitation signals to identify the
backbone curves of nonlinear normal modes in nonlinear struc-
tures. This method facilitates the reconstruction of the near-
resonance response using a single nonlinear resonant-mode
model, as described in the previously mentioned paper. '3

Additionally, Scheel et al.?>2! expanded phase-resonance
testing to strongly damped systems. However, recent research
indicates that under specific testing conditions, particularly
when the response amplitude is kept constant, these systems
can exhibit quasi-linear behavior. This quasi-linearization en-
ables the extraction of amplitude-dependent modal parameters
using standard linear identification techniques.

Moreover, the field of nonlinear modal analysis has been
significantly enhanced by the contributions of Kuran and
Ozgiiven.?? They developed a modal superposition method to
analyze the forced harmonic response of nonlinear structures.
Their work provides a framework for understanding the ef-
fect of nonlinearities on system dynamics, offering a basis for
further methodological advancements. Arslan et al.* focus
on parametric identification of structural nonlinearities using
measured frequency response data. This method enables a de-

tailed analysis of the impact of nonlinearities on modal param-
eters, providing valuable insights into the intricate nature of
nonlinear systems.

To address these identification challenges, Karaagach
et al.* proposed the response-controlled stepped-sine testing
(RCT) and the harmonic force surfaces (HFS) concept to ac-
curately identify the modal properties of nonlinear mechanical
systems with multiple discrete nonlinearities. Later, they ex-
tended the RCT-HFS framework? to address mechanical sys-
tems with continuously distributed nonlinearities. Both works
demonstrated the framework’s efficacy in systems with signif-
icant conservative nonlinearities and low-to-moderate damp-
ing. Subsequently, they further developed the RCT-HFS ap-
proach in the paper®® and the patent EP40781132” for accurate
modal identification of non-conservative mechanical systems
exhibiting friction-induced high nonlinear damping by utiliz-
ing the concept of complex nonlinear modes. The response-
controlled stepped-sine testing method represents a paradigm
shift by demonstrating that most nonlinear mechanical systems
exhibit almost (quasi)-linear behavior, maintaining a constant
displacement amplitude at the driving point during stepped-
sine testing.”*?% This control strategy forces the system into
a quasi-linear state, even in the presence of strong nonlin-
earities that typically cause bifurcations in standard force-
controlled testing methods. This discovery enabled the ac-
curate identification of response-level-dependent modal pa-
rameters of various strongly nonlinear mechanical systems
by applying standard linear modal analysis techniques to
quasi-linear frequency response functions (FRFs) measured
via a response-controlled stepped-sine test. In the works,?*-2
the HFS concept primarily served as a validation tool for eval-
uating the accuracy of nonlinear modal parameters identified
by RCT. Furthermore, Karaagach et al.® comprehensively in-
vestigated the backbone curve identification of the harmonic
force surfaces.

Previous studies?*2%28 indicate that the standard procedure

in the RCT-HFS framework involves constructing harmonic
force surfaces from harmonic force spectra measured at differ-
ent constant displacement amplitudes. Once this is conducted,
constant-force FRFs can be extracted by intersecting the har-
monic force surfaces at constant-force levels. Finally, these
frequency response functions are compared with those syn-
thesized from nonlinear modal parameters identified through
RCT. However, during the nonlinear experimental modal anal-
ysis of miniature piezo-actuators, Karaagach et al.> proposed
an alternative approach to constructing the HFS. They propose
building the harmonic force surfaces from response spectra
measured at constant force levels instead. To extract constant-
response FRFs, they recommended intersecting the HFS with
constant-response planes. In their study, the constant-response
frequency response functions were found to be quasi-linear,
as expected, and processed to derive response-level-dependent
nonlinear modal parameters. Later, Giirbiiz et al.*® demon-
strated the effectiveness of this procedure for the nonlinear
modal identification of a beam assembly with a bolted-lap
joint.

In this study, the HFS-RCT framework is applied to automo-
tive seat rails, utilizing its unique ability to address the com-
plex, friction-dominated nonlinearities identified by Mazur,
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Yu, and Tatari. This approach provides a methodology for
experimentally analyzing amplitude-dependent vibration be-
havior and addressing existing challenges in predicting NVH
performance in seating systems. Furthermore, this investiga-
tion advances previous studies by precisely extracting phase
information from the linearized transfer functions. While this
study demonstrates the suitability and effectiveness of the pre-
sented HFS method, it acknowledges that challenges remain.
These include the sensitivity of force identification to measure-
ment errors and the method’s applicability. The analysis offers
practical recommendations for effectively using the harmonic
force surfaces concept and addresses existing gaps in current
research. In conclusion, this work provides valuable experi-
mental insights for automotive engineers, enhancing their un-
derstanding of amplitude-dependent behaviors essential for op-
timizing various NVH design requirements.

The work is organized as follows: First, the theoretical foun-
dations necessary for the experimental application are pre-
sented. Subsequently, an overview of the measurement setup
and the relevant boundary conditions is provided. The fourth
section evaluates measurement uncertainties and assesses the
methodology’s effectiveness in analyzing nonlinear behavior.
Section five will validate this approach and discuss its limita-
tions. Finally, the main conclusions are summarized, and the
focus for future research is outlined.

2. THEORETICAL BACKGROUND

This work investigates the nonlinear structural dynamic be-
havior of seat rails using modal analysis techniques. For this
purpose, the RCT-HFS approach enables the effective investi-
gation of vibrational characteristics. To ensure completeness,
the theoretical derivations of this framework provided in’* are
summarized below.

In general, the dynamics of a discrete system with n degrees
of freedom is expressed as a second-order differential equa-
tion:

Mi+Cu+Ku+fy(u,u) =f; €))

where M € R™*"™ denotes the discrete system mass matrix.
The linear terms of the damping C € R™*"™ and stiffness ma-
trices K € R™*"™ are derived using the small disturbance cal-
culation approach.?! The displacements are represented by the
column vector u € R"™. Furthermore, f,; describes the non-
linear discrete internal forces, which generally depend on the
displacements u and velocities u € R". All external forces
acting on the system are represented by f € R™.

The following discussion assumes a structure that is excited
harmonically and exhibits viscous, proportional damping?.
By utilizing the exponential approach u(t) = Re{ae“!},3
Eq. (1) is expressed in the frequency domain as:

(—-w’M+jwC+K)u+f, =f. )

In Eq. (2), w represents the circular frequency and j the imag-
inary unit. The complex vectors u indicate the displacement
amplitudes, while £, denotes the nonlinear internal force am-
plitudes, and f signifies the external force amplitudes. The

2The assumption of viscous and proportional damping is not mandatory for
treating the systems presented here and is used only for simplicity.

term within the parentheses represents the linear dynamic stiff-
ness matrix Z(w). Consequently, Eq. (2) separates the linear
and nonlinear terms. This work employs an approach based
on the describing function method*** to accurately describe
the amplitudes of internal nonlinear forces as the product of
a so-called nonlinearity matrix** and the displacement vector:

fu = A(0) @ 3

In this context, A(Q) = Re{A(1)} + jIm{A(a)} € C de-
fines the nonlinearity matrix, which is a complex, symmetri-
cal, displacement-dependent nonlinear matrix. The real part
of the nonlinearity matrix represents the conservative compo-
nent and corresponds to an equivalent stiffness. Conversely,
the imaginary term corresponds to the dissipative part and
can be interpreted as equivalent damping. The equations can
also be extended to accommodate multi-harmonic displace-
ments, addressing symmetrical and asymmetrical nonlinear-
ities. Karaagach et al.>* highlight the relation between the
classical harmonic balance method (HBM) and the describ-
ing function method, which are used to analyze nonlinear sys-
tems subjected to harmonic excitation. Mathematically, these
two approaches remain equivalent. However, the primary dis-
tinction lies in their representation of nonlinear internal forces.
HBM uses a single force vector derived from a Fourier series,
whereas the describing function method expresses these forces
as the product of a nonlinearity matrix and a displacement-
amplitude vector. Considering only the real part of the nonlin-
earity matrix, Eq. (2) becomes:

(—wM+jwC+ (K+Re{A(@)})u=Ff @

The equation reveals that nonlinearity can be interpreted as
a modified stiffness matrix K = K + A(i). The term in the
parentheses represents the dynamic stiffness of the nonlinear
(modified) system Z(w, u) as a function of displacement am-
plitude and frequency. Furthermore, if nonlinearity is an in-
herent component characteristic, such that the total number of
degrees of freedom remains unchanged, this process is called
structural modification. In contrast, when a nonlinear structure
is connected to the system according to Eq. (4) and increases
the number of degrees of freedom, this process is called struc-
tural coupling. This distinction is especially relevant in the
context of dynamic substructuring.3* To determine the nonlin-
ear vibration modes, the nonlinear undamped eigenvalue prob-
lem of the following form is solved:

(K —wim) M) @™ (m) =o. )
In this formula, gZ}jNM explains the k-th real nonlinear normal
modes along with their associated natural (circular) frequen-
cies wy. Both variables depend on the k-th modal amplitude
Mk In large systems, iterative solutions, such as the Newton-
Raphson method,® can be highly computationally intensive.
In these cases, the response-dependent nonlinear normal mode
method,?® which utilizes a dual-mode space that involves a sec-
ond modal transformation, can significantly reduce the sys-
tem size. The system discussed in Section 3 has 48 degrees
of freedom and can still be effectively analyzed using the ap-
proach outlined in this section. In the following, it is assumed
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that the modes are well separated without any internal reso-
nances. As a result, the normal modes remain relatively un-
changed with varying amplitudes. Under this assumption, the
near-resonance displacement can be transformed into modal
space using single nonlinear mode theory:'>*3

a = "M (7) 7. (©6)

The concept involves a single-point stepped-sine excitation ap-
plied at the driving point or any other arbitrary location. At this
point, the displacement amplitude u; is maintained at a con-
stant level, ensuring that us, ..., u,, remains constant. How-
ever, the modal amplitude remains unchanged. As a result,
knowing the number, type, or position of any nonlinearities
present in the system is unnecessary. This is the fundamen-
tal principle of the response-controlled stepped-sine testing
method.?* Consequently, this methodology allows for the ac-
quisition of quasi-linear frequency response functions. There-
fore, Eq. (4) can be expressed in modal coordinates using the
relationship from Eq. (6), followed by pre-multiplication with

- T
the transposed nonlinear modal matrix (@NNM> :

(—w’M,(7) + jwCy (1) + Kp(m) 7 = £(7).  (7)

In Eq. (7), M, (7) represents the modal mass matrix, C,(7)
denotes the modal damping matrix, and K, (77) describes the
modal stiffness matrix, with:

M, (7) = (@N¥M(7))T M ONNM (7p);
C,(7) = (@NM(7))T C DNNM(p);
K, (7) = (2MM(7))T K NNM (7).,

) (®)
)

For external forces, the condition f(7) = (®NM(7))T f ap-
plies accordingly. In Eq. (7), the expression within the brackets
represents the nonlinear stiffness matrix Z(w, 77) in the modal

domain. Thus, the following relation obtains for the modal
amplitudes:

n="Y(w,n) f; ©)

with the admittance matrix, which relates to the inverse of the
nonlinear stiffness matrix Y (w,%) = Z~!(w,7) in the modal
domain. The reverse transformation provides the displacement
amplitudes in the following format:

="My (w,q)f
@NNM (q)NNN[)T

= f. 10
—w?M,, + jwC, + K, (10)

In the final step, the nonlinear normal modes are mass-
normalized:

~NNM
GNNM — GNNM \[-1/2 o NNM Pk
m

Tk 11
S ay

—1 . 2 _ -1 .
20 =M, "C,; =M, Ky; 12)
with g, modal mass of the k-th mode. Hence, the FRF be-

tween the response point 7 and the excitation point 7 around

the resonance region of the k-th mode can be expressed as fol-
lows:

ci

i @M ) (@M ()"

— 13
02 (1) — o + 200 () (13

- YiT(wa ﬁk)

ol

Examining Eq. (13) reveals that all modal parameters depend
on the modal amplitudes. Therefore, if the modal amplitude
is kept constant, Eq. (13) is expected to yield a quasi-linear
FRF. This forms the fundamental hypothesis of the SNM the-
ory.”> Numerous authors?*2%2° have confirmed this hypoth-
esis within the RCT-HFS framework across various experi-
mental applications in nonlinear mechanical systems. This is
achieved by maintaining the excitation point’s displacement
amplitude constant in a closed-loop control system. In this
context, Eq. (13) has been successfully employed to identify
response-level-dependent nonlinear modal parameters by fit-
ting the equation to quasi-linear FRFs measured under constant
response conditions using RCT. Furthermore, Eq. (13) facili-
tates the synthesis of constant-force FRFs by using response-
dependent nonlinear parameters and a Newton-Raphson itera-
tive solution method.?* Consequently, the accuracy of the iden-
tified nonlinear modal parameters can be evaluated by compar-
ing the synthesized frequency response functions with those
experimentally obtained from the harmonic force surfaces, as
discussed in Section 5.

3. MEASUREMENT SETUP

To implement the theoretical approaches discussed in Sec-
tion 2, specific requirements for the test setup are necessary,
which are outlined in this section. First, the measurement un-
certainties associated with the adjustment mechanism are ex-
amined. For this purpose, the seat rail is moved from its initial
position and then returned to a position midway between the
upper and lower rails. After each adjustment, the center posi-
tion is measured and evaluated®. Additional measurements are
performed in the initial positions to obtain a meaningful num-
ber of measurements for uncertainty quantification. Second,
the nonlinearity of the resulting vibration behavior is quanti-
fied. The analysis is based on the framework used in litera-
ture.?%30

Figure 1 illustrates the measurement setup utilized in this
study. A high sensor resolution is employed to effectively
capture global vibrations and local effects, allowing for the
investigation of, for example, reciprocities between the up-
per and lower rails as initial indicators of nonlinear behav-
ior. The analysis utilizes 16 sensors of type 354C03 from
PCB PIEZOTRONICS, which offer a broad dynamic range of
100 mV/g to ensure a sufficient signal-to-noise ratio at low ex-
citation amplitudes while preventing overloading at high exci-
tation levels. A Tira GmbH type TV S 51120 shaker generates
the necessary excitation amplitudes. Force and displacement
control are managed using the commercial software Test.Lab
from Siemens-LMS. The control is based on the impedance
sensor of type 288D01 from PCB PIEZOTRONICS at the ex-
citation point, the so-called driving point. The purpose of

YA comprehensive analysis of the seat rail position’s impact on NVH be-
havior exceeds the scope of this work.
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Figure 1. Representation of the measurement setup consisting of 16 tri-axis
accelerometers and a shaker excitation in the y- and z-directions for the exci-
tation of the torsional and the bending mode under free boundary conditions.

force-controlled excitation is to evaluate the structure’s re-
sponse/sensitivity to a constant force applied at different fre-
quencies. The excitation energy level varies with frequency
due to the system dynamics. A constant force amplitude in lin-
ear systems leads to a predictable response amplitude. How-
ever, the structure’s response may depend on the excitation
amplitude for nonlinear systems. A force-controlled sweep
can reveal the jump phenomenon, where the response ampli-
tude suddenly increases or decreases at specific frequencies.*
These bifurcations occur because the system’s effective stiff-
ness and damping properties vary with the amplitude of the
force.36:37

In contrast, during response-controlled stepped sine testing,
the displacement amplitude at the excitation point is held con-
stant (relative to the maximum displacement) across differ-
ent frequencies, while the required force amplitude is varied.
Maintaining a constant displacement amplitude stabilizes the
system’s energy level near resonance, allowing nonlinear ef-
fects to manifest at this specific amplitude.>*3% Despite these
circumstances, the frequency response appears more linear,
yielding a quasi-linear transfer function even from nonlinear
systems.

As previously mentioned, the response vibration behavior
varies in force-controlled measurements. This can lead to sig-
nificant changes in vibration behavior and unstable branches,
even with very small frequency steps. The response-controlled
stepped-sine test addresses this issue by maintaining a constant
displacement amplitude. This approach yields a smooth re-
sponse spectrum that includes points on the unstable branch.>*
Consequently, harmonic force spectra at various constant-
displacement amplitudes will be recorded. These spectra can
then be used to construct the harmonic force surface via linear
interpolation between the individual measurements. The fre-
quency response curve, which includes the unstable branches,
can be determined by intersecting the measured quasi-linear
FRFs at constant harmonic force levels using the HFS. How-
ever, based on the results in Section 4, the procedure reverses in
this context. As suggested in literature,?”3° the harmonic force
surface is initially constructed from frequency response curves
measured at various constant-force amplitudes. Quasi-linear
frequency response functions are then obtained by intersecting
the HFS along constant-displacement amplitude planes. Fi-
nally, these quasi-linear FRFs are processed with standard lin-
ear modal analysis techniques, such as peak-picking, to iden-

101 -

95% Confidence interval
= Averaged FRF

Accelerance (m/sle)
>
o

107" . :
050 100 150 200 250 300 350 400

Frequency (Hz)

Figure 2. Representation of measurement uncertainties of the resulting FRF
sum in the initial position, after varying the upper rail, represented as the mean
value across all measurements and the 95 % confidence interval.

tify response-level-dependent nonlinear modal parameters.

The excitation forces vary between 2N and 30N through-
out this work. Under real loading conditions, forces of up
to approximately 15N would be sufficient. However, higher
forces are applied to determine whether the modal parame-
ters and frequencies converge. The force levels are also ap-
plied randomly to reduce viscoelastic damping effects, using
linearly increasing excitation steps, and to emphasize the load-
dependency factor. Furthermore, a stepped sine wave ranging
from 50 Hz to 400 Hz is used as an excitation signal. Addition-
ally, sufficient averaging is applied to reach a steady state and
identify the first four dominant modes relevant to the overall
configuration of the vehicle seat structure.

The seat rail is tested under free boundary conditions to pre-
vent potential nonlinear effects arising from its attachment to
the test dynamometer via bolts. This approach also aims to
achieve better results in the higher frequency range. For this
purpose, the rail is suspended at the seat frame connections us-
ing very soft elastic bands, keeping rigid-body vibrations at
a frequency well below the first elastic mode. The bound-
ary condition is assessed using the phase information from
the driving point frequency response function, which must be
between 0 and 180 degrees. Despite this requirement, the
shaker’s stinger provides some fixation. This setup is designed
to handle high forces while minimizing lateral forces.

4. EXPERIMENTAL INVESTIGATION

The theoretical relationships can be explored experimentally
using the special measurement setup described in Section 3.
However, due to the nonlinear behavior, significant measure-
ment uncertainties often arise.® Therefore, the first step is
to determine the variance in the central position, which plays
a crucial role in the design process.

4.1. Uncertainty Quantification

To evaluate repeatability, the upper rail is adjusted to vari-
ous positions along its length. After each adjustment, the ini-
tial position is measured again, yielding 10 recordings. In the
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next step, the FRF sum is computed over all sensor positions
and directions, capturing the number of system changes. These
FRFs facilitate uncertainty quantification, allowing for calcu-
lating mean values and 95 % confidence intervals, which are
then visualized in Fig. 2.

The figure indicates that the reproducibility is sufficiently
good before the first resonance at ca. 126 Hz and above 325 Hz.
However, the wide confidence intervals in the first-resonance
and medium-frequency ranges suggest that the variability of
individual measurements significantly increases in amplitude
and frequency. Specifically, the frequency of the first res-
onance becomes indeterminate and can vary by more than
10 Hz. The frequency corresponds to the system’s first global
torsional mode. The mode shape remains unchanged regard-
less of frequency shifts.

Non-destructive computer tomography is used to examine
the seat rail and analyze the causes of low reproducibility.
Figure 3 illustrates the various cylinder and ball bearings and
the complex contact interactions between the upper and lower
rails. This imaging technique precisely determines the posi-
tions of the bearings before and after adjustment.

The computer tomography analysis reveals that individual
bearings can deviate from their initial positions, leading to
nonlinear changes in contact areas that subsequently influence
vibration behavior. Therefore, it is essential to know the ad-
justment history to accurately estimate the structural dynamic
behavior. Alternatively, imaging techniques such as com-
puter tomography provide precise bearing positions, thereby
enhancing understanding and enabling comparisons with fi-
nite element simulations. Additionally, manufacturing-related
pre-loads from overpressing the balls affect vibration behav-
ior.! Consequently, this study employs the response-controlled
stepped-sine testing to facilitate system analysis without re-
quiring prior knowledge of the specific causes of nonlinearity.

4.2. Amplitude Dependent Behavior
Analysis

The degree of nonlinearity is examined in the first step,
explicitly screening for jump phenomena, as presented by
Karaagach and Ozgiiven.?* For this purpose, the frequency
range is analyzed with a constant sinusoidal signal, progress-
ing from low to high frequencies. The sweep is then operated
in the opposite direction. The results for a specific frequency
range and two different excitation levels show that the curves
exhibit only minor deviations within the typical measurement
uncertainties. As a result, the seat rail does not show any sig-
nificant bifurcations, indicating that the nonlinearity is rela-
tively weak (Fig. 4). For weak nonlinearities, the HFS can be
constructed from frequency responses measured at constant-
force amplitude levels, as suggested in literature.?®3° This
eliminates the need for additional measurements when the dis-
placement amplitude is constant. This approach significantly
reduces the experimental effort.

Furthermore, the figure shows a notable decrease in the res-
onance frequency with increasing excitation amplitude, indi-
cating softening behavior. This means that the resonance fre-
quencies shift to lower values.!”!® Following these observa-
tions, the next step is to conduct force-controlled stepped-sine
measurements.

Ball Bearing

Upper Rail

Adjustment Rail

Roller Bearing

Lower Rail

Figure 3. Non-destructive cause analysis using computer tomography of the
seat rail, conducted before and after adjustment of the top rail, to determine
the positions of the individual bearings.
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Figure 4. Energetic FRF Sum of all sensors for excitation of the seat rail
in z-direction with sweep-up and sweep-down measurements at 2N (top) and
10N (bottom) to identify jump phenomena in the frequency range around the
second resonance.

Figure 5 illustrates the transfer function summed across
all measured sensors and directions for the respective exci-
tation amplitudes presented in Section 3 over the entire fre-
quency range. This figure highlights the first six dominant res-
onance frequencies relevant to the assembled seat configura-
tion. These resonances occur at sufficiently different frequen-
cies, as required by the single nonlinear resonant mode model
presented in Section 2. The natural modes are determined and
classified using the experimental modal analysis based on the
PolyMAX algorithm.

Table 1 provides an overview of the individual eigenmodes.
Due to the complexity of the combined motions, the designa-
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Figure 5. FRF Sum of all sensors for excitation in z-direction with different
force amplitudes in the frequency range between 50 Hz and 400 Hz.

Table 1. The first six identified mode shapes and natural frequencies in Hz
of the seat rail at an excitation amplitude level of 2N in the z-direction, with
a frequency range between 50 Hz and 400 Hz.

1 2 3 4 5 6
T115t By,rear By,front Bz,front Bz,rear Tznd
126 185 259 281 305 400

tions refer to the components’ respective dominant vibration
behavior. Here, T;St denotes the first torsional mode along the
x-axis, while By car signifies the first bending mode around
the y-axis, primarily influenced by the rear part of the rail.

Furthermore, the figure shows that all modes exhibit a soft-
ening behavior with increasing excitation. However, the be-
havior of the respective resonance is very inhomogeneous. In
particular, a cancellation effect occurs at resonances between
240 Hz and 340 Hz. The resonances at 259 Hz and 305 Hz dis-
appear with increasing excitation amplitude, so only the res-
onance at 281 Hz remains, performing a combined vibration
from the other two. Consequently, the investigation focuses
only on the four resonances at 126, 185, 281, and 400 Hz. The
amplitude of the FRFs’ first and third resonance frequencies
increases with increasing excitation. In contrast, the second
and fourth resonance frequencies show the opposite behav-
ior with increasing damping. Therefore, the second resonance
frequency is analyzed first, showing the most significant fre-
quency shift. Accordingly, this resonance is best suited for
evaluating the method’s effectiveness and accuracy. Further-
more, the technique is subsequently applied to the other reso-
nance frequencies.

Moreover, the data presented in Table 1 indicates that no vi-
bration modes occur specifically in the x-direction within the
frequency range being analyzed. Consequently, the number of
spectra requiring linearization can be reduced from 48 to 32.
This pre-selection supports reproducible identification of sta-
ble poles using linear methods by focusing solely on spectra
that exhibit significant dynamics within the relevant frequency
range.

Figure 6. Comparison of the measured FRF Sum with the synthesized FRF
Sum, based on peak-picking using the implemented least-squares frequency-
domain (LSDF) algorithm and the MATLAB modalfit function, for identifica-
tion at the lowest force level.

4.3. Quasi-Linearization Process

The RCT-HFS method uses a master-slave approach to de-
termine amplitude-dependent, quasi-linear frequency response
functions. This methodology enables the conversion of con-
ventional force-controlled frequency responses into spectra
with constant displacements. Therefore, selecting an appro-
priate master channel is essential for a successful application
based on force-controlled measurements. As shown in Table 1,
the dominant modes are either torsion along the lateral axis or
local bending in the front or rear regions. Thus, the driving
point sensor, located at the shaker excitation position, is unsuit-
able as a master channel. Therefore, the first step is to identify
a measurement channel that best captures the dominant vibra-
tion behavior across all resonances. For this purpose, this work
employs the optimal driving point (OPD) criterion proposed by
Imamovic and Ewins.*®3 To evaluate the OPD, an experimen-
tal modal analysis is first conducted at the lowest force level,
applying the approach presented in Section 4.4. It is assumed
that the system behaves mainly linearly at this excitation level.

Furthermore, this initial modal identification is performed
based on the measured acceleration FRF. This ensures that the
method used here, which is based on peak-picking, does not
identify false peaks across the full frequency range due to the
1/w? decay per decade of the receptance. The result of this
process is shown in Fig. 6.

The diagram displays the effectiveness of the employed
method, which successfully captures the four resonances and
accurately synthesizes the measured frequency response func-
tion. In contrast, the synthesis of the FRF using the MATLAB
modalfit function, which relies on the same FRFs along with
natural frequencies derived from the peak-picking method as
initial values, reveals a distinct difference between the two ap-
proaches. This discrepancy arises primarily from the consid-
eration of the lower and upper residuals during the modal pa-
rameter estimation process using the least-squares frequency-
domain algorithm (LSDF). The method applies a least-squares
approach to calculate the residuals. This approach focuses
solely on the residuals to develop a physics-based model on the
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Table 2. Results of the optimal driving point (OPD) criteria and the unit
maximum component normalized mode shape values |W..(5)| for the driving
point (DP), the channel front left in z-direction (FL), the channel rear left in
z-direction (RL), and the channel front right in z-direction (FR).

Ch | OPD | [Wi(5)] | [W2()| | [W3()| | [Wa(5)]
DP | 0.03 | 0.07 0.01 0.04 0.02
FL | 048 | 095 0.13 0.95 0.44
RL | 043 | 078 1.00 025 0.17
FR | 039 | 1.00 0.03 1.00 0.81

previously identified natural frequencies, damping ratios, and
modal amplitudes. Therefore, Fig. 6 highlights the importance
of considering out-of-band modes to achieve high-quality FRF
synthesis. As a result of the modal identification process, the
mode shapes required for the optimal driving point criterion
can be determined. The results for the driving point and the
top three channels with the highest OPD values are summa-
rized in Table 2.

The table shows that, with a value of 0.03, the driving point
sensor is not suitable as the master channel for the HFS extrac-
tion process. Furthermore, identifying a measurement channel
that adequately captures all modes presents challenges. There-
fore, the point located at the rear left in the z-direction, with an
OPD value of 0.43, is selected, as it effectively represents the
second mode, which is elaborated first.

Furthermore, the HFS is constructed as a continuous surface
from harmonic displacement spectra for various force ampli-
tudes, as shown in Fig. 7a. For this process, it is essential to
create a smooth HFS curve to avoid undesirable effects such
as waviness and ruggedness.>> For this purpose, a Savitzky-
Golay filter* is applied only to the master channel. In this
context, the measured FRFs are used and integrated twice to
compute the receptance, rather than using the measured dis-
placement spectra directly. This approach offers several ad-
vantages.

First, the receptance can be transformed into the dynamic
stiffness, which is already in polynomial form (K — w?M).
Hence, polynomial-based filters such as the Savitzky-Golay fil-
ter are particularly suitable. Additionally, the resonance peaks,
which are essential for determining the damping ratio, are pre-
served while simultaneously reducing noise around them.*!
Since the back-and-forth inversion relies solely on the master
channel, it involves only one vector from the FRF matrix, min-
imizing numerical effects. When determining nonlinear pa-
rameters, the real and imaginary parts of the dynamic stiffness
correspond to the equivalent nonlinear stiffness and damping,
allowing for separate filtering of these components.

Moreover, it is advantageous to calculate displacement spec-
tra from measured FRFs rather than using those generated by
the measurement software. Usually, FRFs, which capture the
system’s characteristics and have a defined phase reference, are
processed using an H1 or Hv estimator.*! This processing re-
duces measurement noise. Additionally, via denormalization
by multiplying by the measured shaker force spectrum, the re-
sulting displacement spectrum has the same amplitude level
and the same physical fluctuations (force drops) as the directly
generated displacement spectra, while providing cleaner sig-
nals.

An additional significant challenge in applying the HFS
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Figure 7. Quasi-linearization steps in the harmonic force surface (HFS) ap-
proach for weakly nonlinear systems using force-controlled stepped-sine mea-
surements only: (a) harmonic force surface derived from displacement spectra
across excitation forces at a representative sensor position; (b) harmonic dis-
placement spectra across the various excitation levels, with cutting plans at the
maximum of the spectra; (c) harmonic force spectra at the maximum of the
constant displacement intersections of the HFS.

method arises from its reliance on the number of measure-
ments. Increasing the number of sampling points yields a more
accurate harmonic force surface interpolation. However, the
intersection-plane process causes quasi-linear FRFs to exhibit
broad peaks, particularly at lower displacement amplitudes, as
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shown in Fig. 7c. These broad peaks result in an overesti-
mation of damping ratios, leading to incorrect modal ampli-
tudes. Consequently, out-of-band residuals are also overesti-
mated due to the least-squares process, with errors propagating
into the subsequent Newton-Raphson synthesis. To mitigate
this issue, the lowest force level has been eliminated from the
HFS computation. The removal of these additional sampling
points is acceptable compared to the significantly improved
stability of harmonic force surface extraction at the remain-
ing displacement levels. However, 10 to 15 measurements are
generally sufficient to achieve satisfactory results while lim-
iting measurement effort.>* Another approach could involve
utilizing the damping value from the initial modal identifica-
tion process during the optimal master channel determination
step, which is conducted within an assumed range of linear be-
havior.

In the next step, the absolute maximum displacement, which
represents the linearization point, is extracted across the en-
tire reduced frequency band for each discrete excitation level.
The geometric interpretation of this intersection is that by es-
tablishing a horizontal intersection plane through the three-
dimensional HFS topography at its maximum amplitude, the
system retains its maximum vibrational energy.”’ This level
aligns precisely with the resonance peak of the respective
sweep shown in Fig. 7b. The projection of this isoline provides
a precise force profile necessary to maintain the desired target
amplitude. Furthermore, the resulting V-shaped force spec-
trum reflects a physical limitation of the system. As frequency
increases, the frequency band for a constant-amplitude signal
gradually narrows. The underlying cause of this phenomenon
lies in the dynamic stiffness matrix, which significantly in-
creases away from resonance. To maintain constant displace-
ment along the resonance slopes, significantly higher forces are
typically required. This demand exceeds the shaker’s phys-
ical power limit,>*3 resulting in a reduction in the amount
of usable measurement data within the examined frequency
bands.*® Determining the modal parameters poses signifi-
cant challenges due to insufficient frequency and amplitude
data. As a result, the truncated FRFs create an ill-conditioned
least-squares problem during the LSFD process. To address
this aspect, the boundaries are extended under the assump-
tion that, in a classical RCT measurement, the shaker would
adjust the force across the entire frequency range to maintain
nr = const. Consequently, the extracted forces are extended
continuously and approximately linearly. Additionally, it is as-
sumed that any nonlinearity at the boundaries is only weakly
pronounced. Furthermore, outliers are removed after the ex-
trapolation process.

The vibration responses of the remaining measurement
channels, designated as slave channels, are evaluated to deter-
mine their complex displacements from the calculated force
profile. For each frequency point, the slave channel’s dis-
placement is separately interpolated into its real and imagi-
nary components, using the extracted force levels as interpola-
tion points. This Cartesian decomposition method effectively
avoids phase-wrapping discontinuities that could occur with
a polar (magnitude and phase) interpolation approach.®® Addi-
tionally, for the slave channels, the force profile is constrained
to the range [Finin, Fimaz] at the boundaries, preventing the

displacement interpolation from extrapolating beyond the mea-
sured force range. This approach differs from that of the master
channel, where complex boundary repetition strictly enforces
a constant displacement amplitude.

Moreover, the HFS intersection encounters challenges due
to topographical ambiguities. Contours generated from dis-
crete data points, along with measurement noise, can some-
times lead to small, closed-loop shapes. In the context of
highly nonlinear structural dynamics, such isolated circular
shapes are known as isolas, which have resonance branches
disconnected from the main branch.!%!? These isolas are clas-
sified as measurement artifacts and are typically eliminated in
favor of a continuous backbone curve, highlighting a method-
ological limitation. The traditional sweep method is inad-
equate for investigating these phenomena, necessitating ad-
vanced control techniques such as phase-locked loops (PLLs)
or control-based continuation methods. For more informa-
tion, see references.’**>* To avoid misclassifying isolas as
measurement uncertainties, additional measurements are per-
formed with a frequency range up to 5 kHz and an excitation
at the first resonance frequency, focusing on identifying the
dominant higher harmonics of the fundamental frequency, de-
tailed in Table 1. The analysis revealed an amplitude difference
of greater 20 dB between the higher harmonics and the funda-
mental frequency. Therefore, it is assumed that the identified
isolas were artifacts resulting from the geometric intersection
of the HFS. These artifacts were subsequently filtered from the
force spectra for further analysis. Such issues particularly arise
at lower force amplitudes or with high modal density.

Finally, to generate quasi-linear FRFs, an element-by-
element complex division is performed.*> This approach re-
veals a crucial methodological implication: at the peak of the
HFS topography, only a single discrete frequency and am-
plitude point exists. Consequently, the necessary resonance
slopes for this highest energy level are absent. This limitation
indicates that only n — 1 quasi-linear FRFs can be obtained
from n measured force levels. Therefore, the isolated point
must be excluded from subsequent modal analyses. Figure 8
shows the results for the amplitude and phase for the selected
measuring channel. However, the process is applied to all sen-
sor positions.

The figure indicates that the FRF with the lowest displace-
ment does not exhibit a distinct maximum. As mentioned ear-
lier in this section, the figure demonstrates the challenges of
quasi-linearization based on force-controlled extracted HFS.
At the lowest load level, there are numerous closely spaced in-
tersection points (see Fig. 7b). As a result, the force shown in
Fig. 7c remains nearly constant in this frequency range. Con-
sequently, the resulting FRF curve for the lowest level is signif-
icantly distorted. However, the phase responses show a smooth
behavior, especially at higher displacement levels. This aspect
is particularly important for modal parameter identification, as
it enables the detection of the phase jump at resonance.

Moreover, to enhance the quality of modal model estima-
tion, only measurement channels with a significant ratio be-
tween the maximum and average FRF amplitudes within the
specified frequency band are retained. This approach is simi-
lar to the mode indicator function (MIF).* As a result, channels
without a distinct resonance peak are eliminated, as their pres-
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Figure 8. Representation of the derived quasi-linear FRF for all computed
constant displacement amplitudes from Fig. 7c at the representative sensor
position.

ence can negatively affect the modal identification process.

4.4. Extraction of Modal Parameters

Identifying modal parameters from experimental data often
involves numerous manual steps, which can particularly com-
promise the repeatability of the obtained modal model.**® To
address this challenge, a two-step automated modal analysis
process has been established. The first step focuses on de-
termining global properties, such as natural frequencies and
damping ratios. The second step involves estimating the modal
model using a least-squares frequency-domain method. Based
on the single nonlinear normal mode theory discussed in Sec-
tion 2, a combination of global peak-picking (PP) to determine
natural frequencies and the half-power method (HPM) to find
damping ratios is considered appropriate.?® To verify the sin-
gle degree of freedom (SDoF) assumption, the complex mode
indicator function (CMIF) is used. This involves performing
a singular value decomposition (SVD) of the complex quasi-
linearized frequency response function across all frequency
points. The squared singular values are then used to calculate
the CMIF. The SDoF assumption is valid if only one dominant
singular value is present within the resonance range. One key
advantage of applying SVD to the quasi-linearized FRF ma-
trix is that it enables accurate identification of natural frequen-
cies via the maximum singular value. This value represents
the peak energy across all measurement and reference chan-
nels, avoiding misinterpretation arising from sensor placement
at local vibration nodes.

Since the CMIF is unsuitable for classical amplitude anal-
yses due to its quadratic nature, and since the distribution of
the maximum singular values is generally too broadband for
an exact determination of damping, the so-called enhanced-
FRF (eFRF) or principal response function is calculated in the
next step.*3® To achieve this, the quasi-linearized FRF ma-
trix is scalar-multiplied across the entire frequency band by
the singular value vectors U(f,,) and V' (f,,) fixed at the reso-
nance point. This mathematical projection serves as an effec-
tive spatial filter, minimizing uncorrelated measurement noise
and separating the isolated mode’s response from the influence

of neighboring modes. Another advantage of the eFRF is that
it eliminates the need to convert displacements into acceler-
ations. When evaluating receptance, the resonance peaks in
the displacement spectrum at high frequencies can be masked
by the 1/w? decay. Therefore, it may be more appropriate to
use accelerance for the peak-picking method, given its hori-
zontal trend. In contrast, the spatial coherence of the redun-
dant measurement data is utilized by decomposing the global
FRF matrix through SVD and projecting it onto the eFRE.*
This approach enables the reliable detection of isolated res-
onance peaks even with minimal absolute displacement am-
plitudes. This enhances the analysis process and ensures unit
consistency.

The lower fj, and upper f,;, sideband frequencies are de-
termined by analyzing the magnitude of the eFRF at the half-
power points, where the amplitude reaches 1/+/2 of the reso-
nance value. If data is available only on one side of the fre-
quency spectrum, the missing side can be approximated by
symmetrically mirroring the observed side.*! Modal damping
is then calculated by evaluating the bandwidth associated with
Af=f up Jio-

The measured frequency response functions indicate sig-
nificant damping in certain resonances. Consequently, an in-
correctly estimated damping ratio, often derived under the as-
sumption of weak damping, can lead to an incorrect modal fit.
This is particularly problematic in nonlinear cases where the
peak can shift to one side. To address this issue, this study uses
a multi-criteria evaluation based on empirical best-practice
thresholds to differentiate between weak damping Cyeqr =
Af/(2f,) and high damping Cuign = (2, — f2)/(42). 3541
For this purpose, the relative error between high and low damp-
ing ratios is compared: A{ = [(high — Cweak|/max(Cuweak)-
It is assumed that if the difference is below 10 %, and the ab-
solute value of (yeqi 1S below 5 %, then weak damping is suf-
ficient. Additionally, the Q-factor measures the sharpness of
resonance. As a result, Q-values > 30 indicate a narrow reso-
nance peak typical of weakly damped systems. The last crite-
rion focuses on the quality of the HPM. That means the ability
to identify both half-power points generally suggests a weakly
damped system. If the majority of the criteria indicate weak
damping, the modal damping ratio is calculated based on this
assumption. This evaluation systematically reduces errors in
modal parameter estimation.

The results from the modal parameter identification step are
presented in Figs. 9 and 10. To enhance visualization, the
eigenfrequencies of the four modes have been normalized to
the natural frequency corresponding to the lowest displacement
amplitude and plotted as a function of various displacement
amplitudes®.

The illustration shows that all four eigenfrequencies ex-
hibit softening behavior, each changing in a unique nonlinear
way. However, all eigenfrequencies converge asymptotically
to a certain level. This behavior is characteristic of structures
with complex joints and friction contacts.*’ Above a certain
excitation level, a shift occurs in these areas from the stick
to the slip state, along with a decrease in the damping ratio.

“To minimize potential effects based on error propagation when determin-
ing mass-normalized modes from modal parameter estimation, the constant
displacement amplitudes of the master channel uy are used instead of the
modal coordinate 7.
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Figure 9. Normalized natural frequencies over the master channel displace-
ment for each mode.

An overall decrease trend in damping is observed in Fig. 10,
where each mode exhibits distinct modal damping character-
istics. Particularly, the second mode illustrates the propaga-
tion of errors from the HFS extraction shown in Fig. 8. This
leads to a significant overestimation of the damping ratio at
the lowest displacement amplitude. Additionally, the damping
curve shows considerable variability, indicating that the damp-
ing ratio may increase again as the displacement amplitude in-
creases. Increased friction or micro-slip at the contact surfaces
of the ball and cylinder bearings with the seat rails may cause
an increase in modal damping.'®3° In contrast, higher preload
may reduce modal damping by raising the excitation level.?*
This variability poses challenges for component design, ne-
cessitating targeted solutions to effectively influence specific
frequencies.

In the second step, a modal model is determined using
a least-squares frequency-domain method based on the iden-
tified natural frequencies, damping ratios, and poles. As ex-
plained in Section 2, the assumption of proportional damping
has been made to simplify the presentation of the theoretical
concepts. The LSDF method automatically distinguishes be-
tween proportional and non-proportional damping. The evalu-
ation is conducted using the modal phase collinearity (MPC)
criterion. This criterion assesses the complexity of the result-
ing mode shapes.* MPC values greater than 0.80 are nearly
purely real and therefore proportionally damped.*® This de-
tailed analysis of damping requires transforming the classical
second-order modal model in Eq. (13) into a first-order sys-
tem. This transformation is essential because, in systems ex-
hibiting non-proportional damping, the full-rank damping ma-
trix cannot be decoupled using the real eigenvectors of the un-
damped system described in Eq. (8). As a result, the system
must be represented in a state-space format. In this represen-
tation, the poles and complex eigenvectors appear in pairs of
conjugate complex numbers, facilitating diagonalization in the
pole-residue model.

To calculate the MPC values, an initial first-order modal
model is implemented during the LSDF process. This model
uses a weighted least-squares method to give greater impor-
tance to frequency points near the resonance during the identi-
fication process.**>>° This weighting is determined by the am-

Figure 10. Damping ratio over the master channel displacement for each
mode.

plitudes of the quasi-linear frequency responses, as coherence-
based weighting based on statistical averages is not available
for stepped-sine measurements.

To ensure a physically accurate representation of the bound-
ary regions, residuals are also determined to compensate for
the inertia and stiffness effects of the truncated out-of-band
modes.® Analogous to the determination of the quasi-linear
FREF, the real and imaginary parts of the complex equations
are separated using a real-stacking method during the calcula-
tion of the lower and upper residuals, thereby preventing phase
wrapping. Furthermore, the residuals are fixed at the low-
est displacement level because they represent an amplitude-
independent linear approximation of the modes outside the
investigated frequency range. This aspect is implicitly men-
tioned in single-nonlinear-mode theory, in which the nonlin-
earity is isolated to the mode under consideration, while the
remaining frequency range is assumed to behave as a linear
system.!!:>! The final modal model is established based on the
MPC, using either a first- or second-order modal model that
incorporates residual terms.

The quality of the modal fit is evaluated using the modal
assurance criterion (MAC) and the frequency response assur-
ance criterion (FRAC).3? In this context, the MAC analysis is
based on unit-maximum-component normalized mode shapes
rather than mass normalization.* This approach is important
because exact mass normalization can lead to errors in non-
proportionally damped systems due to the complexity of the
modes.** The results for the different metrics are illustrated
in Fig. 11. To enable a comparison across modes, the x-axis
represents a generic displacement level. Each displacement
level corresponds to a constant displacement amplitude at the
mode-specific master channel, with levels arranged in order of
increasing amplitude.

The MPC values exceed 0.8 across all modes and ampli-
tude levels. In combination with the damping values shown in
Fig. 11a, it can be concluded that all four modes exhibit weak
proportional damping. Notably, the second mode demonstrates
a decrease in the MPC value from 1 to 0.90 as the displacement
amplitude increases, suggesting increasingly complex natural
modes. This indicates a larger relative displacement at the
joints, leading to increasingly non-proportional damping.***
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Therefore, evaluating the MPC criteria is recommended to val-
idate the proportional damping assumption in nonlinear cases.

Additionally, the MAC values in Fig. 11b decrease with in-
creasing load across all four modes. This trend suggests that
the structure’s spatial deflection becomes progressively dis-
torted by nonlinearity. These observations are consistent with
the research conducted by Karaagacli et al.?®

The acceptable FRAC values for the first three modes in
Fig. 11c can be attributed to the residual effects of the neigh-
boring modes. In contrast, the FRAC values associated with
the fourth mode are notably low. In contrast, the high MPC
and MAC values indicate that this mode is least affected by
nonlinear effects. Furthermore, it has the largest frequency
separation from neighboring modes, making the influence of
residuals negligible. The CMIF criterion further confirms that
only one mode is present in this range, suggesting that this
mode should exhibit the best FRAC values. However, the ex-
planation lies in the very low damping values shown in Fig. 10,
which make the FRAC criterion highly sensitive to small er-
rors in identifying the natural frequency and damping. Further-
more, Table 2 clearly indicates that this mode is challenging to
identify using the selected master channel. This highlights the
significance of choosing an appropriate master channel and the
versatile analysis options offered by the presented framework.

5. VALIDATION OF THE IDENTIFIED
NONLINEAR MODAL MODEL

In the final step, the modal model discussed in Section 4.4
is validated. To achieve this, the modal parameters are synthe-
sized using the Newton-Raphson method, combined with an
arc-length constraint based on the measured force levels. The
resulting frequency response functions are then compared with
the measured force-controlled FRFs.

To ensure convergence, several extensions to the classi-
cal Newton-Raphson method were implemented in this work.
First, non-physical values are filtered out, and displacement
amplitudes are organized in a way that guarantees strictly
monotonic behavior along the x-axis during interpolationd.
Additionally, shape-preserving piecewise cubic Hermite inter-
polation polynomials (PCHIP) are utilized to minimize oscil-
lations in the modal parameters. Due to the significant differ-
ence in magnitude between the displacement amplitudes (le-
6 m) and the forces (lel N), metric weights are introduced to
eliminate the dimensions of the quantities, thereby improving
the conditioning of the Jacobian matrix. Finally, a step-size
controller is employed to prevent divergence at challenging
points, such as bifurcations, and to accelerate computations
in the linear range. Notably, the combination of the step-size
controller and PCHIP splines allows for the incorporation of
arbitrary profiles for natural frequencies and damping values.
This is particularly important for the damping values shown in

Figure 11. Comparison of various metrics used to evaluate the quality of the
modal fit of quasi-linearized frequency response functions across all modes
and displacement levels: (a) modal phase collinearity criterion; (b) modal as-
surance criterion; (c) frequency response assurance criterion.

This observation is consistent with previous findings regarding
the decrease in natural frequency and the degree of damping.

dHere, the physical displacement amplitudes of the master channel u,- are
utilized in the Newton solver instead of modal coordinates q,-. Since the mode
shape of the master channel W, represents a fixed scalar, for a given mode,
W, & const., the parametrization is equivalent to the substitution w, (u,) =
wr(¥rqr). As long as the sampling points remain monotonic, the PCHIP
interpolation yields identical results. Thus, only the x-axis scale changes. The
validity of this substitution requires that ¥,. remain sufficiently constant within
the considered amplitude range. This is confirmed by the MAC values from
Fig. 11b, which are above 0.8 for all models.
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Figure 12. Comparison of the FRF Sum of the Newton synthesis with the
measured FRFs at 4 N.
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Figure 13. Comparison of the FRF Sum of the Newton synthesis with the
measured FRFs at 14 N.

Fig. 10, which exhibit increasing and decreasing trends, sug-
gesting a lack of strict monotonicity. Therefore, even in the
absence of bifurcations, the use of the additional arc-length
constraint is beneficial to improve the FRF-synthesis quality,
instead of using the 1D-Newton-Raphson solver only. Further
information regarding the Newton algorithm can be found in
references. 3335

The comparison of the FRF Sum from the Newton synthe-
sis with the measured FRFs is shown in Figs. 12 and 13 for
the force levels of 4N and 14 N, respectively. The results of
the Newton synthesis demonstrate good agreement with the
measured FRFs across all four modes, particularly at low force
levels. However, at higher force levels, the synthesis shows
deviations from the measurements for the second and fourth
modes.

For the fourth mode, the deviation can be explained by
a combination of low modal damping and the selection of
a master channel. As a result, the modal parameters fail to
represent the actual behavior accurately. Choosing a different
measurement channel, such as the front-left channel in the z-
direction, which has the best OPD values shown in Table 2,

improves agreement, as illustrated in Fig. 14. However, this
increases the discrepancy in the second mode. Regarding the
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Figure 14. Comparison of the FRF Sum of the Newton synthesis with the
measured FRFs at 14 N with the front-left measurement channel in z-direction
(FL) as master channel.

second mode, the deviation arises from two factors. First, this
mode exhibits the largest frequency shift. Therefore, the sepa-
ration between the first and second modes is reduced, affecting
the SDoF assumption. As a result, the frequency-independent
residual terms used in the LSFD process are no longer ade-
quate for approximating the contribution of the first resonance
within the frequency band. This results in a partial contribution
of the first resonance being incorrectly attributed to the modal
parameters of the second mode. Additionally, at higher ampli-
tude levels, the modal model at the boundaries relies on extrap-
olated values derived from HFS-based forces identification,
rather than on physical values. This limitation highlights the
challenges of determining quasi-linearized FRFs from force-
controlled measurement data.

However, a measurement approach based solely on response
displacement control has limitations when applied to thin-
walled, lightweight structures with numerous complex contact
points, such as the seat rail presented here. The response-
controlled method involves significantly larger force ampli-
tudes than force-controlled measurements, leading to displace-
ments in the free-mounting setup and generating strong noise
disturbances in the component. Furthermore, the influence of
the dynamic shaker mass cannot be entirely neglected. Even
though the rail is elastically mounted, it acts as an additional
constraint for introducing and measuring the high forces. Con-
sequently, it was not feasible to maintain constant displace-
ments across the entire frequency range that correspond to
those determined from the harmonic force surface. Hence, it is
advisable to use fixed clamping for lightweight and thin-walled
structures to support the generated forces. Additionally, it is
essential to ensure adequate distance between the shaker mass
and the test object. Thus, RCT measurement is only applica-
ble to a limited extent for thin-walled lightweight structures.
Therefore, the method presented in this paper is an efficient
approach for determining amplitude-dependent modal param-
eters of complex nonlinear structures.
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6. CONCLUSIONS

A modern vehicle seat structure features various complex
adjustment mechanisms and joint assemblies that significantly
impact the structural dynamic behavior. Understanding the
nonlinear vibration characteristics of these components is es-
sential for optimizing design in terms of noise, vibration, and
harshness (NVH) requirements. This study employs an experi-
mental modal analysis and an enhanced harmonic force surface
(HFS) approach to examine the nonlinear dynamic behavior
of automotive seat rails, which connect the vehicle chassis to
the seat structure. This innovative methodology allows for the
characterization of amplitude-dependent vibration phenomena
in seat rails without requiring prior knowledge of the specific
types of nonlinearity involved.

The measurements indicate significant variability in the ini-
tial positions after adjusting the upper seat rail. An advanced
computer tomography analysis provides detailed insights into
the sources of this uncertainty. The imaging identified that a
high variation in the ball and cylinder bearings along the lat-
eral position has a substantial impact. The position of the bear-
ings significantly influences the contact areas between the up-
per and lower rails in a nonlinear fashion, thereby affecting
the resulting vibration behavior. Another important advantage
of the computer tomography scan is its ability to determine
the exact bearing position and the actual subcomponent’s ma-
terial thickness. This type of measurement supports analyses
in other contexts, such as the modal updating process of finite
element simulations or the optimization process of seat rail de-
signs. The response- and force-controlled stepped-sine test,
along with the concept of HFS, addresses measurement uncer-
tainty issues in such applications. This methodology is utilized
to analyze the degree of nonlinearity and to calculate the modal
parameters.

The experimental investigations demonstrate a weak but
distinct nonlinear behavior, characterized by amplitude-
dependent decrease in resonance frequencies and variations in
modal damping across the investigated modes. Furthermore,
the HFS can be established solely through force-controlled
tests, as bifurcation phenomena typically associated with non-
linear systems are absent. This significantly reduces the re-
quired measurement effort.

The application of the RCT-HFS framework outlined in this
paper transforms the force-controlled measurement data within
the system, maintaining constant displacements on a selected
master channel across the entire frequency range. The result-
ing quasi-linear FRFs thus represent the same nonlinear state.
In this consistent physical form, a combination of peak-picking
and half-power methods, along with a least-squares frequency-
domain algorithm (LSDF), is used to determine the modal pa-
rameters. Finally, the estimated modal parameters have been
compared with the measured force-controlled FRFs via FRF
synthesis, using the Newton-Raphson method with an inte-
grated arc-length constraint.

The RCT-HFS procedure presented in this work addresses
challenges in the three main processing steps. This enables
a highly automated implementation of the entire computation
process and improves the quality of the estimated modal pa-
rameter. The enhancements can be summarized as follows:

1. Determination of quasi-linearized FRFs from the har-
monic force surface:

¢ Identification of the most suitable master channel
based on the optimal driving point (OPD) criterion.

* Generation of smooth HFSs through polynomial-
based Savitzky-Golay filtering of the master chan-
nel.

* Reduction of measurement noise in the displace-
ment spectra using the measured transfer functions.

2. Modal parameter estimation using peak-picking and
LSDF:

» Extrapolation of the boundaries of the quasi-linear
FRF to ensure the determination of the modal
model, particularly for larger displacement ampli-
tudes.

* Evaluation of the SDoF assumption using the com-
plex mode indicator function (CMIF).

e Determination of natural frequencies based on the
enhanced FRF approach.

* Distinction between weak and strong damping via
multi-criteria evaluation for precise determination
of damping.

* Distinguishing between proportional and non-
proportional damping based on the modal phase
collinearity (MPC) criterion.

e Determination of out-of-band residuals using the
least-squares method.

 Evaluation of the quality of the modal model using
the modal assurance (MAC) and frequency response
assurance criterion (FRAC).

3. FRF synthesis using Newton-Raphson:

* Improvement of the conditioning of the Jacobi ma-
trix via metric weighting of the displacements and
forces.

 Enabling arbitrary frequency and damping behavior
using piecewise cubic Hermite integration polyno-
mials and a step-size controller.

These enhancements to the RCT-HFS framework enable
a comprehensive analysis of the vehicle seat rail’s nonlin-
ear behavior. Therefore, the four modes examined exhibit
weak proportional damping characteristics. Notably, the sec-
ond mode, which shows the greatest frequency shift, reveals
increasing non-proportional damping as the displacement am-
plitude increases. This indicates an increasing sliding in the
contact areas and is supported by decreases in the natural fre-
quency and the damping ratio. However, it is important to note
that each mode has its own behavior, in which the damping
ratio tends to increase in some modes as the displacement am-
plitude increases.

Additionally, the MAC values decrease with increasing load
levels, indicating that the modes become increasingly distorted
by nonlinearities. It was also found that the FRAC values,
along with the Newton synthesis of the 2nd and 4th modes,
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did not yield optimal results. In the 4th mode, this can be ex-
plained by a combination of very low damping ratios, which
make the FRAC criterion sensitive to even minor inaccuracies
in determining modal parameters, and the choice of the mas-
ter channel. The second mode violates the single-degree-of-
freedom assumption at higher displacement amplitudes. This
results in the influence of the first mode increasingly appear-
ing in the residuals of the second mode. Moreover, the ex-
trapolated boundary values of the forces from the harmonic
force surface become less representative of the physical be-
havior as displacement increases, highlighting a limitation of
the RCT-HFS approach. In this context, further methodolog-
ical limitations are investigated. Therefore, the foundation of
the RCT-HFS concept presents significant limitations. Extract-
ing physical values from a geometric shape is highly sensitive
to disturbances that can affect its contour. Consequently, these
effects can be summarized as follows:

¢ In this context, selecting an appropriate master channel
is crucial. However, it has been demonstrated that, even
with the OPD criterion, not all modes can be adequately
described by a single master channel.

* Moreover, the degree of dependence on the number of
measurements is significant. Insufficient sample points
can result in insufficient data for interpolating the har-
monic force surface. Conversely, having too many sample
points can result in very similar displacement amplitudes,
causing broad peaks in the quasi-linearized FRFs, particu-
larly at low amplitudes, which are essential for the out-of-
band residuals. To achieve the highest possible resolution
without broadening the FRF peaks, a global smoothing of
the HFS using Gaussian process regression (GPR) after
local filtering of the master channel could be beneficial.

 Furthermore, additional analyses are necessary to accu-
rately classify isolas and prevent misclassification as ge-
ometric artifacts caused by the intersection planes. The
method also assumes that the system’s first harmonic is
dominant. However, in highly nonlinear systems, domi-
nant higher harmonics may appear, necessitating further
verification of this assumption.

* The force-controlled measurement method is strictly lim-
ited to the immediate frequency range of the resonance.
This is essential for ensuring good mode separation and
remaining within the range of physical values as proposed
by the force extrapolation method.

A main benefit of the presented approach is the ability to
analyze nonlinear systems without prior knowledge of the type
of nonlinearity. This characteristic is especially valuable at the
beginning of the system identification process, as it helps de-
velop a general understanding of the nonlinear behavior. Typ-
ically, force-controlled measurement is the starting point for
linear and nonlinear experimental modal analysis. In this con-
text, the proposed framework can be used to determine appro-
priate initial values for displacement-controlled measurements
and more advanced nonlinear analysis. Additionally, it allows
the characterization of an optimal master channel and the eval-
uation of SDoF and damping assumptions within a single inte-
grated process.

This research quantifies the nonlinear dynamic characteris-
tics of automotive seat rails to enhance NVH design and reduce
analysis time. The findings offer valuable insights into the
complex structural dynamics of seat rails and the HFS method-
ology. Additionally, the study provides a practical framework
for conducting nonlinear experimental modal analysis, high-
lighting the advantages and limitations of the approaches and
thereby facilitating a more targeted application of these meth-
ods. However, further research is needed to improve HFS mod-
eling and the accuracy of force identification. Furthermore, the
presented framework should be extended to systems exhibiting
greater nonlinearity.
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